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CHAPTER V

INTRODUCTION TO WAVELETS

Waveletshave generatedremendouinterestin boththeoreticaendappliedareasgspeciallywithin thelatter
half of this decade.Wavelettheory canbe viewed asa synthesisof ideasoriginatingin engineeringsub-
bandcodingin part with quadraturemirror filters), physics(coherentstates,renormalizationgroup), and
pureandappliedmathematic¢Caldeibn-Zygmundoperators]Dau9d. Historically, fundamentamathemat-
ical conceptsof wavelettheory canbe tracedbackto Fourier's work of 1807, Haar’s algorithmic structure
of 1909, with mostof the developmentmore directly relatedto wavelettheoryoccurringin the 1930sand
19609Mey93]. Wavelettheoryhasrecentlyrecevedwide acclaimdueto theamalgamatioof thediverseyet
relatedanalyticaltechniquesnto oneelegant,coherenframevork. Numerougesearchersontributedto this
effort. GrossmannMorlet, DaubechiesMeyer, and Chui [Dau88 Mey93, Chu93 have greatlyinfluenced
the developmentof the mathematicatheory while Mallat and Meyer are creditedwith the introductionof
multiresolutionanalysisin the waveletcontext [Mal89a Mal89b, Mey93]. Most of theanalyticaltechniques
developedhereinfor image/videgrocessingindeye movementmodelingarebasedn Mallat’s multiresolu-
tion results asthey relateto pyramidalimageprocessingechniquepioneeredy Burt [Bur81, BA83b], and
Mallat etal’s singularitydetectiortheoryin thewaveletdomainlMH91, MH92, MZ924. This sectionstarts
with thereview of fundamentatoncept®of wavelettheorycloselyfollowing Chui's derivations thenpresents
thetheoryof multiresolutionanalysiswaveletfilters andthe discretewavelettransform,andconcludeswith
threeapplicationsof waveletanalysisnhamely:

1. multiscalesharpvariation(edge)detectionin spatiotemporatiata,

2. anisotropianultidimensionabiscretewaveletanalysisand

3. multiresolutionimagerepresentatiothroughMIP mapping.

5.1 Fundamentals

The centralideabehindwaveletanalysisis the useof compactlysupportedasisfunctionswhich areusedto
approximatearbitrarysignals.In essencea waveletbasisis a generalizedfunctionalextensionof a vector
basis. This sectionexaminesthe fundamentaktonceptof a basisandits usein the expressionof arbitrary
vectorsand functions. The ideaof a basisis studiedin the domainsof linear algebra,Fourier series,and

waveletseries.Corventionsfor mathematicaéxpressionsareshovn in Table2.



TABLE 2
Notationalcornventions.

C1,Co,...,Cn Constantsscalars.
Y Vectot
(V1,V2,- -+, Vn) Vectorcomponents.
{v1,...,vn} Vectorset.

n

(U,V) = 3 UVic =U1va+ -~ + UnVn
k=1

1/2
M= 0= 5

Vi

4
R

[ 1 forj=1;
517'—{ 0 forj#£l. jlez
En

L2(0,2m)

L*(R)

L%(R?)

(o) = [ @09 dx

(f,9) =/_Z/_Zf(x,y)g(x,y)dxdy
1] = (f, )"

fl.d

{he}, {gm}

H,G
H,G

Innerproductof vectorsu, v.

Vectornorm.

Vector space(n-dimensional),i.e., setof all n-

dimensionalectors.
Setof integers.

Setof realnumbers.
Kroneclerdelta.

Euclidean(n-dimensionalspace.

Vector spaceof 2reperiodic square-intgrable
one-dimensiondunctionsf (x).

Vector spaceof measurablesquare-intgrable
one-dimensiondunctionsf (x).

Vector spaceof measurablesquare-intgrable
two-dimensionafunctionsf(x,y).

Innerproductof f,g € L?(R).

Innerproductof f,g € L?(R?).

Normof f € L?(R) or f € L?(R?), wherethecor-
respondingnnerproductis assumed.
Representationsf functions f,g at ji" and [t
levelsof resolutionrespectiely.

Digital filter sequences.

Digital filters.
Matrices(usuallyrepresentingnultidimensional
digital filters).
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5.1.1 Linear Algebra and Vector Spaces

Recall,from linearalgebraa vectorv in n-dimensionaEuclideanspaceE" is definedasanorderedn-tuple

(v1,Va,...,Vn) of realnumbersrecognizedasvectorcomponentsVectorsarelinearly independenivhenthe

equation
n
Z CkVk = 0, kez
k=1
canonly holdif ¢c; = ¢ = --- = ¢y = 0. A vectorbasisin n-dimensionakpacds definedasary setof linearly

independenvectors{vi,va,...,Vn}. Linearindependencguaranteeshatary vectorv in n-spacecanbe

expressediniquelyasa linearcombinationof the basisvectors,i.e.,

n
= ZCka, keZ.
k=1

Thevectorsareorthogonal (perpendicular)f

n
(VI,Vm) = Z Vi Vm, = Vi;Vimy + ViV, + - + ViV, =0, VI,m, | #m, kI, me Z,
K=1

where(v,vm) denoteshevectorinner (or scalaror dot) product.Every orthogonabkystenof n vectorsforms
abasisfor thesetof all vectorsin n-space)/", althoughthe orthogonalityconditionis notstrictly necessary

The orthogonakystemof n vectorsis orthonormalif eachof the vectorshasunit norm,
il = v i ™2 = 1.

Thetheoryof avectorspaceof infinite dimensionis closelyrelatedto thetheoriesof afunctionspaceFourier
andwaveletseries.The binding threadamongthesetheoriesis the expressionof anarbitraryfunction f (x)

by a seriesexpansiorusinga setof basisfunctions{yy(x)} suchthat f (x) = chwk(x).

5.1.2 Function Spaces

Wavelet theoryis concernedwith a particularfunctional vector space namelythe spacel?(R) of all real,
(Lebesgue)neasurablesquareintegrablefunctionsdefinedon therealline R. The spacel?(R) is a vector
(Hilbert) spacein which wavelet functionsaretypically constructedo sene asbasisfunctions. Dueto its
pertinenceto wavelettheory the definition and propertiesof L?(R) arebriefly discussedere. The present
outline closelyfollows the very readabletext by Holland [Hol90] wherethe readeris referredfor further

clarifications.Referenceso particularsectionsandpagesaregivenwhereappropriate.

1Givenn linearlyindependentectors{vy, ...,vn}, it is alwayspossibleto construcanorthogonakystem
of nvectors{us,...,un}, eachof which s alinearcombinationof {v,...,vn} (Gram-Schmidbrthogonal-
izationprocess]Kap84, p.55].
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Thetermsfunctionalvectorspace vectorspaceof functions andfunctionspace referto a setof functions
possessinthe sameformal propertiesasa vectorspaceof n-tuplesin linearalgebraj.e., closureundersum
andclosureunderscalamultiplication. Thatis, asetV of functionsformsavectorspacef for any functions
f,ginV, f + g, andcf arealsoin V. ThesetW is a (functional)subspacef V if W is a vectorspacen its
own right [Hol90, pp.22-23]. Note thatthe linear algebraconceptf linear dependencandindependence
carry over seamlesslyo functionalvectorspaces.The function spaceV is calledaninner productspaceif
ascalarvaluedexpressiorcalledtheinner product denoted f,g), canbedefinedfor all f,g € V, satisfying
thefollowing threeconditions:

1. linearin thefirst variable,conjugatdinearin the secondconjugatebilinear):

(5.1) {(af +bg,hy = a(f,h) +b(g,h), and(f,ag+ bhy =a(f,g) +b(f,h);
2. Hermitiansymmetric:

(5.2) (f,9) =(g,f) Vf,geV;
3. positive definite:

(5.3) (f,fy>0VfeV, and (f,f) =0impliesf =0,

wherethe symbol( =) denotescomplex conjugation. In the caseof real-valuedfunctionsandreal scalars,
complex conjugationhasno effect, i.e., a = a for all scalarsa. In this case,condition(5.1) statesthatthe
inner productis linearin eachvariableseparatelycondition(5.2) stateshat(f,g) = (g, f), Vf,geV, and
condition(5.3) statesthat f,g are“essentially”equalif, in the senseof theinnerproduct,{(f,g) = 0, and f

is “essentially”zeroif (f, f) = 0. Thelastconditionis someavhatsubtlein thatfor f(x) to be “essentially”
zero(zero“almosteverywhere”)doesnot necessarilyneanthat f (x) hasto be zeroat every point, only that

whateveris usedto definetheinnerproduct(e.g.,anintegral) evaluatego zero[Hol90, §3.6].

The above conditionsdefinethe abstractscalarvalue of aninner productaxiomatically In the caseof the

real-valuedfunctionalspacel.?(R), theinnerproductis specifiedas:

54 (1.9 = [ 1093mdx

Noting thatconjugatiorhasno effectonreal-valuedfunctions theinnerproductsatisfiegsheabove properties
(se€[HolI90, pp.108-111]).
1. Bilinearity:

(af +bgh) = / (af +bg)hdx

— / afh+ bghdx

/ fhdx + b/ ghdx

a(f,h) +b(g, h)
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with a similar agumentfor the secondvariable.

2. Hermitiansymmetry:

(o= [ foax= [ gtax = (g1).

3. Positive definiteness:

(0 = [ (1092 dxz0

becauséf (x))? > 0 sincef (x) is real,and

(1,1) = [ (1x0)dx = 0
implies f (x) is “essentially”zero,meaninghat f (x) integratego zeroovertherealline R. Thesubtlety
of this propertycanbeillustratedby thefunction

1 ifx=0,
) _{ 0 otherwise

which has(f, f) = [ |f(x)|?dx = 0 althoughf(x) is not zeroat every point. In fact, ary function
f(x) thatis zeroexceptat a finite numberof pointshasa zerointegral.
The positive definite condition provides a definition of function equality: using the principle that abso-
lute corvergenceimplies corvergence(so permittingthe inspectionof the integral of | f(x)@| insteadof

f(xX)g(x)) andthe factthat|z| = |z for ary complex numberz, functionsf andg are“essentially” equalif
20 1F(X) —g(x)|dx = 0 and f is “essentially”zeroif [ |f(x)|>dx= 0.

Any function f is saidto belongto the space ?(R) if it satisfies:

(5.5) /m 1 ()2 dx < oo,

wheretheintegralis notrequiredto have ary particularvalue,only thatit befinite [Hol90, pp.138-139F The
mainissuein testingwhethera given f (x) belongsto L?(R) is to considemwhetheror nottheintegralin (5.5)

is cornvergentor divergent. If it is not divergent,then f (x) is saidto bein L?(R). With the above definitions

2Technically attentionis usuallyrestrictedto Lebesguameasurabldéunctionswhereall integralsshould
be interpretedas Lebesguentegrals. UnderLebesgueheory of integration, f(x) is differentiable“almost
everywhere’meaninghat f (x) is the Lebesguentegral of its derivative f'(x), i.e.,

f(x)=/:f’(t)dt+f(a).

Suchfunctionsarecalledabsolutelycontinuous AlthoughLebesgugheoryis beyondthescopeof thepresent
discussior{(seg[Hol90, p.165,p.253for anintroduction),it is tacitly assumedyithoutlossof generalitythat
all functionsin L?(R) areabsolutelycontinuous This assumptioronly excludesfunctionswhereintegration
by partsmay fail, i.e., functionsof the CantorLebesguetype, and practically restrictsthe discussionto

functionsthatarepiecavise continuougChu92 p.1].
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of thespace_?(R), andof theinnerproductfor L?(R) in (5.4),it is clearthatL?(R) is aninnerproductvector
spacgsee[Hol90, pp.141-143]).

SinceL?(R) is aninner productspace all propertiesassociateavith aninner producthold in L(R). The

propertiegarticularlyapplicableto wavelettheoryarelistedbelow (seealso[Chu92 p.4]):

1=t = | [ 10T 0 g I If(x)lzdx]l/z

—00

e Norm

e Mean-squae (distance)metric

1/2

I1-al=| [ 1160 - g0 e

e Schwarz'inequality.

<[ ncorad [ lawea]

The above definition of L2(R) spacesaturallyextendsto the generalclassof inner productspacesthe L2

(.9l <11l = | | 1900 o

spacesL? spacesaredenotedyy

L?(a,b), —0<a<b< +o

whereary function f is saidto belongto the spacel.?(a, b) if it satisfies:

b
/ £ (X)[2 dx < oo,
a

Theinner productspacel?(R) is a particularinstanceof the classof L? spacesvith a= —ow, b= ». The
formal propertiesof a vector spaceand inner product,aswell asthe propertiesassociatedvith the inner
product,definedfor L?(R) above, extendanalogouslyto the generalclassof L? spaces.All L? spacesare
Hilbert spacesincethey satisfythe propertyof metriccompletenesfiHol90, p.143]. Althoughthe notion of
aHilbert spacas somevhatsuperfluousn the context of wavelettheory someof theconceptsanddefinitions
of aHilbert spacedo applyandareworth mentioning.In particular the propertieof densenessepaability,
and completenesgequiredfor the definition of the Hilbert space are given belon. The readeris referred
to [Hol90, §3.10]for the completeaccount.

e DensenessA subspac®V of anabstracinnerproductspaceV is densef, givenary v € V thereexists
anw € W suchthat||v—w|| < g, for ary smalle. This propertystateghatW is densdn V if elements
of W canbefoundascloseasdesiredo ary elemeniof V.

e Sepanbility: An innerproductspaceV is sepambleif it containsa sequencef elementswy,wo, ...
that spana densesubspacef V. All finite-dimensionalectorspaced/ are separablesincea basis
canbefoundfor V wherethe subspacespannedy thebasisis V itself. NotethatV is trivially dense
in itself. All L? spacesareseparableAs a consequencef this property any separablénner product

spacehasanorthogonabasis.
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e CompletenessThe notion of completeness definedin termsof whatis calleda Cauchysequence.
A sequencef elementsy, k= 1,2,... in aninnerproductspaces a Caudy sequencéf: givenary
smallpositive numbere, anintegerN (generallydependenbn €) canbefoundsuchthat||vk —vi|| < €
wheneerbothk,| > N. Looselyspeakinga Cauchysequencés onewhosetermseventuallycluster
together An inner productspaceV is saidto be completeif, givenarny Cauchysequences, k =
1,2,... €V, thereexistsav € V suchthatthe sequencey corvergesto v. Roughly the notion of
completenesstateghatevery Cauchysequencén V mustcorvergeto anelemeniof V.
¢ Hilbert space TheHilbert spaceis a separableeal (or comple) innerproductspacehatis complete
in the metricderivedfrom its innerproduct.
Although conceptsuchasdensenesandseparabilityappeathroughoutthe waveletliterature,arguablythe
mostusefulproperty(or atleastnotation)of wavelettheoryis theideaof theinnerproduct(-,-) of L?(R), and
by analogousxtension,of n-dimensional? spacesienotedby L?(R"). Thisis dueto thefactthatwavelets

arefunctionsgenerating basisin L2(R") which, asexplainedbelow, is definedin termsof theinnerproduct.

5.1.3 Fourier Series

Shifting from n-dimensionalEuclideanspaceE" to the spaceof 2r-periodic square-intgrablefunctions

L?(0,2m), ameasurabléunction f is definedon theinterval (0,2m) as

21
/ I£(X)[2 dx < oo,
0

It may be assumedhat f is a piecavise continuousfunction, extendedperiodically to the real line R =

(—00,00) in L%(0,2m) by f(x) = f(x— 2m),¥x [Chu92 p.1]. Any f in L?(0,2m) hasaFourierseriesexpansion:

[

fo=3 e,

k=—o0

wherei = v/—1 andthe Fouriercoeficientscy of f aredefinedby

k= 1 /Zn f(x)e~ ¥ dx.
21tJo

Omittingthecorvergenceconsiderationsf Fourierserieqdetailedin [Kap84, Chu93), theimportantfeature
to notehereis thatthefunctione€ formsanorthonormabasisof L?(0, 2mm) whichitself is avectorspace The
original (2r-periodicsquare-intgrable)function f is decomposedhto (infinitely mary) mutuallyorthogonal
components, &< by the generatiorof the orthonormalbasis{w} from the dilation of the basisfunction
w(x) = €, i.e.,w(x) = w(kx), overall integersk.® Sincethesinusoidawavee* is theonly functionrequired
to generatell 2re-periodicsquare-summableinctions,every functionin L?(0, 2m) is composedf wavesof

variousfrequencies.

3TheFourierbasisis oftenreferredto asabasisof sinesandcosineglueto theidentity: €* = cosx+ isinx.
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5.1.4 WaveletSeries

Consideringhespacd_2(R) of (Lebesguejneasurabléunctionsf definedontherealline R, againasingle
basisfunctionis soughtwhich canbe madeto expressary function f in L?(R). The function spacel.?(R)

differs from L?(0, 2m) in thatthe local averagevaluesof every function mustattenuateo zeroat +o. The
sinusoidalwave functionswg(x) do not belongto L?(R), andcannotbe useddirectly to generatea basisin

L2(R). Instead short-term”(quickly decaying)vaves,known aswaveletsarerequired.In orderto coverthe
entirespacethesecompactlysupportedvavelet functionsmustbe shifted (translated)n space.Theregion
wherethe function is nonzerois saidto be its support hencewaveletsare nonzeroin limited (compact)

regions. The setof waveletfunctionsareformedby dilationsandtranslation®f a singlefunction(x) called

” o

the“motherwavelet”, “basicwavelet”, or “analyzingwavelet’ [RBC+92]. Thetermwaveletrefersto wavelet
functionsof theform

1 x—b
(5.6) w&b(x):ﬁw(%), a>0beR,

wheredilationsandtranslationsaregovernedby parameters, b, respectiely. Every wavelet generates

seriesrepresentatioof f € L(R):

[ee]

f)= 3 CapWap, a>0,beR,
a,b=—

with waveletcoeficients{c,} givenby theintegral transform,:

Cab = {Wyf(x)}(a,b)

1 x—b 2
- %/_mf(x)w(T)dx, feL2(R), a>0,beR,

(5.7) = (f,Wap).

Thelineartransformationy is calledthe integral wavelettransform or simply wavelettransform relative
to .4

For reasongoncerningsamplingtheoryandcomputationakfficiencgy, the parameters, b arechosersothat
frequeng spacas partitionedinto consecutre frequeng bandgor “octaves”) by abinary dilation,andspace

is coveredby adyadictranslationj.e.,

i k
a= 2 J, b = E,
4The resemblancef the wavelet function to the ket of quantummechanicss not accidental. Both the
waveletandthe ket areusedto representectorbases.The vectorbasisbra, associatedvith the ket, corre-
spondsto the scalingfunction @ in the wavelet contet, an essentiacomponenof multiresolutionanalysis,
describedn §5.4. Furthersimilaritiesbetweerthe two domainsincludetheinnerproduct(-,-) whichis used
in placeof the Dirac notation(- | - ). The projectionoperatorPy, = |P) (Y| usedin quantummechanicds
not expresslyusedin the waveletliteraturealthoughthe wavelettransformitself definesthe projectionof an
arbitrary function onto the wavelet basisgeneratedy Y. The tensorproductof two vectorbasesdefined
in guantummechanicsas |@) ® |P) is significantin the wavelet domaininsofar asit is usedto construct
multidimensionalvaveletbasegsee§5.585.7) [CDL77].

j,kez.
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Thedyadicwaveletcannow be expressedn termsof dilation andtranslationparameterg, k,
(5.8) Wik = 272p@2x—k), jkez.

Henceforthexpression5.8) is usedto defineboth dyadicwaveletsandwaveletsalthoughit shouldbe noted
that a dyadic waveletis technicallydistinguishedrom the basicwavelet, as definedin (5.6), not only by
the binary dilation and dyadictranslation,but alsoby a “stability condition” imposedon the basicwavelet
(se€[Chu92 p.11]).

Thedyadicwavelety; x generates dyadicseriesepresentationf f € L2(R):

[

(5.9) =5 cibjk kez,
j7k:_°°

with waveletcoeficients{c; x} givenby theintegral transform:

Cik = {Wq_.f(X)}(j,k)
_ zj/z/” fWx—Kydx, feLl?R), j,kez,

(5.10) = <f,l.|Jj’k).

Thatis, the (j,k)!" wavelet coeficient of f is given by the integral wavelet transformatiorof f at dyadic
positionb = k/2} with binary dilation a = 2~1. Providedthe waveletys is orthogonal the samewavelet
is usedto generateéhe waveletseries(5.9) andto definethe integral wavelettransform(5.10)[Chu92 p.5].

Orthogonalandotherclassification®f waveletsarediscussedn §5.2.

5.1.5 From Vectorsto Wavelets

The commongoal amongthe above threemethodologiess the representatiomf an arbitrary function (or

generalizedrector) f (x) by alinearcombinationof basiselementsi.e.,
f(x) = Z CkWk(X).
k=—o0
For vectors,a setof basisvectorsis used,i.e., {ux(X)} = {vk}. In the Fourierdomain,thelinearcombina-
tion is formedfrom the frequeng dilation of the basisfunction {yx(x)} = {€*}. In the wavelet domain,
the linear combinationis formed from the frequeng dilation and spatialtranslationof the basisfunction

{W(®)} = {W;k(x)}.> Notethatfor wavelets, j, k arethe dilation andtranslationparametersiespectrely,

SThe preciserepresentationf f(x) is anl?-linear combination/Chu92 p.3], wherel? denoteghe space
of all square-summablai-infinite sequenceghatis, {cc} € |2 if andonly if

00
z |C|(|2 < 00,

k=—o0
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whereasn thethe Fourierdomaintheseparameterarereversedthatis, k is thefrequeng dilation parameter
andthereis no explicit translationparameteri.e., j = 1, sincethe Fourier basisfunctionsareinfinite in ex-
tent[GB92]. Thedilation of the basisfunctionin bothcasegyeneratesherepresentationf f(x) at multiple

frequencies.

The primary distinction betweerthe Fourier andwavelet representationis that the Fourier seriesusesone
basisfunctionat multiple frequencie®ver all space Thewaveletrepresentatioalsousesonebasisfunction
atmultiple frequenciesbut to cover all spaceijt usesmary shiftedversionsof the compactlysupportedasis
function (the motherwavelet),eachover a limited spatialregion. Thatis, eachwaveletis localizedin space.
Furthermore the wavelet basis{y; x(x)} analyzesa function over a consecuire distribution of frequeng
bandsgovernedby the parameterj. This frequeng distribution resultsin a hierarchicalpartitioning of the
functionby a flexible space-fequencywindowwhich automaticallynarravs at high frequenciesandwidens
at low frequencie$. The dimensionsf the window on the space-frequernycgrid aregovernedby j,k with
constaniaread\ A, WhereAy denoteghe spatialextentandA, the frequeny extent. The Heisenbeg un-
certaintyprinciple stateghatthe areaof the space-frequencwindows (alsocalledHeisenbeg boxe$ canbe
no greatetthan2. Theautomatiadilation of thewaveletHeisenbeg boxesmaintainsconstanfrea but asthe
boxesshrinkin spacethey stretchover frequeng. This characteristiof the waveletrepresentatiors known
asthewavelets’zoomingpropertyandit is thewavelets’ paramountadwantageover traditional Fourier tech-
niguesfor signalanalysis.For further detail and precisedefinition of the wavelet space-frequencwindow
see[JS94aChu9l.

Thebenefitgainedby the wavelets’ flexible space-frequencwindow canbeillustratedby the following ab-
stractexampleof burstsignaldetection Becausehe Fourierrepresentatiomtegrateshebasisfunctionover
all space,.e., over the entiresignal, the frequeng contentis recordedover all space.If a high-frequeng
burstis presentin the signal, Fourier analysiswill only reportthat sucha high frequeng componentis
presenisomevhee in the signal. The wavelet representationpn the otherhand,dueto its hierarchicalfre-
gueng partitioning, enablesthe detectionand localizationof transientsignal componentsuchas bursts.
In aneffort to provide similar functionality, short-termFourier approache¢suchasthe Short-Time Fourier
Transformor STFT)usespatiallylocalizedbasisfunctions,but still suffer from afixedspace-frequenowin-
dow (se€[Chu92 §1.2]for details).A schematiof the STFTandwaveletspace-frequenctiling is shovnin

Figurel4.

5The space-frequencwindow is alsoknown asthe time-frequeng window. Thereis no realdistinction
betweenspaceand time exceptwithin the contect of the analysis. Typically time refersto time-varying
signalssuchasspeechwhereaspacemayreferto the spatial(x,y) locationof animagepixel.



49

(a) STFT. (b) Wavelet.
frequency frequency

space space

Fig. 14. Space-frequenctiling of the STFT and Wavelet representations.Adaptedfrom [Bar94, p.9
(Fig. 2.1)].

5.2 Wavelet Functions

Denotingthe closureof thelinearspanof {Y; k: k€ Z} by W; for eachj € Z, i.e.,
W = clog 2y (Wik: k€ Z),
L?(R) canbedecomposedsa directsumof thespacesV;:
(5.11) L%(R) = %vv,- = PWo FWo WA+ - -,
IE
where+ indicates'direct sum”,in the sensehatevery function f € L?(R) hasa uniquedecomposition:
(5.12) f) =497 +°0) +g" (%) + -,

whereg! € W, andg' € W. Any waveletgenerates directsumdecompositiorof L?(R).

5.2.1 Bi-orthogonal Wavelets

Everywavelety € L?(R), asdefinedby (5.8),hasadual i € L?(R) definedby
O m(x) = 272Q(2'x—m), I,meZ.

If thebases{y; «} and{U m} generatedy the dualwaveletsy and{ satisfy

(5.13) (Wi Wm) =0j)-&m, J.kl.meZ,

i.e., the basesestablishinter-scale(d;,|) andintra-scale(dx m) orthogonality then (y, ) form a pair of bi-

orthogonalwaveletsandevery f € L?(R) canbewritten asa waveletseries

5.14 f = di P
( ) (X j,;eZ i kUj k(%)
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(5.15) = Z dj kWj k(X),
j7 EZ
where,analogougo Fouriercoeficients,waveletcoeficientsaregivenby

dix = (f,Wjx) in(5.14)
= (f,Pjx) in(5.15)

If Y and{] constitutea bi-orthogonalwavelet pair, thenthey generatewo subspacegWw,}, {V~Vj} of L’(R)

wherethe subspacearenot generallymutually orthogonal,
(5.16) Wi LW, andWj LW, #1,
but insteadareorthogonain thedualsense,

(5.17) W LW, j#LL

Sinceboth {yj x} and{{) n} arebaseof L2(R), the spacecanbedecomposedy eitherbasis,i.e.,

L’(R) = ZWJ- = FW 1 Wo+ WA F - - -
j€

(5.18) = ZWJ = PWo W WA - -
j€e

Equationg(5.14) and (5.15) effectively statethatary functionin L2(R) projectedonto onebasiscanbe re-
coveredby expansionin the other In contrasto anorthogonalwaveletbasis(seebelow), the bi-orthogonal
systempermitsgreateifreedomin theconstructiorof waveletfilters (see§5.6.4). For detailspertainingto the

convergenceof theseriessee[Chu92 p.5and§3.6].

5.2.2 Orthogonal Wavelets

A function s € L%(R) is calledan orthogonal waveletif the family {yj x} forms an orthonormalbasisof
L2(R),

(5.19) WikWm) = 0ji-%m, Jjkl,meZ.

An orthogonalwaveletis self-dualwith Y = § generating{j x} sothatevery f € L?(R) canberepresented

by thewaveletseries

f(x) = di kWi k(x),
() j,ZeZ kW k(%)

with waveletcoeficients

dixk = (f,0jK-
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Givenanorthogonalwavelety, the subspace$W, } of L2(R) generatedy the waveletaremutually orthog-

onal,

(5.20) W LW, j#L

Thefunctiondecompositionsasgivenby (5.12),arealsoorthogonalj.e.,
(@d)=0, j#£I,

andthedirectsumof subspaceéb.11)becomesnorthogonalsum

(5.21) LAR) = PW, =--- oW1 oW W e,
jez

where® indicates‘orthogonalsum” (see[Chu92 pp.14-15]for details).

5.2.3 Semi-orthogonalWavelets

A functiony € L?(R) is calledasemi-orthgonalwaveletif thegeneratedasis{y; x} satisfies
(522) <LIJj,k7LIJ|,m>=07 J #la j,k,l,mGZ,

where (Y k, j,m) may be non-zero. Thatis, the wavelet doesnot necessarilyprovide intra-scaleorthog-
onality. The distinction betweenorthogonaland semi-orthogonalvaveletsis analogougo orthogonaland
orthonormakectorbasesSemi-orthogonalvavelets,alsoknown as“pre-wavelets”,canproduceorthogonal
waveletsthroughan orthogonalizatiorprocedurgRBC+92, p.8]. Every semi-orthogonalvaveletgenerates
an (inter-scale)orthogonaldecompositionbut not necessarilyan orthonormalone), and every orthogonal

waveletis alsoa semi-orthogonalvaveletsince(5.19)guarantee$s.22).

Although semi-orthogonalvavelets are not generallyfully orthonormal,the subspaceshey generateare
mutually orthogonalj.e.,theconditionexpressedy (5.20)holds,andthefunctiondecompositionsasgiven

by (5.12),arealsoorthogonalj.e.,

(g,dYy=0, j#I, jlez.

5.2.4 Non-orthogonal Wavelets

A wavelet | is called non-orthagjonal if it is not a semi-orthogonaivavelet. Bi-orthogonalwaveletsare
generallynon-orthogonalmeaningthatthe resultingbasegypically lack bothinter-scaleandintra-scaleor-

thogonality[RBC+92,p.8].
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5.3 WaveletMaxima and Multiscale Edges

A critical considerationn almostary signalanalysistaskis the detectionof sharpvariation points. The
wavelet transformis closely relatedto multiscaleedgedetectionemployed in computervision [MZ924d)].

Mallat et al. have developedan adaptie samplingtechniqueto locatesignal sharpvariation pointsby de-
tectinglocal maximaof the wavelet transformmodulus. The methodis equivalentto the Canry edgede-
tector[Can8§. Severalpapersandbook chaptersy Mallat canbe found on this topic, including [MZ92a,

MZz92b, MH92, FM92, Mal91]. Becausehisedgedetectiortechniqués directly applicableto eye movement
modelingandvideoanalysisit is summarizedere,closelyfollowing Mallat’s derivations.Whereappropri-

ate,thereferencdo therelevantsources provided.

Thewavelettransformof f atscalej andpositionx, givenin (5.10),definesthe corvolution product

My f093() = fxwj(),

wherethetranslationparametek is madeimplicit. The dyadicwavelettransformis definedasthe sequence

of functions

W = [{(Wyf(9}()] ez
whereW is thedyadicwavelettransformoperator Assuminga twice-differentiablesmoothingunction 6(x)
exists, whoseintegral is equalto 1 andthat corvergesto 0 at infinity, e.g.,a Gaussiandefinethe first- and
second-ordederivativesof 8(x):

d?8(x)
dxz -

W00 =2 ang g9 =

The functionsy’ andy” areby definition waveletssincetheir integral is equalto 0. Denotingthe wavelet

transformsof f(x) relatveto Y/, ¥” as,

Wy FOO3(0) = F (9, and (W F(}() = f# ;" (0,

{Wnp’ f) (). {quf(x)}(j) arethefirst andsecondderivative of the signalsmoothedat scalej [MZ92a]:

. .do; . d

Wy F093(1) = £ (g1 00 = I (F%8))(0), and

W f003(0) = (1258000 = 122 (1 4,

{Wyr F003() = 2 (15300 = P (8 (%),
Thelocal extremaof {Ww/ f(X)}(j) correspondo the zerocrossingsf {WUJ// f(x)}(j) andto theinflection
pointsof f x6;(x). In the particularcasewhere6(x) is a Gaussianthe zero-crossingletectionis equivalent
to a Marr-Hildreth edgedetection[Mar80], and the extremadetectioncorresponds¢o Canry edgedetec-
tion [Can8d. Thewaveletapproactiollowsthelatter, relyingon {Wl“/ f(x)}(j) to distinguishbetweersharp

andslow variationpointsof f % 8;(x), whichis oftendifficult usinga secondderivative operator
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Sharpvariationpointsaredetectedy finding thelocal maximaof themodulus| {Ww/ f(x)}(j)|. At eachscale
j, localmodulusmaximaarelocatedby finding the pointswhere|{WqJ, f(X)}(j)| is largerthanits two closest
neighborvalues,andstrictly largerthanat leastoneof them[MH92]. Thatis, a modulusmaximais located

atscalej andlocation(xo) if:

(5.23) W, o= D}()] < {W F0)}(D)] = [{W,f(%0+1)}(})], and

W, Fx0)} ()| > W f (o= DY), or
(5.24)
W, F00) (D] > [{W, 0+ 1)}())]-
The modulusmaximaof the wavelettransformat scalej andlocation (xp) is a strict local maximaof the

moduluson theright or theleft of locationxp.

Thelocalmaximadetections extendibleto multiple dimensionsf thereexistsasmoothingunction®, which
cornvergesto 0 atinfinity yettotally integratesto 1. In two dimensionstheimagefunction f (x,y) is smoothed
at differentscalesj by corvolution with the two-dimensionakmoothingfunction 8;(x,y). Computingthe
gradientvector O( f % 8j)(x,y), edgesaredefinedaspoints(xo,yo) wherethe modulusof the gradientvector

is maximumin the directionof the gradientin theimageplane.Introducingtwo 2D waveletfunctions,

695)>)<(,y) andyy (x,y) = 20Y)

LIJX(X7 y) = ay )

two component®f the wavelettransformof f(x,y) € L?(R?) atscalej aredefinedwith implicit translation

parametek:

{WEY) Ix(D) = (W F (6 ¥) 3() = by (xy), and
{WEOGY) (1) = {Wy, F ) F() = F ey (6Y)-

Edgepointscanbelocatedfrom the two component§Wf (x,y) }x(j), {Wf(x,y)}y(j) since

{WEy) (i)

Sharpvariation pointsare detectecanalogouslyto the 1D case,wherethe modulusat scalej andposition

(f+8;)(xy) :

o>
—~

(x,y), denotedby {Mf(x,y)}(]j), is proportionalo:

WY} D {MTGYI() =
(5.25) VHWE ) 1) 2+ W (x.9) ()2

At eachscalej, the local modulusmaximaare againfound by comparingthe point {Mf (x,y) }(j) with its

two neighborsasin (5.23)and(5.24),exceptnow neighboringpointsmustbe examinedalongthe direction
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of thegradientvector Theangleof thegradientvectorwith horizontaldirectionatscalej andposition(x,y),
denotedby {Af(x,y)}(]) is givenby [MZ92b]:

{AfTYI0) = ag({WEY) 1)) +I{WT 6 Y) by(i))

L WIY)
(5.26) = ta”l({vvmx,y)}i(j))'

In threedimensionsthe volumefunction f(x,y,t) is smoothedat differentscalesj by corvolution with the
three-dimensionamoothingfunction 8;(x,y,t). Computingthe gradientvector O(f % 8;)(x,y,t), edgesare
definedas points (Xo, Yo,to) wherethe modulusof the gradientvectoris maximumin the direction of the

gradientin thevolume. Introducingthree3D waveletfunctions,

_08(x,y,t) _08(x,y,t)

_ 98(xy,t)
LIJX(Xayat) - X ) LIJy(X7y7t) - ay ) andl-IJ'[(Xayat) -

o’

threecomponentsf thewavelettransformof f(x,y,t) € L2(R®) atscalej aredefinedwith implicit translation

parametek:

{Wf(x7y7t)}X(J) = {waf(x7y)t)}(1) = f* LIJXj(XJth)7
{Wf(xay7t)})’(j) = {\nyf(XaYat)}(J) = f*l.lJyj(X,y,t), and
WERGY ) }() = W FOO Y1) H(J) = el (X, y,1).

Edgepointscanbelocatedfrom the abose threecomponentsince

{W 06yt Ix(j) = (F8))(xyt)
WIxYOh() | =i #(F*8)0ewt) | =i0(f «8)(xyt).
{WE(xy.t)}e (i) L(f%0))(x,y,1)

Sharpvariation pointsare detectedanalogousliyto the 1D case,wherethe modulusat scalej andposition

<

(x,y,t), denotedoy {Mf(x,y,t)}(]j), is proportionalto:

|{Wf(X,y,t)}(])| U {Mf(X,y,t)}(J) =
(5.27) \/|{Wf(xayat)}X(j)|2+ W6y, by (D12 + WXy, D) 1 (52

At eachscalej, thelocal modulusmaximaareagainfound by comparingthe point {Mf (x,y,t) }(j) with its
two neighborsalongthe directionof the gradientvector The angleof the gradientvectoris now determined

by threeplanaranglesatscalej andposition(x,y,t), denotedby {Af(x,y,t)} ,,,(]) where/ab specifieshe

)
)
)

directionalplane,givenby:

(5.28) (AR} /(1) = ta“(%
(5.29) {Af( Y} (1) = ‘a”_l(%
-1 (WY D ()

tan ({Wf(x,y,o} ()

y
t

Y
)

(5.30) {ATCYD} ()
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5.4 Multir esolutionAnalysis

Multiresolution analysis(MRA), introducedby Meyer and Mallat [Mal894], is an algorithmic framework
for representindunctionsat hierarchicallevels of scale(or resolution). The wavelet basisdescribedabove
analyzeghe underlyingsignalin termsof spatially-localizedrequeny componentsUsing the waveletba-
sis alone,reconstructiorof the signalmay be problematic. In orderto reconstructhe original signalfrom
its wavelet representatiorthe waveletdual I is usedasthe reconstructiorkernelfunctionin the inversion
formula definedby Equation(5.14). In generalhowever, I doesnot exist [Chu92 p.13]. Multiresolution
analysisaddressethis reconstructiorproblemby maintaininga scaledversionof the signalat consecutie
levelsof resolution.The original signalcanbefaithfully reconstructedy successiely combiningthe scaled

signalwith thewaveletcoeficientsat eachlevel of resolution.

5.4.1 ScalingFunctions

At the heartof multiresolutionanalysisis the notion of a scalingfunction denotedby @(x). The scaling
functionis very similarin natureto thewaveletin thatit alsogenerateabasisof L>(R). Thescalingfunction
is alsoa compactlysupportedunction, definedas

1 x-—b
(Pa,b(x) = Ta(p(T)7 a> O7b€ R7

whereagaina, b arethedilation andtranslationparametersAs for the waveletfunction,integral powersof 2
areusedwherethe scalingfunctionis obtainedby a binarydilation (dilation by 21), anda dyadictranslation
(translationof k/21) of asinglefunctiong. Thatis, a, b arechoserasfor thewaveletfunction,andthescaling
functionbecomes

@i x(X) = 2129(21x— k), j,keZ.

5.4.2 ScaleSubspaces

Sincethe scalingfunctiongenerates basisof L?(R), it alsogeneratesubspace$V; }, just asthe subspaces

{W;} aregeneratedy Y above,i.e.,

Vj =closzr) (P k€ Z),
with @ generatingareferencesubspacey, i.e.,

Vo = clos_z(R)((m,k ke Z).

In contrasto thesequencef orthogonakubspace$W;} generatedy anorthogonalp satisfying(5.20),the

nestedsequencef closedsubspace$V;} generatedby thescalingfunctionpossesshefollowing properties:

(5.31) 1.---CV_1CVoCVi--- (containmenk
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(5.32) 2.UjezV) = L%(R) (completeneds
(5.33) 3. NjezV; ={0} (uniqueness
(5.34) 4.F(x) € V) & (2 €Vjs1,j €Z (scalability).

Property(5.31) stateshatthe sequenc®f subspacess nested;property(5.32) statesthat every function f

in L2(R) canbe approximateds closely as desiredby its projectionsin Vj; property(5.33), on the other
hand, statesthat, by decreasing, the projectionscould have arbitrarily small enegy [Chu92 p.16]; and
property(5.34)is the multiresolutionconditionwhich stateshatas j increasesthe spaces/; correspondo

“finer resolution”:if thefunction f is in thebasicmultiresolutionspaceVy, thenthefiner resolutionfunction
f(2).) : x = f(2)x) is in the spaceindexed by j [Fou95 p.43]. The scalingfunction is saidto generatea
multiresolutionanalysisif it generates nestedsequencef subspace$V;} satisfyingthe above properties

suchthat{gx} formsabasisof Vo.

5.4.3 Bi-orthogonal Multir esolution

Givena pair of scalingandwaveletfunctions(g, ), neitherof which necessarilformsanorthogonabasis,
the goalis to specifydual functions (¢, )) sothatthe original function f in L2(R) canbe perfectlyrecon-
structed Recallthatwaveletsarebi-orthogonalf they satisfycondition(5.13)andgeneratelually orthogonal
subspaceasexpressedy Equationg5.16)and(5.17). Assumingthatthe scalingfunctions(¢, ¢) aredualas

per(5.13),andimposingthe following intra-scaleorthogonalityconditions:
(5.35) (@isTj1) =0, and(@y W) =0, jkl€Z,
the doublemultiresolutiongeneratedy (¢, g) with two sequencesf subspace$Vi}, {\7j} thensatisfies
Vi LW, andV; LW, jez,
andL?(R) is decomposedsin (5.18),with
Vis1=Vj+W, and\7,-+1 =\~/j +V~VJ, jEZ.

The pairs (¢, ) and (¢, ) areinterchangeablin the sensethatonly oneof the pairsneedsto be specified.

Thesecondairis derivedfrom thefirst with ¢ connectedo i andy connectedo ¢ (se€$5.6.4)[Fou9s §l1].

5.4.4 Orthogonal Multir esolution

If the scalingfunction @ canbe chosenso thatthe setof translates{ qoc} = {@(x—k)} formsan orthonor

mal basisand generates setof multiresolutionsubspacegV;}, thenan orthonormalwavelet basiscanbe
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constructedrom @ [RBC+92]. DefiningW; asvji, wherethe orthogonalcomplemenis takenin Vj1, so
that
Viy1=V;®W, andV; L W,
L2(R) isdecomposedsin (5.21).A functiony is soughtsothat{; «} formsanorthonormabasisfor L?(R),
andsubsequent{; } is an orthonormalbasisfor Wj. Assumingthatinteger translatesof ¢ generatean
orthonormabasisfor Vy andthereexist ¢, suchthat
o) = 3 am2x—k),
kez
theny(x) is givenby
(5.36) W) = Y (—D*ega2x+K).

kez

By the above constructiorandorthonormalityof @,

<(pj,kal-IJj,|> = Oa j7k7| € ZJ

and @, are eachself-dual, satisfying(5.35). Thatis, orthogonalmultiresolutionis a specialcaseof bi-

orthogonamultiresolutionwhere@ = (Np andy = (.

5.5 WaveletDecompositionand Reconstruction

Giventhe multiresolutionframework, wavelet decompositiorand reconstructioralgorithmscanbe derived
for ary f in L2(R). Sincege L?(R) generate§V;} and( € L?(R) generate§W; }, andby multiresolution
property (5.32) above, every function f in L?(R) canbe approximatecby an N € Wn, for someN € Z.

ConsideVy asthe“samplespace”and fN the“data” (or measurement)f f onVy. Since

W Wh—1+VN_1

= Vhrd o R,

for ary positive integerM, fN hasa uniquedecomposition:
fNoo = N+ gV (),

wherefN=1 € V\_; andgN—! € Wh_1. Recursvely,

(5.37) N = gV100 + V200 + -+ VM) + N M(x),
where
(5.38) fix) = ch,k?p(zix—k)ev,- ol ={cjx}, kez;

(5.39) g (x) Zdj@(zix—k)e\fv,- cdl={djx}, kez;
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and

fN"Mx) eVWnm, =N—M,N—M+1...,N—1,

with thenormalizatiorfactor2i/2 foldedinto the seriescoeficientsandM chosersothat fN~M is sufficiently
decomposedThe decompositionn (5.37)is uniquelydeterminecy the sequences! andd!, in (5.38)and
(5.39)[Chu92 pp.156-157]which arethe scaleandwavelet coeficientsobtainedfrom the multiresolution

projectionof fl ontosubspace¥;,W; asgeneratedy @, ), respectiely:
(5.40) Cik=(tLo), dix= (L.

Note that here,contraryto corvention,, not {, is usedasthe analyzingwavelet, althoughby the duality
principle [Chu92 p.156], the pairs (¢, ), (@, ) areinterchangeabléor decompositiorand reconstruction
purposes.Thatis, incorporatingEquations(5.38) and (5.39)into (5.37), the function fI+1 canbe obtained

from eithercombinationof dualpairsby the following (bi-orthogonaljnversionformula[GB92, p.634]:

(5.41) fitl(x) = Z Cj kP k(X) + ; dj kj k(%)
j,KeZ j,kez

(5.42) = Cik@ik(¥)+ > djkWjk(),
j,gezj j j,ZeZJ j

with scaleandwaveletcoeficients
{CJ,kZ(fJ,(Pj,k% dik=(fl,WjK) in(5.41)

Cik= (o), dix=(f,Pj) in(5.42)
In orthogonaMRA, with self-dualg andy functions,Equationg5.41)and(5.42)condensénto one(orthog-

onal)inversionformula:
fitlx) = Z Cj k@) k(X) + Z dj kW k(X),
js €z j, €Z

with coeficientsasgivenby (5.40).

The mostimportantpropertyof the subspace$V; } and{W,} (or {V;} and {W;}, dependingon which dual
pair is usedfor decomposition)and hencemultiresolutionanalysisin general,is thatas j — —o, more
andmore“variations”of the analyzedfunction areremoved at each“rate of variation”, or frequeng band,
j, andstoredin W;. The remainingcoarserapproximationgo the function remainin V;. The crux of the
recursve natureof MRA is the decompositiorof the coarsefunction at level j into the function’s coarser

approximationand stripped“variation” at level j — 1, asprojectedontoVj_1 andW,_1, respectiely.” The

"Note that someauthorsusea corventionof increasingsubspacefRBC+99. Roughlyspeakingjn the
Meyer corvention (adoptedhere)the functionsin V;j scalelike 2-1, whereasn the Daubechiesonvention
they scalelike 2I. Thatis, in the Meyer corvention, the decompositiorievel j is commensuratevith the
resolutionof the functionunderstudy i.e., level j = 0 representshe coarsestesolution.In the Daubechies
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algorithmicapproachor decomposingndreconstructinghefunction fI betweerresolutionlevelsis accom-

plishedthroughthe useof discretesequencewhich approximatehescalingandwaveletfunctionse, (Np w, .

Sinceboth @ € Vo and{ € W, arein Vy, andsinceV; is generatedy @ k(x) = 21/2¢(2x— k), k € Z, there

exist two sequencedenoteddy { Pk} and{gx} suchthat

(5.43) o) = g Pr@(2x — K);
(5.44) P(x) = ;ak?p@x— k),

for all x € R. Theseare the two-scale dilation, or refinementelationsof the scalingand wavelet func-
tions, respectiely. Theserelationsimply that(Np(x) and{i(x) mustbe generatedy the finer scalefunctions

@(2x— k), andleadto thedecompositioralgorithm.

Corversely sinceboth @(2x) and@(2x— 1) arein V3 andV; = Vp-+Wp, therearetwo sequencesgenotedby
{px} and{ak}, kin Z, suchthat

(5.45) (p(2x—|) = Z[p|_2k(p(x—k)+q|_2kL|J(x—k)], leZ.

This is called the decompositiomrelation of @ and. Mathematically the decompositiorrelationroughly
statesthat the function underanalysisat a given resolutionlevel (scale)canbe decomposedhto a coarser
resolutionapproximatiorplusthestripped-of detail. Computationallyperhapsomevhatcounterintuitvely,

the decompositionleadsto the reconstructionalgorithm. The two pairs of sequence${px},{dk}) and

({px},{ak}), areuniqueoncethenormalizationof @is fixed(see[Chu92 §1.6] for details).

Representindg! andg! from (5.38)and(5.39)by the“digital” sequences! andd!, thefollowing generalized

(bi-orthogonal)decompositiorandreconstructioralgorithmsemepe:

Decomposition

(5.46) o t= Z pac; dit= qu_m(clj’
Reconstruction

(5.47) o= > P2 ¢+ Gead Y,

corvention,thedecompositiotevel j pertaingo thenumberof decompositionappliedto thefunctionunder
study i.e., level j = 0 representghe finest resolutionsince no decomposition$ave beenappliedto the
function. Both corventionsare equally informative sincein the former the “current” resolutionlevel can
be useddirectly in estimatingthe extent of the function (i.e., the numberof samplegresentin the scaled
signal—thisis particularlyusefulwhendealingwith images).The latter conventionprovidesinformationin

termsof numberof decompositionsppliedto the function, which canbe a valuablemeasuren arecursve
implementation.
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where{px} and{qgx} aredecompositiosequencesvhile { px} and{dx} arereconstructiorsequencesThese
sequencesorrespondo digital filtersin signalanalysis® Notethatin thecaseof orthogonaMRA, thefilters
coincide,i.e., {p} = {Px} and{aqx} = {6k}. The decompositiorandreconstructioralgorithmsare shavn

schematicallyn Table3.

TABLE 3
Schematiof waveletdecompositiorandreconstruction.

Wh-1 WN-M+1 WN-M

dN—l dN—M+1 dN—M
/ /‘
N N oN-1 SN cN-M+1 N cN-M
W WN-1 VN-M+1 VN—Mm

(a) Decomposition

Wh-m Wh-M+1 Wh-_1

dN—M dN—M+1 dN—l
¢ N\
cN-M _ cN-M+1 . _ oN-1 _ N
WN-_M WN-M+1 WN-1 W

(b) Reconstruction

The wavelettransformgeneralizeso multiple dimensiongrovidedthe scalingfunctionsandwaveletsgen-
eratemultidimensionabases.In the particulartwo-dimensionatase therearetwo waysin which the 1D

transformcanbe generalizedpamelythroughthe standad andnon-standatd decompositions.

Thestandardlecompositiorof a typical 2D function,i.e.,animage,f(x,y), is obtainedby first applyingthe
1D wavelettransformto eachrow of (pixel) values giving average(smoothedyalueswith detailcoeficients

for eachrow. Thetransformedows aretreatedas1D functionsthemselesandthe 1D wavelettransformis

8Someauthorspreferto concentratenreconstructiofiiltersasthe“nice” filtersanddenotedecomposition
sequencedy a specialsymbol. Becausehe decompositioris more pertinentto signal analysis,herethe
oppositecorventionis usedwherethe“nice” filters areassociateavith decompositiorandthedistinguishing
symbol(™) denoteseconstructiorfilters.
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appliedagainon eachcolumn. The standardlecompositiorgivescoeficientsfor a basisformedby the stan-
dard constructiorof waveletbasisfunctions,consistingof all possibletensomproductsof theone-dimensional

basisfunctions,

X)) @ 9(x), x) @ W(X), W(X) @ G(x), Y(x) @ W(x),

where@(x) ® ¢(x) is the 2D scalingfunctionandthe restarewavelets(see[Fou95 p.20]for detailsandex-

amples).

Thenon-standardlecompositiorof a 2D functionalternatebetweeroperationn rows andcolumns.That
is, thedecompositions obtainedby first applyingthe 1D wavelettransformto eachrow of (pixel) valuesat

oneresolutionlevel, giving average(smoothedyalueswith detail coeficientsfor eachrow. Thetransformed
rows are againtreatedas 1D functionsand one level the 1D wavelet transformis appliedagainon each
column. To completethe transform the procesds repeatedecursvely on the quadrantontainingbothrow

andcolumnaverages.The non-standad constructionof a two-dimensionabasisis similar to the standard
construction gxceptthat the tensorproductsare obtainedusing transposedersionsof the 1D scalingand

waveletfunctions.Thatis, thetwo-dimensionakcalingfunctionis definedas

Po(x,Y) Px) @ @' (%),

andthethreewaveletfunctionsare:
Wxy) = exeu(X),
Pa(x,y) WX @' (x),
We(xy) = W)Y (X).

Both constructionsvill generaterthogonal2D basegivenorthogonallD functions[Fou95. Examplesof

thenon-standardecompositiorandsomeof its propertiesaregivenin §5.7.

In threedimensionsthewavelettransformdepend®nthree-dimensionacalingandwaveletbasesunctions.
The standardlecompositiorof a typical 3D function, e.g.,a videoframesequencef (x,y,t), is obtainedby
first applyingthe 1D wavelettransformon inter-frame pixels betweentwo successie video framesat each
resolutionlevel. This givesthe temporaldecompositiorof the video frames,analogougo the wavelettrans-
form of one-dimensionasignals. The first transformedrame containsthe overall temporalaveragevalue,
while the lastframecontainsthe overall temporaldifferenceof the original frames.The transformedrames

arethentreatedas2D functionsandthe standard®D waveletdecompositions appliedto all frames.

The non-standaralecompositioris obtainedby first applyingthe 1D wavelet transformon eachpixel be-

tweeneachof two successie videoframesin thesequenceOneof thetwo transformedramescontainsthe
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temporalaveragevalues,while the otherframe containsthe temporaldifferenceof the two original frames.
Thetransformedramesarethentreatedas2D functionsandthe non-standardvaveletdecompositions ap-
plied to both frames. Provided therewerefour framesto begin with, the processs repeatedecursvely on
the two quadrantscontainingboth temporaland spatialaverageswhich are containedin the two temporal
averagerames.Thenon-standardonstructiorof athree-dimensiondlasisis similar to thetwo-dimensional
caseexceptthatthetemporalbasisis obtainedfirst. Thatis, thethree-dimensionacalingfunctionis defined

as:

o yt) = 00X @ 9x) @ ' (x),

andthesevenwaveletfunctionsare:

Pyt = X @ex) W (),
Wexyt) = WX e (),
WYY = ) eYx) @Y (),
bepx,yt) = W)X Y (),
beu(xyt) = 0@ ex) oW’ (X),
e yt) = @) @u(X) e (),
PRyt = o)UY @Y (x)

The constructionswill generateorthogonal3D basegyiven orthogonallD functions. Examplesof the non-

standardlecompositioraregivenin §5.7.

5.6 WaveletFilters

Themultiresolutionwaveletdecompositiorandreconstructionglepictedn Table3, canbeimplementedy a
two-bandfilter bank,asshavn in Figure15. To maintainconsisteng with signalprocessingorvention,the
discretesequence$py}, {ak}, { Pk}, {Gk} arereplacedvy thedigital filtersH, G, H, G representeby discrete
sequences$hy}, {0k}, {ﬁk}, {Gk}, respectiely. Figure15 displaysdecompositiorandreconstructiorof the
signal f atoneresolutionlevel. The symbols] 2 and4 2 within circlesrepresentlyadicdownsamplingand

upsamplingrespectiely.

Multiresolutionanalysisat multiple levels resembles nonuniform,tree-structuredilter bank. The nonuni-
form qualificationrefersto theflexible tiling of the space-frequencgrid generatedy waveletanalysis(see
§5.1.5, Figure 14) [Vai93. Multiresolution decompositiorand reconstructiorat threelevels is shovn in

Figuresl6. In general the digital implementatiorof multiresolutionanalysis,asdescribedn §5.4, is often
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Fig. 15. One-level waveletdecompositiorandreconstructionmplementedy a two-bandfilter bank.
referredto asthe DiscreteWavelet Transform(DWT).?

In practice,the filters H and G are chosenas lowpassand and highpasg(in general,bandpassjilters, re-
spectvely. Thelowpassfilter correspondso the scalingfunction @ by subsamplinghe signalat decreasing
levels of resolution. The highpasgor bandpassijilter correspondso the wavelet function ¢ decomposing
the signalby projectionsonto consecutie frequeng bands Thedualfilters H, G arederivedfrom H, G sub-
jectto desiredorthogonalityconstraintdbetweerfilters. Theseconstraintaredelineatedy the four wavelet
classedliscussedn §5.2 resultingin the consonanfamilies of filters, namelyorthogonal, bi-orthogonal,

semi-orthgonal andnon-orthaonal

The DiscreteWavelet Transformcanberepresenteth matrix form [PTVF9Z. At agivenscalej, thefinite,
discretefunction f, representedby the sequences, is transformedinto the sequencesi—1 anddi~1 by
thesquarematrix M consistingof null (zero)elementsandelementsf the scalingandwaveletfilters {hy},
{gk}. Thetransformeaequences 1, d/~1 areeachhalfthelengthof ¢! dueto downsampling For example,

usingscalingandwaveletfilters {hc} and{gk}, eachof length4, the decompositiorof the sequence! of

9Strictly speakingthetermWaveletTransformgenerallyrefersto the Integral WaveletTransform relative
to thebasicwavelety, definedin Equation(5.7),andDiscreteWaveletTransformrefersto thewaveletseries
expansionof f, relative to ). The transformis dyadic whena andb are chosensuchthat the wavelet
basisis obtainedby a binary dilation anddyadictranslationof a singlefunctiony. In the signalprocessing
domain,andespeciallyin imageandvideo processingpplicationsthe termWaveletTransform or Discrete
WaveletTransform(DWT), hascometo meana multiresolutionanalysisof the underlyingsignal. Although
not technicallyaccuratethis terminologyis adoptecheremeaningthat DiscreteWaveletTransformandthe
abbreviation DWT shouldbe interpretedas “discrete, dyadic multiresolutionanalysis”. The term Inverse
DiscreteWaveletTransform(IDWT) shouldbe interpretedas“discrete dyadicmultiresolutionsynthesis”.
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(a) Decomposition

Clpa®

Clpa® o —W

CHANNEL

(b) Reconstruction

CHANNEL

Fig. 16. DiscreteWavelet Transformimplementedyy a nonuniform tree-structuredwo-bandfilter bank.
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length8 is givenby:

ER ] e
?_1 ho h1 hy hs (J)
le_l ho ht hy hg C}
G ho ht hy hg )
Cé_l _ h2 h3 ho hj_ Cé
dé_l B do 01 O2 O3 ¢,
d/™* B 01 9% s cl
dé_l Go 91 92 O3 cl
i dé—l ] | 02 O3 Jgo O1 | i CJ7 ]
(5.48) fi-1 = Mmifl

wheref denotesthe finite, discretefunction f, and null elementsof the matrix M1 are shovn as empty
spaces.The original function f canbe perfectly reconstructedf the inversematrix (M1)~1 canbe found
andthedualfilters {h}, {gi} exist. Constructiorof the dualfilters dependon the choserclassof wavelets.
Reconstructions representedby a similar matrix operationwherethe reconstructiormatrix resemblesvi |

exceptthatthereconstructioriilters {h} and{gi} replacethedecompositiorfilters {h}, {ak}, e.g.,
fl = (m)~i-L

Consideringhefilters {h¢},{gk} ascorvolutionkernels noticethatthe abose matrix operationincorporates
the subsamplingstepby performingdyadic translationsof the kernels. In somesignal processingmple-
mentationscorvolution is carriedout throughmonadictranslationof the corvolution filter, relying on the
subsamplingtepto drop every otherelement.In the above matrix representatiorhowever, the subsampling
stepis madeimplicit by dyadictranslationprecludingthe needfor explicit subsamplingandsupersampling.

In thediscussioronfilters, below, dyadickerneltranslationis assumed.

5.6.1 Orthogonal Filters

The orthogonalityconditionfor the wavelety, initially givenin §5.2.2by Equation(5.19),is restatechere
with respecto the analysisfilter {gx}: if W is anorthogonalwavelet,thenthefilter G formsanintra-scale

orthonormabasisof L?(R),
(549) <gk, gm) = 6|(’m7 k, me Z

Provided the filter {g«} alsosatisfiesinter-scaleorthogonality the subspacesf L?(R) generatedy G are
mutually orthogonalasin Equation(5.20). Condition (5.49) effectively statesthat the translatedwavelet
function , andhencehighpasdilter {gx}, doesnot overlap,or if it does,the overlappedsegmentssumto

zeroin the senseof theL?(R) innerproduct.
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Asoutlinedin §5.4,{gx} canbeobtainedrom theorthonormalowpasdfilter {hx}, correspondingo thescal-
ing function ¢, asperEquation(5.36),in which caseH andG arecalledquadrature mirror filters [Mal894|.

Equation(5.36)canberewritten morecompactlyin termsof thefilters {hy},{ak} by:
(5.50) o = (-Dhy, kez,

sothatthefollowing intra-scaleconditionshold:

(5.51) (i, hm) = (O, Om) = &m, k,me Z (orthonormalfilters),

(5.52) (h,gmy =0, k,meZ (orthogonakubspace¥j L W,).

Underthis constructionthe matrix M is orthogonalin the sensethat the reconstructiommatrix (M1)=1 is
the transposeof M, i.e., (M1)~1 = (M1)T, andthe filters {h}, {gk} areself-dual,i.e., {h} = {h¢} and
{8} = {o}-

Referringto the above matrix decompositiorexamplewith filters {hc} and{gx} of length4, thereconstruc-

tion fl = (M1)~1fi-1is givenby:

R -~

c ho o h % Co

c oG hy G it

c h2 G ho To ¢
(5.53) % — | he B G d{i

Cy h2 @ ho o c)

c hs G3 ht 1 dj

cs ha @ ho Qo ot

= i hs @ o @ || dit |

Substituting{h} by {h} and{Gi} by {ak}, where{gy} is obtainedasin (5.50),andpermutingrows of fi~1

andcolumnsof (M1)~1, Equation(5.53)is rewritten as:

[~ T _ T A1
C(JJ hg hs h, hy C(j)_l
CJl h1 —h2 h3 —ho d(J)_ 1
CJz h, hi ho hg C%_l
C3 _ h3 —ho h1 —h2 dl
(5:54) c B h, h1 ho hg ot
o hs —ho hy —hy gl
CJ h2 hj_ ho h3 Cj—l
i hs —hg hy —-hy 31
| 7 - - Ldg ]

In this example,(M1)T is theinverseof M1 if andonly if
(5.55) hg+h2+h3+h3=1, and
(5.56) hoho +hihg = 0.

Equationg5.55)and (5.56)in combinationexpressthe intra-scaleorthonormalitycondition (5.51). If con-

dition (5.56)is not evidentfrom the invertible matrix requirementconsiderthe intra-scaleorthogonalityof
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thesubspacdV;}, coveredby the scalingfunction, which canbe exemplifiedby two vectorsformedby the

spatialtranslationof thelowpasdilter, hy, hy1:
[.. ho ht hy hg 0 0 ..]
[.. 0 O hy hy hy hs ..]
wherethe inner product (h,hx.1) = hoh2 + hihs. Theseare preciselythe termsrequiredto sumto O in

Equation(5.56). In generalfor ary differenttranslationsk,m, k # m, the inner productmustsumto zero.
In otherwords, {(hy,hy) = 0, k # m sothatthe scalingfunction ¢ generatesn orthogonabasis. Equations
(5.55) and (5.56), along with two additionalrelations,were recognizedand solved by Daubechieswhile

coeficientsfor filters of length2 werefirst givenby Haar Coeficientsof bothfilters aregivenin Table4.

TABLE 4
Orthonormafilters.
(a)Haar (b) Daubechies-4.
k | 4v2(h)  4v2(g)
k| v2h) v2(gk) 0] 1++3 1-+3
0 1 1 1| 3+v3 -3+V3
1 1 -1 2| 3-v3 3443
3| 1-v3 -1-+3

Orthogonalwaveletsguarantegerfectreconstructiorand generallyfacilitate implementation.In practice,
however, orthogonalwaveletsare not always easily constructecand may lack desirablepropertiessuchas
symmetryor continuity. Filter symmetryis incompatiblewith exactreconstructionif thesameFIR filtersare
usedfor decompositiomndreconstructionExceptfor theHaarbasis all compactlysupportedrealorthonor

mal wavelet basesare asymmetriiDau92 p.252,p.253,p.28]. The Haarwaveletis the only real-valued
wavelet thatis compactlysupported symmetricand orthogonal[JS944. Non-orthogonalor overlapping

filters, relaxthe orthogonalityconditionandsubsequentlgreconsiderednoreflexible.

5.6.2 Semi-OrthogonalFilters

Recallthatafunctiony € L2(R) is semi-orthogonaif the generatedbasis{y; x} is orthogonalasexpressed
by (5.22). This conditionsuggestshatthe correspondindilters neednot be fully orthonormalonly orthog-

onal,generatingnutually orthogonalsubspacedn effect, theintra-scaleorthonormalitycondition(5.51)is
relaxedsothat

(h, hm) = (gk,gm) =0, k#m, k,meZ (orthogonafilters);

while condition(5.52)remains:

(he,gm) =0, k,me Z (orthogonakubspace¥; L W;).
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Semi-orthogondilters canproduceorthogonafilters throughanorthogonalizatioprocedureasmentioned

in §5.2.3.

5.6.3 Non-Orthogonal Filters

Non-orthogonafilters arefilters thatarenot semi-orthogonalThatis, non-orthogonafilters do not generate
mutually orthogonalsubspacesEffectively, they are overlappindfilters. In general non-orthogonafilters

requiretheir dualsto guaranteg@erfectreconstruction.

5.6.4 Bi-orthogonal Filters

Following §5.4.3,givenapairof lowpassandhighpasdilters {h}, { ok}, neithemecessarilypeingorthogonal,
dualfilters {ﬁk}, {0k} arerequiredto guarante@erfectreconstructionln particular by (5.35),thefollowing

relationsmusthold:

(557) <hkagm> = 07 k7m€ Z;
(5.58) (gohm) = 0, kmeZ.

Note that orthogonalfilters satisfy theserequirementghroughthe stringentcondition of orthonormality
placedon {hy} andsubsequentlyn {gx}. SinceH = H, andH is orthonormalji.e., (i, hm) = & m, then
(ﬁk,ﬁm) = dm alsoholds. Moreover, since{gx} is the quadraturemirror of {h¢}, {gx} and {0k} arealso
orthonormal. The constructionof biorthogonalfilters, on the otherhand,is basedon the relaxationof the
orthonormalitycondition,sothatin generalH # H. The requiremenbf bi-orthogonaldual basegemains.
Thatis, theintra-scaleorthonormalitycondition,containedn (5.13),is rewritten in termsof the two setsof
filtersH,H, G, G as:

(5.59) (h,hm) = &m, kmez;
(560) (gka gm) = 6k,ma k; me Z

In generalthe relaxationof the orthonormalityconditionandthe useof dualfilters provides greaterflex-

ibility in the constructionof filters. Specifically symmetricfilters canbe constructed.The constructionof

bi-orthogonalvaveletsis typically performedoy specifyingthedecomposingor reconstructingjpair of func-

tions (@, ), thenderiving their dualssuchthatthe above bi-orthogonakonditionsaresatisfied Onemethod,
assuggesteih §5.4.3,is to derive {h} from {gx} and{gi} from {h,} by the quadraturemirror construction
(see[Dau9? §8.3)):

G = (—D*h_x, kez,
h = (—D*gik, keZ.
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Variousauthorshave constructedsymmetric,bi-orthogonalfilters. Most constructiongely on filter bank
theory[GB92] or on multiresolutionderivationsusuallyusingthe splinefamily of functionswhich provides
continuityaswell assymmetry UedaandLodhaprovide anexcellentintroductioninto B-splinewaveletsin-
cludingderivationsof linear, quadraticandcubicB-splinewaveletfilters [UL95]. Well known bi-orthogonal
filtershave beendesignedy CohenDaubechiesandFeareau[Bar94]. Chuihasdevelopedafamily of spline
waveletsbasedon cardinal B-spline functions[Chu92 §4]. Barlaudderived nearorthonormaldual spline
waveletsconstructedrom the popularLaplacianpyramid filter introducedby Burt and Adelson[BA83h),
which itself is a nearorthonormalwavelet filter [ABMD92]. The Laplacianfilters arein turn very simi-
lar to the orthonormalcoiflet basisdevelopedby Coifman. Mallat et al. have developedquadraticspline
waveletswhich are particularlysuitablefor singularitydetectionMZ92a]. Coeficientsof the Mallat, Chui

(multiplicity-2), Barlaud,andBurt andAdelsonfilters aregivenin §A.

Unfortunately althoughonesetof filters may possessnary desirablepropertiesthe dualfilters are,in gen-
eral,notcompactlysupportedJS944. This maycausesignificantimplementationaproblems.For example,
Chui's (multiplicity-2) decompositiorfilters are of length41, while Mallat’s filters requirespecialnormal-
izationoperationsat variouslevelsof reconstructionFurthermoreif thefilters arenot separablehenimple-

mentationof multi-dimensionalvavelettransformsecomesvenmoreproblematic.

5.7 DiscreteWavelet Transform

The one-dimensionaDiscreteWavelet Transform(DWT) is characterizedby the decompositiorandrecon-
structionEquations(5.46) and (5.47) describedn §5.5. The implementationof the 1D DWT follows the
generadigital filter representatioportrayedoy Figuresl5and16, andanexampleof the 1D decomposition

throughcorvolution wasgivenby the matrix representatiofb.48)in §5.6.

Givenann-lengthdiscretefunctionatthe jt" level of resolution,
J(y) — £l i i
(5.61) f1(%) = f5(1), f(2), ..., fp(N),

thedecompositiorrelationsof thefunctionare:

(5.62) 0 = thfqﬁ(zw k),

(5.63) it = ngfqﬁ(zw k),

where{hx},{gk} arethe one-dimensionalow- andhigh-pasdilters. This givesthe discretewavelettrans-
form:

(5.64) WEHi—1) = 74D, 17(2),..., 0 (n—1), 1§ ().
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Permutingthetermssothatthefirst n/2 elementsarethe low-pasgscale)coeficients,i.e.,

(WF}ji-1) =
(5.65) 57D, 15713, ., = 1), §7H2), 1), L 1),

andrelabelingtheindices,

(5.66) WIHi-1) = 7)., 157 (/2= 1), 1§ (n/2),..., ] ()

thesmooth(or averagedglementgthefirst n/2 elementsarerecursvely decomposedrhefully transformed
functioncontaingheglobalaverageasthefirst elementthenext 2/ elementsontainthedetail (or difference)
informationat eachresolutionlevel j. Exceptfor the averagevalue,the transformecdelementscomprisethe

so-calledwaveletcoeficientsof thefunction.

To reconstructhefunction,thetermsat eachresolutionlevel arerepermutedothatthe averageandwavelet
coeficientsareinterleaved, asper Equation(5.64). Introducingthe X operatordenotingelementinterleave,

the j — 1 level coeficientscanbearrangednto anintermediataepresentatiofor reconstructiorat level j:

fhp@+p) = A-p) =) +(p) H(x),

for p € {0,1}. Reconstructioratlevel j, with p € {0,1} is thenwritten as:
fo(2x+p) = (1-p) thf(;m%p (x—k) + ngfqgmfp (x—K)

which givestheoriginal function fi(x) in (5.61). Notethatthevariablep is usedasa selectiorvariable that
is, in the dyadicwaveletreconstructiontheelementat position2x+ p is theresultof filtering the lower level

elementswith either{hy} or {g}. Thisis acorvenientsubstitutefor writing two equations:

thfq‘mix K);
fo(2x+1) = ngf(g,wix K).

The permutationfunction qu),x] y Senesasan alternatemethodof reconstructiorusedinsteadof traditional
supersamplingIn contrast,without permutatingthe averageand wavelet coeficients, therewould be two
sequencesqu)_l, qufl, eachof lengthn/2, wheren is the length of the sequencat level j. In this case,

reconstructions givenas:
(5.67) fa(2x—1) = Zﬁl_%f({,—l(x— K)+ z_@_%fdrl(x— K),

which follows from the decompositiorrelationgivenin (5.45). The reconstructiorin (5.67)is equialent
to the onegivenby (5.67),hawever its implementatioris obviously different. In all following (multidimen-

sional)wavelet transformdiscussionghe permutationapproachis adopted. This is consistentwith the 1D
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reconstructiorexampleof (5.54)correspondindgo thedecompositiorof (5.48)in §5.6. A numericalexample
of orthogonaldecompositiorandreconstructiorusingHaarfilters is givenin Table5, wherethe symbol X

denoteslementpermutation.

TABLE 5
NumericallD DWT example.
Decomposition
f=c% | 1 4 0 -2
1. -3 2
d*: % 5
1. 5 -2
c: v %
do: :
0. 3
c’ 5
. 3 7 -3 2
Reconstruction
0pg {0 3 7
c'>xd®: 5 I
1 5 -2
¢ V2' V2
Ipgdl- | 5 -3 -2 2
cXd: 7 7 % %
¢ 1,4 0,-2
c2=f2| 1 4 0 -2

Multidimensionalextensionsof the DWT rely ontheuseof multidimensionabasesdescribedn §5.5,which
are constructedoy obtainingthe tensorproductof unidimensionabases. The matrix tensorproductop-
erationis reviewed in §B. The computationalrealizationof the 2D DWT describedhereis an instance
of the well-known pyramidal multiresolutionrepresentationaramework first proposedby Tanimotoand
Pavlidis (se€[TK80, §2, pp.31-56]and [JR94,p.3]). The pyramidalmodelstipulatesa hierarchicaprocess-
ing paradignmknown asthecoarse-to-fingresolution)strateyy. Thepyramidalwavelettransformin particular
is relatedto the Laplacianpyramid introducedby Burt and Adelsonfor imagecoding[BA83b]. In two di-

mensionsalog, N level pyramidis constructedrom anN x N image ,wherethe bottomlevel of the pyramid
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(level j =log, N — 1) containsthefinestresolution,andthetoplevel (j = 0) containshe coarsestNotethat
the original imageis consideredhe finestlevel of resolution(level j = log, N), however it is not contained

within the pyramiditself.

Given 1D scalingandwaveletfilters H, G associatedvith @, ), respectiely, the 2D filters correspondingo
the 2D waveletbasespyp, @, Y@, Yy, asdescribedn §5.5, aregeneratedy the non-standar@D wavelet

basisconstructiorusingtensormproducts:

HH = H®HT,
HG = H®G,
GH = GgHT,

GG = G®G'.

As an example considerthe Haarfilters givenin Table 4. Their two-dimensionalextensionsare derived

below:
2
2
T 1 1
HH=9p¢ = [72 ﬁ]@ .
2
1 1
| v | iz
N V2| o, V2| o, T |
V2 V2 2 2
2
2
T 1 1
HG=0py = [ﬁ 7§]® .
V2
1 1
B 1 2 1 V2 B 2 2
B V2 1 V2 1 B 1 1
_Tz _Tz -2 T2
2
2
T 1 1
GH=vyod = | % o] |
2
1 1
| | 3 -3
a V2| VZ| T
V2 V2 2 72
2
2
T 1 1
ce=vay' = [ el |
T2
1 1
L E L A 3 -3
N \/z 1 \/E 1 N 1 1
V2 V2 -2 2
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Multiplying each2D filter by thedyadicnormalizatiorfactor2i/2 assuggestethy Equationg5.8)and(5.10),
the 2D filters become:

11 4 1
V2 V2 V2 V2
HH = ; HG= ;
11 -1 _1
V2 V2 V2 V2
1 _1 I
V2 V2 V2 V2
GH= ; GG=
1 1 _1 1
V2 V2 V2 V2
At thenext level of resolution thefilters arederivedby:
HHHH = (9®¢")® (p2q");
HGHH = (pay")®(e®¢");
GHHH = Y®¢")®(02¢");
GGHH = Yy ) (eaq").

Taking dyadicfilter translationinto considerationthe 2D filters are clearly mutually orthogonalin x- and

y-directions,andin this exampleorthonormal.In general multidimensionabrthogonafilters arealsosepa-
rable, i.e., satisfying

h(k,m) = h(k)h(m),

dueto theirtensomproductconstruction.Note thatthe above exampleillustratesoneof the dravbacksof the

DWT, namely dependingn the choiceof basesthe DWT is neithernecessarilyranslationallynor rotation-
ally invariant.

The multidimensionakensorproductfilters are usefulfor visualizing spatiotemporapropertiesof the mul-
tidimensionalwavelettransform,however directimplementatiorwith multidimensionafilters is inefficient.
Instead relying on the separabilityof the filters, the wavelettransformcanbe implementedby processing

eachdimensionseparately The decompositiorrelationsdescribingthe non-standardiecompositiorof the
spatialaverageimageatlevel j are:

fa 0Y) = Skhifd6 2y +K) 1 06Y) = Sk Fhp(% 2y +K)

fop T (6Y) = Skhefh T (@2x+ky) o7 (xY) = Schifl, H(2x+k,y)
flg (6Y) = Skl (2x+ky) ' (0y) = Skl (2x+ k)

where{hx},{gk} arethe one-dimensionalow- andhigh-pasdilters. The non-standardWT first involves

subsamplinghe rows of the lower resolutionlevel spatlalaveragelmage(denotedby fl ) to generatehe

temporaryupperresolutionlevel |magesfq1} Land fwr . Dueto dyadicdownsamplingof rows, theseimages
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arehalf thewidth of theimageat the lower resolutionlevel. The columnsof thesesubimagesrethensub-
sampledo generatahe four subimagesienotedoy the subscriptspp, @, Y@, andye. Theabove equations

arewritten verboselyin orderto facilitateimplementation Rewriting the equationsoncisely

(5.68) flot(xy) = kz (i ® him) f (2% + k, 2y +m)
(5.69) flg (xy) = kz: (0 ® i) f (2 + k, 2y + m)
(5.70) fltxy) = kzm (N ® Gm) fp(2x+ k, 2y +m)
(5.71) Ty (xy) = kirn(gk®gm) fao(2¢+ K 2y+m)

it is clearthat the decompositioralgorithm follows the two-scalerelations(5.43) and (5.44). The smooth
(or a\/eraged)s.ubimagef(g)(p is recursvely subsamplect eachstageof the decomposition.The transformed
image containsthe global averageat the top of the pyramid, the lower layerscontainthe detail (or differ-
ence)informationat eachpyramidlevel. Theselower layerscomprisethe so-calledwavelet coeficientsof
the transformedmage. The decompositioris shavn schematicallyin Figure 17 wherethe imagematrix f

is subsampledvith low- and high-pasdilters h,g. The subscripts, ¢ representhe subsamplingoperation

HHT | | MG
! f
aHi | | GGt
[ ¥ [t
H,f Gf f

Fig. 17. Non-standar@D pyramidaldecomposition.

performedon rows andcolumnsi.e., qux;l = HcH, .

In practice,dependingon thelengthof filters {hx},{gk}, boundaryconditionsrequirespecialconsideration.

Thereare generallytwo stratgiesusedto handlethis problem: extendingthe imageby paddingwith zero
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valuesor periodicextensionof theimage(i.e., tiling copiesof theimage).In the presenimplementatiorthe
latterstratayy is implementedy applyingmodulor, ¢ to theindicesat eachresolutionlevel. This generates
wrapamundattheimagebordersvhenthefilters extendbeyondtheimageboundary All referencesoimage
locations(x, y) areextendedbeyondimageboundariedy theindices((r +x) modr, (c+y) mod c) wherer,c
arethe dimensionsof quxp. This strateyy allows the useof negative indices(requiredduring reconstruction)
andthe processingf non-squardmages. An exampleof the 2D DWT appliedto animageis shavn in

Figure18. Thetransformedmagehasbeenprocessedor displaypurposes.

(b) 2-level DWT (processedby histogramequaliza-
tion with subsampledmageinset).

(a) Original cnnimage. Reprintedwith permission
from TurnerBroadcastingystem|nc. (see§F).

Fig. 18. Non-standar@D DWT.

In traditional pyramidal approachesyherethe pyramid containsonly smoothednultiscaleversionsof the
original image(e.g.,texture-mappingapplications) subimagest eachlevel provide the pixel intensityval-
uesfor reconstructiorusually involving interpolation(cf. §5.10). In the wavelet transform,the imageis
synthesizedy a recursve procesof addingdetail informationto the average(smoothedsubimagesn or-
der to reconstructhe next level's averagesubimage. Rows and columnsare interleased prior to filtering
insteadof thetraditionalnull row andcolumnpadding(seelPTVF9Z for anexampleof theinterleave opera-
tion, and[Cas9§ for paddingexamples).Generally row andcolumnpadding(supersamplingis usedunder
monadicconvolution. Dyadic corvolution precludeghe needfor padding but insteadrequireshatrows and
columnsbe interleaved prior to reconstructioriltering. Introducingthe X, andX. operatoradenotingrow
andcolumninterleave, respectiely, thereconstructions obtainedwith the useof thefollowing intermediate

relations:

(5.72) fooue@X+RY) = (A=p)fltooy) +(p) g (),
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(5.73) fhuu@ DY) = (L=pf ) + () g (xY),
(5.74) o s (% 2Y+ Q) (1—a)f) () + (@) fy (x,Y),

wherep,q € {0,1}, x,y,k € Z and

f(é)((ZX_}_ p:y) = 1 p thqup[xl lp(p(zx ky ngf(p(pmrlp(p(zx ky)

fleJr(ZX‘Fp,)’) = (1- pghkfwmmq}(zx ky) + ngfwmww(zx k,Y),
sothat

fh(o2y+a) = (1- qz_hkfww (x,2y—k)+ z_gkw (x,2y—K).

Theabovereconstructiomelationsin two dimensionsanberewrittensuccinctlyfollowing thedecomposition

relationgivenin (5.45):

fho2X+p2y+0) = (1- l P) S (T hm) fog )FloL(x—k,y—m)+
k,m

)

P (@ Gm) g (X—ky—m) | +
k,m
(a) [(1—p);(gk®hm) Yx—ky—m)+

(5.75) pz G ® Gm) iy (x—k,y — m)]

wherex,y,k,m € Z, wraparoundndicesin the reversedirection,written as (x— k), areassumedandp,q €

{0,1} areusedasselectiornvariablesanalogoushasin the one-dimensionaleconstruction.

To shaw thatEquation(5.75)is derivedfrom theabove relations expand quxp(x, 2y+0q):

fh(%2y+q) = (1—q)gﬁkfémcw,(x,Zy—k)+<q>z_gkfww(x,2y—k>

(-0 T R[A-a) 1 0y= 1+ @ (xy K] +
(5.76) @y &[a-atcy-R+ @ xy-K].

Sincethe(q), (1— q) termsaresymbolicfor binaryselectionmultiple lik e termscanbe combinedinto one,

e, (1-9*=(1-0)(1-0)-(1-aq) = (1-q), and(q)* = (4)(a)---(q) = (q) for all g € {0,1},k € Z.
Corversely unlike termscancel simplifying Equation(5.76)to:

f&p(x,2y+q) = (1- qghkfJ X,y —K) + ngf%xy K).
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Substitutingappropriatelyfor fl, quJr by changingthe resolutionof x to 2x+ p andtaking careto disam-

biguatesummatiorindices,

T+ p2y+0) = (1-0) Yy [(1— p)gﬁkf(:;,,mrw(zx—k,y—m)+

p)ggkf(.immrwcp(zx—k,y—m) +
(a) ng [(1_ p) Zﬁqujwm, pp(X=Ky—m)+
m

(5.77) (p)ggkfépmrwm(zx_kay_m)] -

Noting thatthe filter summationtermsapply to rows and columnsseparatelyi.e., ZmEmZK Ok refersto the
tensorproductof H and G since Sk Ok appliesto the columnsof f1, the doublesummationtermscan be

collectedandrepresentetly the singlesummatiorterm ZK,m(ﬁk ® Om). Equation(5.77)is thenrewritten as:
fhg2x+p2y+a) = (1-0) l(l— p) gn(hk@) Pin) Ty g (2X— Koy — M)+

D) Y (M@ Gin) T, (X — Koy —m) | +
k,m

)

l z gk®hm (NJN lplp(zx ky )
k,m
(5.78) (P) Y (Bk® Gm) fya, gy (X — Koy —m)|
k,m

Substitutingequationg5.72)and(5.73)into (5.78)gives:

2+ p.2y+0) = (1-0) [(1— p)'Y (e Pin) { (1 p) £y (x— Koy —m)+

k,m

(P)fhp (x—ky—m) }+
()3 (et {(1- P gy 0oy —m)+

(P g x—ky—m) } | +

@ [(1—p);<ak®ﬁm>{<1 ) iy (x— Ky —m)+

(p)f"‘1<x—ky—m)}+
(5.79) ()3 @ n) {(1- P gy (x—koy-m)+

(p)fd;al(x—k,y—m)}] :
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Usingsimilarargumentdor like (1— p), (p) termsin Equation(5.79),thereconstructioralgorithmsimplifies

to:
fao2X+p2y+a) = (1- [ kzmhk@)hm )= (x—k,y—m)+
(p) gﬂ<ﬁk®qm>f¢;l<x—k,y—m> +
(a) l(l—p)gn(gk@’hm) Yx—ky—m)+
(5.80) (p) gn(@keaam)f&ml(x—k,y—m)],

which is equialentto (5.75). Equations(5.75) and (5.80) roughly statethat f(fm is reconstructedrom the
expansionof the fi~1 functionsat resolutionlevel j — 1 by the dual (bi-orthogonal)filters {ﬁk}, {0k} rep-
resentingscaleand wavelet basesgeneratedy c~p . Since quxp was originally projectedby the 2D bases
functionseg, @y, Yo, andyy, representedythetensorproductsof{hk} and{gx}, producingthefour lower
resolutionlevel func'uonsfJ ! fJ Y quJ(pl, and flg* fJ is faithfully reconstructegbrovided (@, §), (@, )

satisfy (bi-)orthogonalityconditionsas specifiedin §5.2 and §5.4.3. Equation(5.75) also makes intuitive

sensavhenEquationg5.68)—(5.71areconsideredn matrix form:
-1 _ i i- l j
fop = (H®H)fg, fio = (G@H)f,
- _
= (HeG)L, fw = (G®G)f,
To reconstruct!, both sidesof eachequationshouldbe left-multiplied by sometensorproductcombination

of H andG. If the decompositiomatricesare orthogonal theneachreconstructiomatrix is the transpose

of thedecompositiommatrix. Thatis,

thl=HeR) T, ft=(GaH) T,

thl=He0)Tt, h'=(Gas) fy
In the orthogonakaseH = H andG = G, and
(HeH)T = (HeH), (GeH)T=(H®G),
(HeG)T = (GoH), (GeG)"=(Gx0),
giving
fho=HeRILY L =HaG)N",

A A i
t,=GaRt 1l =Ged)ly,

which coincideswith the orderof thetensomproducttermsin (5.75). Notethateachtensomproducttranspose

is not the tensorproducts inverse. Thatis, the individual matrix productcomponentsbove do not each
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guarante@erfectreconstructionHowever, theappropriataow- andcolumn-permutationf the combination
of thetensorproductcomponentsvill createthe appropriateperfect(orthogonal)reconstructiommatrix. To

illustrate,considetthe matrix (M)~ definedby:
(M)~ = (H@H) X (GoH)) X (Ao G) X (G ).

Provided the appropriatg(bi-)orthogonalityconditionshold, matrix (M1)~1 is symmetric-orthogonabeing
the transposendinverseof the decompositiormatrix M1 (cf.§5.6). In this case the reasonfor the tensor
producttermsin thereconstructiorEquation(5.75)beingthetranspos®f the tensorproductsin the decom-
position Equation(5.68) canbe seenasa constrainton the orthogonalityof M. Thisis clearly seenin the

caseof the Haarfilters whereM! is givenbelow:

-1 1 1 1+
V2 V2 VB V2

101 _1 _1

M HH | HG V2o V2oV V2
B [GH GG]_ 11 1 _1

2 TV VB TV

1 _1 _1 1

L V2 V2 vz 2

= ((H®H) X (GaH)) X, (H®G) X (G®G)) =M™

Thematrix M is its own inversesave for theresolutionscalefactor2). Reconstructiorf theimagef, built

by applying reconstructiorfilters F, g, is shavn schematicallyin Figure 19. Row- and column-interleae

:b“

‘ ‘ ‘ -

Fig. 19. Non-standar@D pyramidalreconstruction.

operationsaredenotedby dashedarrows.
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The 3D filters correspondindo the 3D waveletbasedlescribedn §5.5, aregeneratedy the non-standard

3D waveletbasisconstructiorusingtensomroducts:

HHH = HQHQHT,
HHG = HQH®G',
HGH = HQGQ®H',
HGG = H®G®G,
GHH = G®HQ®HT,

GHG = G®H®G',
GGH = G®G®HT,

GGG = GRG®G.

For example thethree-dimensionataarfilter GHG is a 2 x 4 filter derivedbelow:

1

1

1 1 1 1

cHe=waoew’ = [ ~%Hle|[ & Hle| |
V2

i 1 1

- [L A]@) A V2 | v

- V2 V2 V2 1 V2 1

L V2 V2

I
T 1
Sl
| —
|
NI NIl=
|
NI NI T
—_
|
N
L I |
|
NI NI
|
NI NIl
—_
—_

[ 1 1 1 1
22 212 212 22
1 1 1 1

L 22 22 22 22
Multiplying thefilter by the dyadicnormalizationfactor2i/2 in eachdimensionthatis by 221/2 or 2 atone

resolutionlevel, thefilter becomes:
1 1 1

1
V2 V2 V2 V2
GHG =
-1 _ 1 4
V2 V2 V2 V2

Consideringhe applicationof thefilter ontwo consecutie videoframes thefilter canberepresentedy the

1l

two 2 x 2 spatialtemplates:

GHG:[

S
| — |
|
Nl Nl
|
Nl Nl
| S
|
S
| —— |
|
Nl NI
|
Nl NI
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1

1 1 1
V2 V2

vz V2
) )

1 1 1

% Vil L Vo
wherethenormalizatiorfactoris implicit andthesubscript<s;, Gi+1 denotetheapplicationof theappropriate
temporalelemenbof G. To helpvisualizethetemporaffilter application Figure20 shavs the correspondence
betweerfilter elements.This representatiois introducedonly for conveniencesinceit facilitatesthe repre-
sentatiorof the three-dimensionajradientcomponentsThe remainingsevenfilters arederivedin a similar

manner

/ G1

G

Fig. 20. Visualizationof temporalfilter elementapplication.

Thedecompositiomelationsdescribinghenon-standardecompositiorof a 3D digital signalrepresentetly

asequencef 2D imagesare:

o () = Z Mgy 2t+K) T (k1) = ng (% ¥: 2 +K)
forg (yt) = thf(g,_l(x, 2y+kt) £l ooyt) thf (%, 2y+ k1)
fhra (Y1) = ngf(g,_l(x, 2y+kt) flru(oyt) ngf (x,2y+k,t)
Foan (X, Y51) thf F2x kYt Tl (xy,t) thf o (2x+kyt)

quJ(p(;(X,y, )= ngf (2x+ky, ) quJ(p‘ﬁ(x,y, )= ngf (2X+ky, )
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fj 1 (6 ¥:t) thfj S (2x+kyt) f(élﬂlﬁ(xayat) = thf¢fj(2x+ K,y t)
06 %) ;wﬂlzm«m> wmm%ozgwﬂﬁam«%o

where{hy},{gk} aretheone-dimensiondbw- andhigh-pasdilters. Thenon-standar@®WT firsttemporally
subsamplethe sequencémagesof the lower (finer) resolutionlevel’s spatialaveragesequencédenotedby
f(;p[p) to generatehe temporaryupperresolutionlevel imagesf(g,_l and fLL_l. Theseimageswill be of the
samedimensionastheimagesat the lower resolutionlevel, but half of themwill containaveragedemporal
valuestheotherhalf will containtemporaldifferencevalues.Eachtemporalaverageanddifferenceimageis
thendecomposedt onelevel by the 2D DWT. The lower resolutionlevel sequencés transformednto n/2
temporalaverage‘ramesf,‘:; o andn/2 temporaldifference‘ramesf.J;q_J o Theseframesarethenpermutedas

in the 1D decompositiorusingthe organizationgivenin (5.65)and(5.66):

(5.81) WE}(i—1) =t ),..., £ (0/2),..., £ ()

The spatiotemporasmooth(or a\/eraged)subimages‘qjmp arerecursvely processect eachstageof the de-
composition. The transformedmagesequence&ontainsthe global spatiotemporatverageat the top of the
(volume) pyramid. The decompositionis shavn schematicallyin Figure 21, wherethe resultantwavelet
transformvolumeis representethy a segmentedcuberesemblinga nonuniformocttreedatastructure. The
subscript representthetemporaksubsamplingperatiorperformecon sequencénagesi.e., f(f)_l =Hy*fl.

A pictorial exampleis shavn in Figure22.

Thevideosequences synthesizedby arecursve proces®f addingdetailinformationto theaveraggsmoothed)
subimagesn orderto reconstructhe next level's temporalaveragesubimagesAt eachlevel of reconstruc-

tion, framesmustbeinterleavedin thetemporaldimensionprior to the spatial2D waveletreconstruction:

Hotp6%20+p) = (1=p Lyt + () Hxy0).

After permutationeachframeis spatiallyreconstructedy the 2D DWT, following (5.75), giving the two
temporallysubsamplediramesf(g,_l(x, y,t) and f¢_1(x, y,t). Eachsuchpair of framesis thenreconstructed

asin thelD DWT case:
fog(X %2+ p) = (1— pghkf(pwxy, ngfq,wxy,m—k)-

The above descriptionof the DWT assumeshat decompositiorin eachdimensionis possibleto the same
extent, i.e., the above multidimensionaltransformis isotropic with respectto spatiotemporatiimensions.
Themaximumlevel of isotropicsignaldecompositiorcoincideswith the dimensionof lowestmagnitude To
illustrate, considera video sequencef 4 frames,eachframeof size640x 480. The sequenceanonly be
decomposedsotropicallyto 2 levelssincethereis aninsufficient numberof sequencéramesto decompose

the signalary furtherin thetemporaldimension.Corversely given 1024frames,a temporaldecomposition
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Fig. 21. Schematimon-standar@D pyramidalwaveletdecomposition.
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(a) Decompositiorof thefirst four framesof thetennissequence.

(b) Original tennissequencéra.btainedfrom The Centerfor ImageProcessindgResearci{CIPR),
an Inernetpublic domainarche (ftp://iI.rpi.edu/pub/imge/se@mce/tenﬁs/).

Fig. 22. Non-standar@D pyramidaldiscretewaveletdecomposition.

of 10 levelsis not possiblesincethereis insufficient informationin the x-dimensionbeyondthe 8" level of
decompositior{thex-dimensionis reducedo 1 pixel). Alternatively, it is possibleto decomposé¢he4-frame
sequencanisotiopically to 2 levelsin the temporaldimension,thendecomposesachframe spatiallyto 8
levels but in this casethe decompositioris incompletein termsof partial derivative information (see§5.9).
The completespatiotemporatlecompositiorgovernedby the dimensionof leastmagnitudegivesat leasta
full first-orderrepresentatiomf the signal. Thatis, dependingon the choice of wavelet, all three partial
derivativesd/ox, d/dy, 0/0t areavailable. This enabledocalizationof multiscale three-dimensionatédges
in video (see§5.8). Thisis a significantly powerful methodof video analysissinceit extendsinspectionof
thetemporaldomainover alongertemporaldurationthanjust two frames.Two-framemotiondetectionhas
beenextensvely studiedin the contect of motion-compensateddeo encoding,but temporalanalysisover
mary frameshasnot beenwidely utilized. Furthermorethe complete3D DWT offers second-ordeinfor-
mation,i.e., the partial derivativesd/oxdy, 0/0xdt, d/0ydt, andd/dxdyot areall presentin the transformed
signal,althoughit is not clearat this point how this informationcanbe usedto enhancevideo analysisap-
plicationsrelying on first-orderderivative information. For example three-dimensionadgesanbelocated
by examiningeitherthe setof first-orderpartials,or the setof second-ordepartial derivatives(detectionof

zero-crossingsjn which casethe setnotusedappearsedundant.



85

5.8 Multidimensional Multiscale Edge Detection

Edges,or sharpvariationpointsin generalcanbe locatedin signalsthroughthe useof Mallat's multiscale
edgedetectionalgorithm. If | is chosensuchthatit approximateghe first derivative of a smoothingfunc-
tion B, as describedn §5.3, thenthe 2D filters HG,GH constitutethe gradientcomponent8(x,y) /0x,

00(x,y) /0y, respectiely. Thisis dueto thetensomproductconstructiorof thefilters. Theelementof HG are
two rotated(transposedgopiesof G multiplied by scalarelementf H. Similarly, the elementf GH are
copiesof G scaledby elementf H. Consideringhe 1D filter G asthe 1D vector[06/0x], thetransposef G

is the derivative of 8 in they-direction,i.e., [06/dy] = [08/0x]T. Thescalamultiplier cancelsf the original

filters H, G areorthonormalandthefilters HG, GH areleft with component®f thegradient:

af

ay

_ of of . _
HG_[5§ &],GH_ N

oy

Consideringhe Haarwavelet,which is afirst derivative operatorthe secondesolutionlevel filters are:

SO S D S T -1 1 _ 1 _1 -
V2 V2 V2 V2 V2 V2 TV T2
41 1 1 404 _1 _1
2 V2 V22 V2 V2 V2 T2
HGHH = - GHHH =
4 _4 _1 _4 4 4 _1 _1
V2 V2 T2 TR V2 V2 V2 T2
_4 4 1 _1 4 1 _1 _1a
L=V T~V V2 TV L2 2 TV V2

Save for scalefactors theseresemblgdirectionally, atleast)the well known Sobelor Prewitt gradientoper
atorsusedin edgedetection(for comparisonseethe discussion®n gradientoperatorsn [GW87, pp.336-
338],[Sch89 pp.146-150],and[Jai89 pp.348-349]).The locationsof the gradientcomponentsn the 2D-
DWT of animageframeare schematicallyshavn Figure 23(a). Due to the finite samplingof a 2D image
f(x,y), the angledefinedby (5.26) canbe quantizedto octantsspecifying8 possibleneighborsrelative to

thepointatscalej andlocation(xo, Yo), namely{M f (Xo + AX,yo + Ay) }(j), where(Ax, Ay) arearrangeds:

(-1,-1) | (0,-1) | (1,-1)
(-1,0) | (0,0) | (1,0)
(-1,1) | (0,1) | (1,2)

defining4 planardirectionscorrespondingo the compasglirectionsN-S, NE-SW E-W, andSE-NW In the
two-dimensionatase Equation(5.26) directly specifiesoneof the 4 directionsusedto identify pixel neigh-

borfor determinatiorof the modulusmaxima.
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ExtendingMallat’s algorithmto three dimensions,gradientcomponent8(x,y,t)/0x, 06(x,y,t)/dy, and
00(x,y,t)/ot, arerepresentedly the 3D filtersHHG,HGH andGHH, respectiely:

1 1 1 17
V2 V2 V2 V2
HHG = : ,
1 _ 1 1 _1
V2 V2 1 2 V2 16,
1 _1 1 17
V2 V2 2 V2
HGH = : :
1 _1 1 _1
V2 V2 lg 2 V2 1y,
1 1 a1 17
V2 V2 V2 V2
GHH = :
1 1 1 _1
V2 V2 lg V2 v2 16y,

Theconceptualolumetricrepresentationf the3D-DWT is shavn in Figure23(b). Thelocationsof thegra-
dientcomponentsn thetwo resolutionlevel 3D-DWT of four framesareschematicallyshovn in Figure24.
Quantizingthe angledefinedby Equationg5.28)—(5.30) 26 possibleneighborsare specifiedrelative to the

point at scalej andlocation (Xo,Yo,t0), hamely{M f (xo + AX,Yo + Ay, to + At) }(j), where (Ax,Ay,At) are
arrangeds:

(-1-1-1)] (0,-1,-1)[ (1,-1,-1)| [(-1,-1,0) [ (0,-1,0) | (1,-1,0)
(-1,0-1) | (0,0,-1) | (1,0,-1)| | (-1,0,0) | (0,0,0) | (1,0,0)
(-1,1-1) | (0,1,-1) | (L,1,1)| | (-1,1,0) | (0,1,0) | (1,1,0)

(-1,-1,1) | (0,-1,1) | (1,-1,1)
(-1,0,1) | (0,0,1) | (2,0,1)
(-13,1,1) | (0,1,1) | (1,1,2)

along13 cubic (voxel) directions depictedn Figure25.

In thethree-dimensionatase Equationg5.28)—(5.30)do not readily specifythe 13 (voxel) neighbordirec-
tions. Insteadthevaluesof thefirst-orderpartialderivativesmustbe examinedto first determingherelevant
angularplane.Thisis accomplishedby inspectingthethreefirst-orderpartialsfor zero(or nearzero)values.
Sincethereareonly threevalues thereare 23 = 8 possibilitiesfor zero-\aluecombinations.Labelingnon-
zerovaluesas1 for easeof notation, Table6 lists the possibledirectionsgiventhe 8 possiblegradientvalue
combinations Referringto eachcaseassociatedby its binaryvalue,the 0" caseidentifiesa uniform region.
Thisis acommonpropertysharedoy gradientoperatorgJai89 p.349]. Casel trivially specifiedirectionl.
In the2"d, 4t and6!" casesEquation(5.26)canbe useddirectly to determinethe relevantdirectionin the
xy-plane.In case3, only d/dx is zerowhich suggestshe gradientis in the yt-plane. Equation(5.30) canbe
usedto determinewhetherthe gradientfalls alongdirection4 or 8. Case5 is similar to case3 in thatonly
0/0y is zerosothat Equation(5.29) canbe usedto determinegradientdirection2 or 6, bothin the xt-plane.
Caser is themostcomplicatedsincethe gradientdirectionhascomponentén bothxt- andyt-planes.Oneof

thefour directionsis found by projectingthe gradientontoeachplanein turn.
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Fig. 23. 2D- and3D-DWT multiresolutionquadrant@ndoctantswith gradientcomponents.

HH

GH,
d
dt d
dt
H¢ H i1 Gy

Fig. 24. Schemati@D-DWT with gradientcomponents.
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t-1 t t+1

Fig. 25. Modulamaximaplanar(pixel) andcubic (voxel) neighbors.

3/ox 0/dy 9/ot

TABLE 6
Three-dimensionalirectionidentificationbasedon first-orderpartial derivatives.

Direction

0

PR RPRRPROOO

0

PP OORRO

0

POROROR

{

{1}

{12}

{4.8}

{10}

{2,6}
{10,11,12,13}
{3,5,7,9}
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Giventhemodulusvaluesascalculatedy Equationg5.25)and(5.27)in 2D and3D, respectiely, alongwith
thedirectionalneighborocationsdefinedabove, modulusmaximaarelocatedaccordingto Equationg5.23)
and(5.24)in bothtwo- andthree-dimensiondf the modulussatisfiedoth of theseequationsthenarecord
atthespecificlocationis storedby thevalue{mf }(j) setto thevalueof the modulusif themodulusis alocal

maxima,or 0. Thatis, in two dimensionsdefiningmax{M f (xo, ¥0) } (j) as:

{Mf(XO+A|X7y0+A|y)} < {Mf(X(J:yO)} 2> {Mf(XO+ArX;YO+ArY)}7 and

{ {Mf(x0,y0)} > {Mf(xo+AiXYo+AyY)}, or
{Mf(x0,Y0)} > {Mf(x0+ArxYo+Ary)}.

with theresolutionlevel index madeimplicit, then{mf (x,y)}(j) is definedas:

0 otherwise

{mf(x,y)}(j) :{ {MFOY)}(0)  if max{Mf(xo,y0)}(i)

wheretheleft andright neighbors{M f (x+ A1,y +2A1y) }(j), {M f (x+Arx, y+Ary) }(]), areidentifiedby one
of thefour directionsasgivenabove. In threedimensionsmax{M f (Xo, Yo,t0) }(j) is definedsimilarly with
theleft andright neighbors{M f (x+ A x,y + Ay, t + A1) }()), {MF(X+Arx, y+ Ary,t + Art) }()), identified

by oneof theabove specifiecthirteendirections.

Duringmodulusmaximadetectiona2D datastructures createdo holdvalues{M f (x,y) }(j), {Af(x,¥) }(j)},
and{mf (x,y)}(j), asshavn schematicallyin Figure26(a). An exampleof modulamaximadetectionin two
dimensiongs shavn in Figures26(b), wheretheimagehasbeenglobally normalizedandgamma-corrected

(y = 3) to facilitate display In the 2D case,the unmodified2D wavelet transformis neededfor perfect

(a) 2D-DWT modula maxima information stor (b) Modula maximain 2-level decompositiorof
age. cnnimage.

{Af(x.y)}(-1)

{Af(x.y)}(G)
{Mf(xy)}(-1) | {mf(x,y)}(-1)

{MF(x.y)}() {mf(x,y)}0)

Fig. 26. 2D modulamaximadetection.
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reconstructiorof theimage. Theimagecannotbe readilyreconstructedrom the maximamodulusinforma-
tion, althoughMallat hasdevelopedaniterative algorithmthatalmostachierzesperfectreconstructiorin most
casedMZ92a]. (Meyer givesa countereampleto Mallat's conjecturein [Mey93, §8].) Typically a second

imagematrix arrayis allocatedfor this purpose.

In threedimensionsthe 3D datastructureis rearrangedo hold values{Mf(x,y) }(j), {Af(x,y)}(j)}, and
{mf(x,y)}(]), aswell asd/ox, d/dy, d/ot. This organizationis shavn schematicallyin Figure27(a). An
exampleof temporalmodulusmaximadetection(in a three-dimensionalideo sequencejs shovn in Fig-
ure 27(b),whereindividual frameshave beenglobally normalizedandgamma-correctefy = 3) to facilitate

display Analogousto the 2D case unmodified3D wavelettransforminformationis neededor perfectre-

(a) Schemati@D-DWT modulamaximainformationstorage.

{Mf(xy,9)}()
{Af(x.y,0}()

Hup (MY G G

(b) Modulamaximain 2-level decompositiorof thefirst four framesof thetennissequence.

Fig. 27. 3D modulamaximadetection.

constructionBestresultsareobtainedf wavelettransformcoeficientscanbe storedin memorywith double
precision. It is desirableto storeboth modulusmaximaandwavelet coeficient informationin memory In
thecaseof a 2D staticimage,a copy of theimage,for the purpose®f modulusmaximainformationstorage,

cangenerallybe madedueto sufiicient memoryavailability. Unlike the two-dimensionalmage,duplicat-
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ing an entire sequencen memorymay be problematicdue to memory capacitylimitations. Fortunately
second-ordeinformationis not neededor modulamaximadetection® This allows the dataquadrantgo
berearrangesuchthatthe valuesneededor modulamaximadetectioncanbe accumulatedn placeof the
second-ordeinformation. Note that this organizationpreventsstraightforvard reconstructiorof the video

sequencehut providesstorageof bothmodulusmaximaandfirst-orderderivative information.

5.9 Anisotropic Multidimensional Discrete Wavelet Transform

The DiscreteWavelet Transformasdescribedn §5.7 performedequalextentdecompositiorin eachdimen-
sion. Thatis, the precedingliscussiorcenteren anisotropic waveletdecompositiorof amultidimensional
signal.In general signalsmaybetransformednaximallyin eachdimensionf eachdimensionis considered
individually. In this sensethe transformations anisotiopic sincethe decompositiorvariesalong eachdi-
mension.In this section,anisotropicdecompositiorof video sequenceis discussedvheredecompositionn

the spatialdimensionis dissociatedrom thetemporaldimension.

In dealingwith video, the sequencenay be consideredas a one-dimensionatemporalsignal composed
of two-dimensionakelements. Accordingly, the sequencamay first be fully decomposedn the temporal

dimensionon a perpixel basisfollowing Equationg5.62)and(5.63),i.e.,

fs W) thf(;xx,y,zwk),

ngf(:;(x,y,zm,

T CAAY
giving the DWT in thetemporaldirection:
(582) {Wf(xayat)}t(j - 1) =

fa T %), fl (6% 2), -, F 7 06 yn = 1), 1 ().

As in the one-dimensionatase the sequencdramesare permutedso that the first n/2 frames,containing

low-passcoeficients,aredecomposedecursvely. Thefully transformedrideosequenceontaingheglobal

10As analternatveto first-orderderivative edgedetectiondirectionalinformationof edgesanbeobtained
by searchingzero-crossingsf the second-ordederivative alongr for eachdirection®, since

of ofox ofdy .
Frie &E+0_yg = fycosB + fysing,

wherer is thegradientdirectionvector and

9%f  9fy ofy . 92f 2f 2%f .
W—WCOSG+WSIn6—WCO§9+2mSIHGCOSG+a—y23m26.

See[Jai89 p.348,p.353].
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averagein the first frame, with the next 2/ framescontainingdetail informationat eachresolutionlevel j.
Note that the first framewill containanimagedisplayingaveragemotion information over the entire se-
guence.Theframescontainingdifferencanformationwill containmotiondifferencesveraspecificinterval
of framestherebyindicatingpresencef motion over specificfrequencieselative to the samplingrateof the
video sequencelor example,considera video sequenceecordedat a samplingrate of 18ms,i.e., 55.5Hz,
or 55.5framespersecondfps) 1! The (dyadic)DWT of suchavideosequencevill containtemporalinfor-
mationof 55.5Hzat 1 level of decompositior{resolutionlevel j = 1), 18.5Hzatlevel j = 2, 7.9Hzat level
j = 3, etc. In general atthe j!" decompositiorievel, the dyadicDWT will containtemporalinformationat
frequeny 1/(2! — 1)s wheres is thesamplingrate. In otherwords, (2 — 1)s givesthetemporaldifference
informationat level j with units matchingthe samplingrate (e.g.,milliseconds).Consideringthe sequence
capturedat the 18mssamplingrate,thenat level j = 1, the DWT will containinformationover 18ms,at
level | = 2 over 54ms,at level | = 3 over 126ms,etc. This is dueto the factthat eachtemporal(dyadic)
decompositiorbtainsdifferencenformationover 2/ — 1 frameintervals,whereeachinterval correspond$o

thesamplingrate. Suchtemporalinformationis extremelyvaluablein applicationssuchasmotiondetection.

Having appliedthe 1D temporalDWT over a sequenc®f frames,the next naturaltaskis motiondetection.
Thisinvolvesdetectionof motionwithin sequencéramescontainingwaveletcoeficientsat specific(dyadic)
frequencie®f interest.Usingthe 55.5Hzvideo sequencasanexample,if fastmotionover 18Hzis sought,
thensequencdramescontainingtemporaldifferencesat resolutionlevel j = 2 mustbe inspected.Slower
motionartifactsunderl8.5Hzwill befoundathigherresolutionlevels. Theproblemof locatingtheseartifacts
is essentiallya two-dimensionaproblem.In thisrespectthe2D DWT (including2D edgedetection)is well
suitedfor analysis. Temporaldifferenceframesshouldbe treatedas two-dimensionalimage framesand
the 2D DWT is appliedexactly asin §5.7. Two-dimensionakdgedetection(asdescribedn §5.8) is again
applicableonaperframebasis.Theresultof suchananalysidocateseaturesn videoatspecificfrequencies.
Fourframesof thetennissequencareshavn under2 levelsof temporaldecompositionin Figure28(a).Note
thatthe frameshave beeninterleavredasdescribedn §5.7 sothatthefirst framecontainghe globaltemporal
average.Figure 28(b) shavs two-dimensionakdgedetectioncarriedout on eachframe of the transformed

sequencécomparewith Figure27in §5.8).

Reconstructiorof the sequencés carriedout in the reverseorderwhereeachframeis processedby the 2D
IDWT. Theentiresequencés thentreatedasa one-dimensionaignalandthe 1D IDWT is appliedona per

pixel basistaking careto properlyinterlease wholeimageframesasrequired(seeEquation(5.82)). Using

1The standardNTSC) videorateis 30 fps, 30Hz, or in otherwords,video sampledat a rate of 33.3ms.
This shouldnot be confusedwith the NTSCfield rateof 60Hzwhereafield correspond$o only half a given
videoframe e.g.,evenor oddlinesof aframe.
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(a) Decompositiorof thefirst four framesof thetennissequence.

(b) 2D edge(modulusmaxima)detection.

Fig. 28. Anisotropicnon-standar@D pyramidaldiscretewaveletdecompositiorand2D edgedetection.

theinterleave operatorX, imageframesarearrangedor reconstructioratlevel j by:
fap%24P) = (L= Pt + (P xwt),
for p € {0,1}. Reconstructioris thenwritten as:
fo(x¥,2t+p) = (1-p) thfq,w XYyt — ngfqm X, Y.t =K,

giving the original function f1(x, y, ).

5.10 WaveletInter polation

The DiscreteWavelet Transformcan be usedto texture map imagesby selectvely scalingwavelet coef-
ficients. Provided appropriatewavelet filters can be found, reconstructionexactly matcheslinear MIP-

mapping MIP-mappingis a well known texture mappingalgorithm usedextensiely in computergraph-
ics [Wil83, WW92, §4.7].12 MIP-mappinginvolvespreprocessingnimageat several resolutionlevels (de-
composition)n orderto texturemap(reconstructanimageatvariableresolution.In thissenseMIP-mapping
fallsundertheclassicapyramidframework for earlyvision[JR94. In thepresentontet therelevantfeature
of MIP-mappingis the multiresolutionreconstructiorof theimage. Specifically gaze-contingentisualrep-

resentatiorof digital imagery discussedn §1X, relieson waveletcoeficient scalingdevelopedhere.In this

12The acrorym MIP, introducedby Williams, is from the Latin phrasemultumin parvo meaning‘many
thingsin asmallplace”.
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sectionthe MIP-mappingapproachs briefly describedthena setof filters, termedMIP-waveletsis derived
to matchthe box filter frequentlyusedin MIP-mapping. Using thesefilters, it is shavn thatlinearinterpo-
lation of scaledwavelet coeficientsis equivalentto linear interpolationunderMIP-mapping. Although the
presendiscussions limited to two-dimensionaimagesthewaveletcoeficientscalingmethodis applicable

to multidimensionakignalsfor multiresolutionrepresentation.

5.10.1 MIP-Mapping

GivenanN x N image,assumindN is apowerof 2 with n=log, N, theoriginalimagef"(x,y) is subsampled
andsmoothednto n+ 1 subimagegor map3,

(5.83) fi([%J,[—J |sz Mz:h:g (x+ky+m), 0<j<n,

whereM is asmoothindfilter of size2"~1, andj is theresolutionlevel. Equation(5.83)generategrojections
of theoriginalimageonton+ 1 scaledsubspacesquivalentto thesubspacegeneratedy thescalingfunction
of the DWT. The subspace# this instanceare scaledanalogouslyto the DWT with resolutionlevel j = 0
correspondingo thecoarsestesolutionlevel 12 Equation(5.83)is aslightly differentrepresentatiofrom the
classicalrecursve pyramidalapproachsinceeachsubimageas subsamplediirectly from the original image
", not from the imageat the next finer resolutionlevel fi+1. In general the recursie form of Equation

(5.83)is givenby:
(5.84) fi=(xy) = ;thmfl (2x+k,2y+m), 0<j<n,

whereM + 1 is the (constantwidth of the corvolution kernel. If h(k,m) = 1/+/2, Yk,mwith M = 1, then
{h(k,m)} is the Haarsmoothindfilter. Equation(5.84)correspondso the two-scalerelationof the scaling
function @, givenby (5.43),andis equivalentto the two-dimensionalowpassdecompositiorrelation(5.68)
wherethescalindfilter is thetensomproductof theone-dimensiondbwpasdilter {hy}, i.e.,h(k,m) = hy® hn.
In generalthe smoothingfilter shouldsatisfythefollowing constraint§JR94:

1. normalization

ZZh(k, m) =1,

2. symmetry

h(km)=h(M+1-km=h(kM+1-m =hM+1-kM+1-—m) Vkm;

1370 scalesubspacem the oppositedirection(e.g.,the Daubechiesorvention),eachsubimagds gener
atedby

f'([%J[%J NTZlelef (x+ky+m), 0<j<n,

wherethefilter M is of size2! andresolutionlevel j = 0 correspondso the highestresolution.
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3. unimodality

0< h(j,k) <h(m,n) for j <m< % andk<n< %;
4. equalcontritution (all pixelsof f contributethe sametotal weightto eachpixel of fl);
5. separability

h(k,m) = h(k)h(m).

The averagingboxfilter is oftenchoserasthe smoothingfilter with h(k, m) = 1/M?, ¥k, m, whereM = 2"~!
definesthe filter sizeaswell asthe filter coeficients. For example,the following subimagesre obtained

from a4 x 4image:
3 f2 x+k y+ f2(x+ky+m)

23 =23, |

wheref?(x,y) is the originalimage.Usingthe normalizedbox filter, examplesubsampleimagesareshovn

Lof2( x+ky+m

in Figure29. The MIP-mappingpyramidis formedby the unionof the originalimageandthe setof subsam-

pledimages.

Fig. 29. MIP-map subimagesprocessedy normalizedbox filter. Obtainedfrom The Centerfor Image
Processingresearcl{CIPR),anInternetpublic domainarchie (ftp://ipl.rpi.edu/pub/image/still/lusc/bgr
baboon).

Reconstructiorof the imageat a given pixel location (x,y) dependon the desiredresolutionof the pixel.
The desiredresolutionlevel is bandlimitedto the numberof decomposedesolutionlevels (typically the
decompositioris dyadicin nature)boundedby the two closestresolutionsubimages i=1 and fi. Thefinal

pixel valueatlocation(x,y) is calculatedasalinearcombinationof pixel intensitiesin the pyramid:

685 1) =1-p | 5 | 5w N+ O () |3 )

Equation(5.85) representdinear inter-mapinterpolation,shavn schematicallyfor an 8 x 8 imagein Fig-
ure30. In caseswheretheimageis notbeingmappedntoaflat surface,intra-mapinterpolationmayalsobe

usedto preventaliasingartifacts(seefWW92, §4.7.1]). Thecombinatiorof inter- andintra-mapinterpolation
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Fig. 30. Depictionof MIP-mappingalgorithm.
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is calledbi-linearinterpolation. The wavelettechniqueequivalentto Equation(5.85) discussedelon does

not considetbi-linearinterpolation.

5.10.2 MIP-W avelets

To generatevaveletmultiscalerepresentationsf a givenimagematchingthe MIP-mapdecompositiorusing
the normalizedbox filter, the lowpasswaveletfilter {hy} is setto {1/2,1/2}. The detailfilter is thenthe
quadraturemirror of {hy}, i.e.,{gk} = {1/2,—1/2}. To guarantegerfectreconstructionMIP-waveletdual
filters arerequiredsothatconditions(5.58)and(5.59)aresimultaneoushgatisfied.For filters of length2, the

following equationsnusthold:

(5.86) hoﬁo+h1ﬁ1 = 1

(5.87) gOE0+glﬁl = 0

Given({h},{ak}), {h«} is derivedwith:

(5.88) ;ﬁéﬁ = 1, from(5.86),and
(5.89) ;wém = 0, from(5.87)

From (5.89),ﬁo =hy, andsubstitutinginto (5.88),
ho=hy =1
Thedualdetailfilter coeficientsarederivedfrom conditions(5.57)and(5.60),which generateequations:

(5.90) Qoo+0101 = 1

I
©

(5.91) hoGo + 101

Usingderivedfilters ({h}, {ak}), {0k} is foundby:

(5.92) %go+%gl = 0, from(5.91),and
(5.93) %@o—%ﬁl = 1, from(5.90)

From(5.92),80 = —@1, andsubstitutingnto (5.93),

Go=-01=1

MIP-wavelets,with coeficients givenin Table 7, are unnormalizedversionsof the Haarfilters. That s,
MIP-waveletsaresemi-orthogonaHaarwavelets(or pre-wavelets).In fact,normalizedHaarfilters will gen-

eratethe sameexture mappingat dyadicresolutionboundarieshut will loseluminanceinformationbetween
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TABLE 7
MIP-waveletfilters.
k| 2(h)  2(g0)  2(h)  2(8k)
0 1 1 2 2
1 1 -1 2 -2

boundariesvherelinear interpolationis required. The benefitof the semi-orthogonaMIP-waveletsis that
correctluminancevalueswill be generatedt any desiredresolutionlevel. Notethatthefilter coeficientsof
thelowpassdfilter {hx} matchthe averagingbox filter above exactly. This caneasilybe verified by obtaining
thetensomproductof the scalindfilter atary resolutionlevel. For example,at onelevel of resolution(j = 1)
the effective samplindfilter is a 2 x 2 filter with cellsequalto 1/4. At level j = 0, thefilter is a4 x 4 filter
with cells equalto 1/16. Note that underthe DWT, the zeroth(j = 2) resolutionlevel (i.e., the original
image)is not presenin the pyramidaltransformationBecauseMIP-waveletsgeneratedenticalsubsampled
lowpassmagesto subimagegeneratedy averagedox filters, in termsof resolution bothdecompositions
areidentical. Thatis, in the caseof monochromatiémages,the sameluminanceresolutioninformationis
presenin thescaledsubimage®f bothapproachedn otherwords,the MIP-waveletsdervedabore sene as

thebasisfunctionsfor the multiresolutionaveragedoox filter.

5.10.3 Variable ResolutionReconstructionwith MIP-wavelets

Reconstructiorwith MIP-waveletsis losslestdueto the orthogonalityof thefilters. To obtaininterpolation
resultsidenticalto MIP-mapping anintuitive approactwould beto maintainreconstructedcaledsubimages
producedy successie stepsof theIDWT, thento performtheinterpolationstepasgivenby Equation(5.85).
Although this approachwould yield identical resultsdueto the equivalenceof subsamplindilters andthe
DWT'’s perfectreconstructior{dueto the orthogonalityof the MIP-wavelets),it is memory-intensie. What
is perhapsnot obviousis thatidenticalinterpolationresultscanbe obtainedby scalingwavelet coeficients
prior to reconstruction.Scalingof the wavelet coeficientsprior to reconstructiorresultsin the attenuation
of the signalwith respectto the average(low-pass)signal. Full decimationof the coeficients (scalingby
0) resultsin alossy subsampledeproductionof the original. Corversely scalingwaveletcoeficientsby 1
preseresall detail information producinglosslesseconstruction.Selectvely scalingthe coeficientsby a
valuein therange[0, 1] at appropriatdevels of the wavelet pyramid producesa variableresolutionimage
uponreconstructionThis approachs equivalentto MIP-mappingreconstructiowith linearinterpolationof

pixel values.

In MIP-mapping.the valueof theinterpolantp is determinedby somemappingfunctionwhich specifieshe

desiredresolutionlevel I. Thetwo closestpyramidresolutionlevels arethendeterminedoy roundingdown
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andupto find subimagdevels j — 1 andj. Theinterpolantvalueis obtainedby therelation:

p=I1—1I].

Notethatthe slopeof themappingfunctionshouldmatchthe resolutionhierarchyof the pyramid,i.e., if res-
olutiondecreasesccentricallyfrom somereferencepoint, the parametet shouldalsodecreaseccentrically
If it doesnot, its valuemay be reversedby subtractingirom the numberof resolutionlevels,i.e.,n—1. To
scalewaveletcoeficients, p is setto either0, 1, or the interpolantvalueat particularsubbandsccordingto

thefollowing relationsdependenon|:

1, i<Ulh
(5.94) p = =, =0T
0, i>1n.

For example,if atsomeparticularpixel location(x,y), | = 1.5, thenwaveletcoeficientswould be presered
(scaledby 1) atlevels j < 1, scaledby .5 atlevel j = 2, anddecimatedscaledby 0) atlevels j > 2 atthe

appropriatepixel locationin the subimages.

Theorem 1 Waveletcoeficientscalingis equivalento linear pixelinterpolationunderMIP mapping

Proof: Considettheinterpolationstepin thelatter,
f=@-pf "+ (p)f),

which is equialentto Equation(5.85)with implicit pixel coordinates.Whenthereis no needfor interpo-
lation, i.e., the desiredresolutionlevel at a pixel falls on a mappedresolutionboundary| — |I| = 0, and
i=1[I1=I,then
¢ { fi=t=fl=t if p=0;
fi=f if p=1;
orsimply f = f! meaninghattheresolutionatthegivenpixel will matchtheresolutionlevel of thesubimage

atthel™™ pyramidlevel. Simplifying theIDWT reconstructiorEquation(5.75)andexpanding,

(5.95) fho= (PRY +..+ (PRE+ (PTE + (PR + T3)) ..,

wherequJ collectively representsubimagegontainingwaveletcoeficient, quJ(p, f(fw, quJLp, with implied pixel
coordinates.Note thatin Equation(5.95) the symbol p is now the interpolantandnot the binary selection

variableasusedin Equation(5.75).In thecasewhenl — |1 | =0,
f= (0.4 (fy...+ (F3+ (fg + (£ + T)))---) ).

Since f(f;;l = quJ + f(fm at eachlevel of reconstructionthe resultanimagewill containresolutionmatching
the contentsof subimagef'+1. Thesubimagef'+! containsthe average(lowpass)componenttlevel | + 1,

or equivalently; it containsthe entirereproducedmageatlevel . In this case the reconstructedmagewill
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containresolutionno finer thanthatfoundin subimagef', i.e., f = f', aswith MIP-mapping.

Whenl — |1| # 0, i.e., interpolationis requireddueto the mappingfalling betweenresolutionboundaries,

MIP mappingreproducesesolutionat eachpixel locationaccordingto Equation(5.85). In the IDWT, with

] <T<TI,
f= (0.4 (04 (pf + (R o4 (R + (13 4+ (£ + 13)))--))) )

Thatis, resolutionat the givenpixel locationis no finer thanwhatis reproducedt subimagef(gp]ﬂ, since

f(Llle _ pflll;l]+f({|_x|{)J+l
= pf)+fl,
_ j+1
= f(p(p
(5.96) = fl

where|l| + 1= [l], andj = [I] from Equation(5.94). Equation(5.96) shovs that the reconstructedeso-
lution will be no finer thanthe resolutioncontainedin f' matchingthe finestresolutionlevel producedby

MIP-mappingasspecifiedby Equation(5.85).

Whatremainsto be shown is thatthe resolutiongain obtainedby scalingwavelet coeficients(at level j) is
equivalentto the gain obtainedby the MIP-mappinginterpolation. Thatis, the scalingoperationprfJ + quxp
is equivalent(in termsof resolutiongain)to theinterpolation(1 — p) fi=1 4 (p) f1. To provethis, recallthe

reconstructiomelation,

qum = fofl + qux;l or,
f(f;;l = quJ + qum giving,
i g+l i
(5.97) fo = foo — oo

Substitutingequation(5.97)into thewaveletscalingequation,
pij+ Tl = fo+pf)

= (it — 1)

= fl,—pfl,+pii?

= (A-p)f+pfl’

= (1-p)ft+pfl,

= (1-p)fi~t4pt

completegheproofshaving thatscalingwaveletcoeficientsby p at pyramidlevel j is equivalentto linearly

interpolatingpixel valuesof scaledsubimaged i1, fi throughMIP-mapping.O



