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ABSTRACT

This paper presents a numerically stable non-iterative algorithm for fitting an ellipse to a set of data points.
The approach is based on a least squares minimization and it guarantees an ellipse-specific solution even
for scattered or noisy data. The optimal solution is computed directly, no iterations are required. This leads
to a simple, stable and robust fitting method which can be easily implemented. The proposed algorithm has
no computational ambiguity and it is able to fit more than 100,000 points in a second.
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INTRODUCTION methods are slow, require large memory and their ac-
curacy is low. Moreover, regarding the popular Hough
One of basic tasks in pattern recognition and com- tranSfOfm, there are prOblemS with a detection of ob-
puter vision is a fitting of geometric primitives to a set jects due to blurred and spurious peaks in the accumu-
of points (see [Duda73] for a summary). The use of lators [Grims90].
primitive models allows reduction and simplification
of data and, consequently, faster and simpler process-The second group of fitting methods are based on opti-
ing. A very important primitive is an ellipse, which, mization of an objective function which characterizes
being a perspective projection of a circle, is exploited a goodness of a particular ellipse with respect to the
in many applications of computer vision like 3-D vi- given set of data points. The main advantages of these
sion and object recognition, medical imaging, indus- methods are their speed and accuracy, on the other
trial inspections, etc. hand the methods can fit only one primitive at time
(i.e. the data should be pre-segmented before the fit-

Regarding the importance of ellipses, many differ- ting). Also the sensitivity to outliers is higher than in
ent methods have been proposed for their detectionthe clustering methods.

and fitting. The approaches exploit various ideas (for

example Hough transform [Leave92, Yuen89, Yin92, An analysis of the optimization approaches was done
Wu93], RANSAC [Rosin93, Werma95], Kalman fil- in [Fitzg95a] and [Fitzg96a]. It was shown that the
tering [Porri90, Rosin95], fuzzy clustering [De®2, methods are typically based on a general conic fit-
Gath95], or least squares approach [Haral93, Books79,ting (such as [Books79, Taubi91, Samps92]) with ad-
Taubi91, Samps92, Gande94]), but in principle they ditional constraints ensuring that the solution will be
can be divided into two main groups: voting/clustering an ellipse rather than a general conic. Although the
and optimization methods. The methods belonging to general conic fitting can be computed directly, the con-
the first group (Hough transform, RANSAC, and fuzzy straint on the ellipse-specific solution makes the com-
clustering) are robust against outliers and they can de-plete methods iterative. There were many attempts to
tect multiple primitives at once. Unfortunately, these make the fitting process computationally effective. Fi-



nally, Fitzgibbonet al. proposed a direct least squares The problem Eq. 5 can be solved directly by the stan-
based ellipse-specific method in [Fitzg96b]. dard least squares approach, but the result of such fit-

) o ting is a general conic and it needs not to be an ellipse.
In this paper we analyze the Fitzgibbon’s approach,

characterize its drawbacks and propose an improvedTo ensure an ellipse-specificity of the solution, the ap-
method for a direct fitting of ellipses. The paper is propriate constraint Eq. 2 has to be considered. In the
organized as follows: First, the original approach is Fitzgibbon’s paper it was shown that such system is

described. We investigate the method and discuss sit-hard to solve in general. However, becaose rep-

uations when it fails or provides non-optimal results.

resents the same conicsafor anya # 0, we have a

Then, based on a block decomposition of matrices, anfreedom to arbitrarily scale the coefficiegtsUnder a

improved fitting method is proposed. Finally, a prac-

proper scaling, the inequality constraint Eqg. 2 can be

tical realization of our approach is presented together changed into an equality constraint

with its evaluation in several experiments. A compar-
ison of the proposed method with currently used ap-
proaches concludes the whole paper.

FITZGIBBON'S APPROACH TO
LEAST SQUARES FITTING OF
ELLIPSES

This approach was proposed in [Fitzg96b]. The

method works on segmented data (that means that allD =
data points are assumed to belong to one ellipse) and

it is stated to be the first non-iterative ellipse-specific
fitting. In this section we provide an overview of the

method. Further details and comparisons with an-
other approaches can be found in the technical re-

port [Fitzg964a].

An ellipse is a special case of a general conic which

can be described by an implicit second order polyno- ~ _

mial

F(xy) = ax’+bxy+cy? +dx+ey+f=0 1)
with an ellipse-specific constraint

b?—4ac< 0 (2

wherea,b,c,d,e, f are coefficients of the ellipse and
(x,y) are coordinates of points lying on it. The poly-
nomial F(x,y) is called thealgebraic distance of the

point(x,y) to the given conic. By introducing vectors

a=[ab,cde f]
2 (3
X= [X 7Xy7y27X7y7 1]
it can be rewritten to the vector form
Fa(x) =x-a=0 (4)

The fitting of a general conic to a set of points
(%,¥i), 1 =1...N may be approached [Haral93] by

minimizing the sum of squared algebraic distances of

the points to the conic which is represented by coeffi-
cientsa:

. N » N 2
min ¥ F(x,yi)>= min 5 (Fa(xi))

a =1 a =1 (5)

N
=min 5 (Xi-a)?
a 5

dac—b’=1 (6)

and the ellipse-specific fitting problem can be refor-
mulated as

min |Dal|?> subjectto a'Ca=1 7
where thedesign matrix D of the size N«6,

X xayr Vi x oyl

X xyi ¥V ox oyl (8)

XQOWNYN YR XN YN L
represents the least squares minimization Eq. 5 and the
congtraint matrix C of the size 66,

002 00 0
0-1 0 0 0 0
2 000 0 0
00000 0 ©)
00000 0
00000 0

express the constraint Eq. 6. The minimization prob-
lem Eq. 7 is ready to be solved by a quadratically
constrained least squares minimization as proposed
in [Gande81]. First, by applying the Lagrange mul-
tipliers we get the following conditions for the optimal
solutiona

Sa=ACa

10
alCa=1 (10)

whereS is thescatter matrix of the size &6,
S=D'D

Se  Sgy Sepe Se Sey Se

S(sy S(zyz S(ys Skzy S(yz Sy

Sy Sy3 Sp Sz S5 S

Se Sey Sy Se Sy &

Sey S S8 Sy §2 Y

Se Sy S & § S

in which the operato® denotes the sum

Ss@ybziix?%b

(11)

(12)



1 function a = fit_ellipse(x, y)

2 D=[x.*X X.*y y.*y x y ones(size(x))]; % design matrix
3S=D * D % scatter matrix

4 C(6, 6) =0; C(1, 3) =2; 2, 2) =-1;, 3, 1) =2 % constraint matrix
5 [gevec, geval] = eig(inv(S) * O; % sol ve ei gensystem
6 [PosR, PosC] = find(geval > 0 & "isinf(geval)); %find positive eigenval ue
7 a = gevec(:, PosQO); % correspondi ng ei genvect or

Figure 1: MATLAB implementation of the direct ellipse-specific fitting algorithm proposed by Fitzgib-
bonet al. in [Fitzg96b]

Next, the system Eq. 10 is solved by using general- To overcome the drawbacks of the original approach,
ized eigenvectors. There exist up to six real solutions we should follow on a theoretical analysis of Eq. 10.

(Aj,a;), but because Both matricesS (Eq. 11) andC (Eq. 9) have special
structures which allow a simplification of the problem
|Daj|?=a’'D'Da=a'Sa=Aa"Ca=A (13) of finding the eigenvalues. First, we decompose the

design matrixD (Eg. 8) into its quadratic and linear
we are looking for the eigenvectak corresponding  parts:
to the minimal positive eigenvalue. Finally, after a

proper scaling ensuringl Ca, = 1, we get a soluton D = (D1 | D2) (14)
of the minimization problem Eq. 7 which represents
the best-fit ellipse for the given set of points. where

Based on this derivation, Fitzgibbon proposed an ef-
fective and robust algorithm for an ellipse-specific fit- : : :
ting of data points. The algorithm was implementedin D; = | x* xy; y? (15)
MATLAB [Mathw] and it is available as a part of the .

X2 xy1 V2

package [Fitzg95b]. The appropriate code is presented 2 : 2
in Fig. 1. XN OXNYN YR

and

IMPROVED LEAST SQUARES Xyl

METHOD FOR FITTING ELLIPSES R
Do=]| x vi 1 (16)

Apart from its theoretical correctness, the original e

Fitzgibbon’s approach described in the previous sec- Co

tion has several drawbacks. The mat@xEq. 9) is XN N 1

singular and the matri$ (Eq. 11) is also nearly sin-

gular (it is singular if all data points lie exactly on an

ellipse). Regarding that, the computation of the eigen-

values of Eq. 10 is numerically unstable and can pro- ( 5, > S = DIDl

Next, the scatter matri® (Eq. 11) can be split as fol-

duce wrong results (as infinite or complex numbers). S— where S, =DID, 17)
It should be noted that using of an inverse as proposed %

in the original code (see line 5 in Fig. 1) does not solve S =D;D>
this problem.

S| Ss

Similarly, the constraint matri (Eqg. 9) can be ex-

Another problematic part of the algorithm is a lo-
calization of the optimal solution of the fitting.
In [Fitzg96a] authors proved that Eg. 10 has exactly _ (

pressed as
Ci| 0 0 0 2
one positive eigenvalue and they stated that the corre- olo whereC, = Cz) _é g (18)
sponding eigenvector is an optimal solution of Eq. 7.

Unfortunately, this is not true. In an ideal case, when Finally, we split the vector of coefficients(Eq. 3) into
all data points lie exactly on an ellipse, the eigenvalue

is zero. Moreover, regarding a numerical computation a a d
of eigenvalues the optimal eigenvalue can even be ag — b wherea; = | b | anday = | e (19)
small negative number. In such situations, the pro- a c f

posed localization (see line 6 in Fig. 1) can produce
non-optimal or completely wrong solutions. Based on these decompositions, the first condition



1 function a = fit_ellipse(x, y)

2Dl =[x."2 x.*y,y." 2]; %aquadratic part of the design matrix
3 D2 =[x, y, ones(size(x))]; % |inear part of the design matrix

4 S1 =Dl * Di; % quadratic part of the scatter matrix
582 =D1'" * D2; % conbi ned part of the scatter matrix
6 S3 = D2 * D2; % |inear part of the scatter matrix
7T =-1inv(S3) * S2'; % for getting a2 fromal

8 M=S1 + S2 * T; % reduced scatter matrix

9 M=[M3, ) ./l 2, - M2, :); M1, :) ./ 2]; %prenmultiply by inv(Cl)
10 [evec, eval] = eig(M; % sol ve ei gensystem

11 cond = 4 * evec(l, :) .* evec(3, :) - evec(2, :) .” 2; %evaluate a’'Ca

12 al = evec(:, find(cond > 0));
13 a =[al; T * al];

% ei genvector for min.
%ellipse coefficients

pos. eigenval ue

Figure 2: MATLAB implementation of the improved ellipse-specific fitting algorithm proposed by the au-

thors

of Eq. 10 can be rewritten as

$s) (a Ci|0) (a

=A (20)
S-zr SS a 0 0 a
which is equivalent to the following two equations:
Sia1+ Sa =ACiay (21)
S}al +Sa, =0 (22)
The matrixSg,
Se Sy &
S$=DjD2=|Sy S § (23)
S S S

is exactly a scatter matrix of the task of a fitting a line
through a set of data points. It is known [Haral93] that
this matrix is singular only if all the points lie on a line.

In such situations there is no real solution of the task

of a fitting an ellipse through these points. In all other
cases the matris is regular. Regarding thas, can
be expressed from Eq. 22 as

a=-S'Sa (24)
Including Eqg. 24 into Eq. 21 yields
(S1—-$S;'S}) a1 = A\Caay (25)

Matrix C; (Eqg. 18) is regular, thus Eq. 25 can be
rewritten as

CiY(S1—$S51S)) a = Ay (26)

The second condition of Eq. 10 can also be reformu-

lated by using the decomposition principle. Due to the
special shape of matrig (Eq. 18) we simply get

aIClal =1 (27)

lowing set of equations:

Mai =Aq
a{Clal =1
1
a=-S'Sa (28)
a
ap

whereM is thereduced scatter matrix of the size %3,
M =Ci!(S1-$S5;'S)) (29)

Now we can return back to the task of a fitting an el-
lipse through a set of points. As we saw before, the
task can be expressed as the constrained minimization
problem (Eq. 7) whose optimal solution corresponds
to the eigenvectaa of Eq. 10 which yields a minimal
non-negative valuk. Eq. 10 is equivalent with Eq. 28,
thus it is enough to find the appropriate eigenveator

of the matrixM.

PRACTICAL REALIZATION OF THE
ELLIPSE SPECIFIC FITTING
ALGORITHM

The improved fitting algorithm proposed in the previ-
ous section was implemented in the same straightfor-
ward way as the original Fitzgibbon’s method. The
appropriate MATLAB code is presented in Fig. 2. In
the code, two tricks which improve numerical stabil-
ity of the computation are used. First, due to the
special structure of the matri€, (Eq. 9) the pre-
multiplication byCI1 as requested in Eq. 29 is done
directly as can be seen at line 9.

The second trick gets rid of the problem of the lo-
calization of the minimal non-negative eigenvalue of
the reduced scatter matrd. The matrix has three

real eigenvalues, typically two negative and one posi-

Regarding all the decomposition steps (Eq. 14-27), thetive. Unfortunately, we cannot simply find the positive

conditions Eg. 10 can be finally expressed as the fol-

eigenvalue. WheM is close to a singular matrix (i.e.
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Figure 3: Results of the fitting algorithm on different data sets of 20 points which represent the same el-
liptical arc of the ellipse with the centé4, 3), semiaxeg4,2) and tilt 30 degrees, but with an increasing
amount of Gaussian noise added. The appropriate signal-to-noise ratio (snr) is given above each figure.
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Figure 4: Results of the fitting algorithm for data sets of 20 points which represent different elliptical arcs
of the same ellipse with the centgt, 3), semiaxeg4,2) and tilt 30 degrees. The data sets are blurred by
Gaussian noise with snr 0.025. The appropriate arc section interval (in degrees) is given above each figure.

when the data points lie exactly on an ellipse), the op- robustness against noise, and invariance of the solu-
timal value can be zero or even a small negative num-tion to an affine transformation of the data points. In
ber. Instead of the localization of such eigenvalue, we addition, the proposed method brings numerical sta-
evaluate the condition Eq. 27 for all eigenvectors of bility and removes ambiguity in the localization of the
the matrixM (line 11 in Fig. 2). It can be proven that optimal solution.

there exists only one eigenvector which gives a posi-

tive value — the one which corresponds to the optimal The properties of the fitting algorithm were verified
solution of our fitting problem. That eigenvector is lo- ©On Synthetic data sets in the same way as was done
calized at line 12. Finally, at line 13 the rest of the N [Fitzg96a]. Some results of these experiments are

ellipse coefficients are computed and the complete so-Presented in Fig. 3 and Fig. 4. The first experiment
lution is provided. (Fig. 3) illustrates the stability of the fitting algorithm

against noise. All the data sets were generated by
adding an increasing amount of Gaussian noise to syn-
thetic points which represent the same ellipse. These
EXPERIMENTAL RESULTS noisy points were fitted by the proposed algorithm
with results shown in the figures. You can see that
The proposed algorithm was evaluated in many exper-even for higher noise level the fitted conic is an ellipse
iments. Being an improvement of the original Fitzgib- with parameters conforming to the original elliptical
bon’s method, our approach preserves its favorablearc. You can also note the tendency of the algorithm to
properties such as guaranteed ellipse specific solution shrink the solution with an increasing amount of noise.
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Figure 5. Diameter estimation of archaeological pottery from fragments: (a) fragment from which the diam-
eter of the original pot should be estimated in positions (a) and (b); (b) the fragment illuminated by the light
plane in the position (a); (c) result of the estimation obtained by an ellipse fitting of the detected intersection.
See the text for the description of the estimation method.

This bias is caused by the use of the algebraic distancethe light plane in the position (a). Note that the in-
of points (Eqg. 1) instead of the geometric one in the tersection is observed as an elliptical arc. Finally, in
minimization function Eq. 5 and cannot be simply cor- figure (c) the intersection is fitted by an ellipse and
rected [Kanat94]. the diameter of the original pot is estimated from the
length of its main axis.
The second experiment (Fig. 4) depicts the stability of
our fitting algorithm with respect to different data sets From a theoretical point of view, our algorithm is lin-
which represent the same ellipse. Note that the fitted ear in both time and space complexities. The im-
ellipses have the same characteristics even if only aplementation presented in Fig. 2 requires about 5.7
limited number of noisy points (20 in our case) which floating operations per one data pdirind it can fit
represent only a small portion of the ellipse (60 de- 250,000 points in time less than two secchd¥he
grees) are available. original Fitzgibbon’s code (presented in Fig. 1) re-
quires about 7.5 flops per point, thus in addition to the

The proposed fitting algorithm was also tested on real jyproved numerical stability our code is also reason-
data sets. As an example let us present its applicationab|y faster.

in a method for the diameter estimation of archaeolog-

ical pottery from fragments. Having only a small part

of an original pot, we want to estimate the diameter of

the pot in some given positions. Based on an assump-CONCLUS|ON

tion that the original pot is rotationally symmetric, the

task can be accomplished by an active vision method In this paper we propose a numerically stable non-
as proposed in [H&96]. In that method, the fragment  iterative algorithm for a fitting an ellipse to a set of
is manually oriented in the measurement area and illu- data points. The method is based on a reformulation of
minated by a light plane. The intersection of the light the fitting task as an linear optimization problem with
plane with a surface of the fragment is observed by a @ quadratic constraint. Such problem can be solved di-
camera. If the fragment is properly oriented, the in- rectly by a standard least squares minimization. This
tersection forms a a circular arc which can be seen asleads to simplicity, stability and robustness of the fit-
an elliptical arc in the image. Regarding the fact that ting.

there exists a linear relation between the diameter of

the circle and the length of the main axis of the ellipse, In our approach we started with the ideas proposed by
the diameter of the original pot is estimated by fitting Fitzgibbonet al. in [Fitzg96b]. The original method

an ellipse to the detected intersection and measuringguarantees an ellipse-specific solution, but due to its
its main axis. bad practical realization their algorithm can produce

unoptimal or even completely wrong results. Regard-
The whole estimation process is depicted in Fig. 5. ing that, we made further theoretical analysis of the
Figure (a) presents a fragment on which the estima- problem and found an alternative formulation of the
tion should be performed in the positions (a) and (b). original task based on the block decomposition of ma-
In figure (b) we can see the fragment illuminated by trices. We also proposed a more robust method for

Imeasured by the commaidi ops in MATLAB
2MATLAB v5.0 on one-processor SPARC Ultra-1 running at
167MHz with 64MB of RAM



the localization of the optimal solution. The new al- [Fitzg95b] Fitzgibbon, A. W.:  Set of MATLAB

gorithm has no computational ambiguity and it can be files for ellipse fitting. Dept. of Artificial

implemented in a numerically stable manner. Intelligence, The University of Edingburgh,
_ . ftp://ftp.dai.ed.ac.uk/pub/vision/src/

When compared with another methods for fitting el- demofit.tar.gz, September 1995.

lipses, our approach has the following advantages:
simplicity, stability and robustness. The solution of the

fitting is guaranteed to be an ellipse even for a limited

number of noisy data points. This feature can play an .y ' ; . X
important role in all applications where a strictly ellip- Artificial Intelligence, The University of Edin-

tical solution is required. Many other approaches can burgh, January 1996.

produce a general conic such as hyperbola or paraboldFitzg96b] Fitzgibbon, A. W., Pilu, M and Fischer,

[Fitzg96a] Fitzgibbon, A. W., Pilu, M and Fischer,
R. B.: Direct least squares fitting of ellipses.
Technical Report DAIRP-794, Department of

instead of an ellipse, thus an additional check and re- R. B.: Direct least squares fitting of ellipses. In
jection of non elliptical solutions is required in them. Proc. of the 13th International Conference on
Sometimes these method even cannot produce any el- Pattern Recognition, pages 253-257, Vienna,
liptical fit. Using our approach, no such problems September 1996.

arse. [Gande81] Gander, W.: Least squares with a

The proposed fitting method is direct, with no iterative quadratic constraintNumerische Mathematik,
steps and problems with local minima and numerical 36:291-307,1981.

stability of the computation. Regarding that, the whole [Gande94] Gander, W., Golub, G. H. and Strebel R.:
fitting is very fast. On the other hand, due to the use of Least-square fitting of circles and ellips&sT,
algebraic distances of points instead of the geometric 43:558-578, 1994.

ones, the solutions are biased towards smaller eIIipses[Gath%] Gath, | and Hoory, D.: Fuzzy clustering of
The algebraic distance “prefers” the points lying inside elliptic ring-shaped clustersPattern Recoghi-

an ellipse, thus the algorithm tends to produce ellipses tion Letters, 16:727—741, 1995.

smaller as they should be. Unfortunately, this bias de- ]

pends on the parameters of the fitted ellipse and cannolC"Ms90] Grimson, W. E. L. and Huttenlocher, D. P.:

be simply corrected. On the sensitivity of the Hough transform
for object recognition. |IEEE Trans. PAMI,
Due to its systematic bias, the proposed fitting algo- 12:2555-2574,1990.

rithm cannot be used directly in applications where ex- [Hali¥96] Halif, R. and Menard, Ch.: Diameter esti-
cellent accuracy of the fitting is required. But even in mation for archaeological pottery using active

that applications our method can be useful as a fast and vision. In Axel Pinz, editorProc. of the 20th
robust estimator of a good initial solution of the fitting Workshop of the Austrian Association for Pat-
problem. The optimal solution is then found by ap- tern Recognition (OAGM'’ 96), pages 251-261,
plying some more sophisticated method based on ge- Schloss Seggau, Leibnitz, May 1996.

ometrical distances of points. These methods are typ- . .
ically iterative and their behavior depends strongly on [Haral93] Haralick, R. M. and Shapiro, L. GCom-
the initial estimate. Regarding that, our method can puter and Robot Vision, volume 1. Addison-
help even in these problems. Wesley, 1993.
[Kanat94] Kanatani, K.: Statistical bias of conic fit-
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