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CHAPTER V

INTRODUCTION TO WAVELETS

Waveletshavegeneratedtremendousinterestin boththeoreticalandappliedareas,especiallywithin thelatter

half of this decade.Wavelet theorycanbe viewed asa synthesisof ideasoriginating in engineering(sub-

bandcoding in part with quadraturemirror filters), physics(coherentstates,renormalizationgroup), and

pureandappliedmathematics(Caldeŕon-Zygmundoperators)[Dau92]. Historically, fundamentalmathemat-

ical conceptsof wavelet theorycanbe tracedbackto Fourier’s work of 1807,Haar’s algorithmicstructure

of 1909,with mostof the developmentmoredirectly relatedto wavelet theoryoccurringin the 1930sand

1960s[Mey93]. Wavelettheoryhasrecentlyreceivedwideacclaimdueto theamalgamationof thediverseyet

relatedanalyticaltechniquesinto oneelegant,coherentframework. Numerousresearcherscontributedto this

effort. Grossmann,Morlet, Daubechies,Meyer, andChui [Dau88, Mey93, Chu92] have greatlyinfluenced

the developmentof the mathematicaltheory, while Mallat andMeyer arecreditedwith the introductionof

multiresolutionanalysisin thewaveletcontext [Mal89a, Mal89b, Mey93]. Mostof theanalyticaltechniques

developedhereinfor image/videoprocessingandeyemovementmodelingarebasedonMallat’smultiresolu-

tion results,asthey relateto pyramidalimageprocessingtechniquespioneeredby Burt [Bur81, BA83b], and

Mallat etal.’ssingularitydetectiontheoryin thewaveletdomain[MH91, MH92, MZ92a]. Thissectionstarts

with thereview of fundamentalconceptsof wavelettheorycloselyfollowingChui’sderivations,thenpresents

thetheoryof multiresolutionanalysis,waveletfilters andthediscretewavelettransform,andconcludeswith

threeapplicationsof waveletanalysis,namely:

1. multiscalesharpvariation(edge)detectionin spatiotemporaldata,

2. anisotropicmultidimensionaldiscretewaveletanalysis,and

3. multiresolutionimagerepresentationthroughMIP mapping.

5.1 Fundamentals

Thecentralideabehindwaveletanalysisis theuseof compactlysupportedbasisfunctionswhichareusedto

approximatearbitrarysignals.In essence,a waveletbasisis a generalized,functionalextensionof a vector

basis. This sectionexaminesthe fundamentalconceptof a basisandits usein the expressionof arbitrary

vectorsandfunctions. The ideaof a basisis studiedin the domainsof linear algebra,Fourier series,and

waveletseries.Conventionsfor mathematicalexpressionsareshown in Table2.
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TABLE 2
Notationalconventions.

c1 � c2 � ����� � cn Constants,scalars.
v Vector.� v1 � v2 � ���!� � vn  Vectorcomponents.� v1 � ���!� � vn � Vectorset.(
u � v )*� n

∑
k� 1

ukvk � u1v1 ��������� unvn Innerproductof vectorsu � v.+
v
+ � ( v � v ) 1, 2 �.- v2

1 �/�!����� v2
n Vectornorm.

Vn Vector space(n-dimensional),i.e., set of all n-
dimensionalvectors.

Z Setof integers.
R Setof realnumbers.

δ j 0 l �21 1 for j � l ;
0 for j 3� l � j � l 4 Z

Kroneckerdelta.

En Euclidean(n-dimensional)space.
L2 � 0 � 2π  Vector spaceof 2π-periodic square-integrable

one-dimensionalfunctions f � x .
L2 � R  Vector spaceof measurable,square-integrable

one-dimensionalfunctions f � x .
L2 � R2  Vector spaceof measurable,square-integrable

two-dimensionalfunctions f � x � y .(
f � g)5�76 ∞� ∞

f � x g � x dx Innerproductof f � g 4 L2 � R  .(
f � g)5� 6 ∞� ∞

6 ∞� ∞
f � x � y g � x � y dxdy Innerproductof f � g 4 L2 � R2  .+

f
+ � ( f � f ) 1, 2 Normof f 4 L2 � R  or f 4 L2 � R2  , wherethecor-

respondinginnerproductis assumed.
f j � gl Representationsof functions f � g at jth and l th

levelsof resolution,respectively.� hk � � � gm � Digital filter sequences.
H � G Digital filters.
H � G Matrices(usuallyrepresentingmultidimensional

digital filters).
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5.1.1 Linear Algebra and Vector Spaces

Recall,from linearalgebra,a vectorv in n-dimensionalEuclideanspaceEn is definedasanorderedn-tuple� v1 � v2 � ���!� � vn  of realnumbers,recognizedasvectorcomponents. Vectorsarelinearly independentwhenthe

equation
n

∑
k� 1

ckvk � 0 � k 4 Z

canonly hold if c1 � c2 � ����� � cn � 0. A vectorbasisin n-dimensionalspaceis definedasany setof linearly

independentvectors � v1 � v2 � �!��� � vn � . Linear independenceguaranteesthat any vectorv in n-spacecanbe

expresseduniquelyasa linearcombinationof thebasisvectors,i.e.,

v � c1v1 � c2v2 �/�!����� cnvn� n

∑
k� 1

ckvk � k 4 Z �
Thevectorsareorthogonal(perpendicular)if(

vl � vm )8� n

∑
k� 1

vlkvmk � vl1vm1 � vl2vm2 �/�!����� vlnvmn � 0 �:9 l � m� l 3� m� k � l � m 4 Z �
where

(
vl � vm) denotesthevectorinner (or scalaror dot)product.Everyorthogonalsystemof n vectorsforms

abasisfor thesetof all vectorsin n-space,Vn, althoughtheorthogonalityconditionis notstrictly necessary.1

Theorthogonalsystemof n vectorsis orthonormalif eachof thevectorshasunit norm,+
vk
+ � ( vk � vk ) 1, 2 � 1 �

Thetheoryof avectorspaceof infinite dimensionis closelyrelatedto thetheoriesof afunctionspace,Fourier

andwaveletseries.Thebinding threadamongthesetheoriesis theexpressionof anarbitraryfunction f � x 
by aseriesexpansionusinga setof basisfunctions � ψk � x ;� suchthat f � x *� ∑

k

ckψk � x .
5.1.2 Function Spaces

Wavelet theoryis concernedwith a particularfunctionalvectorspace,namelythe spaceL2 � R  of all real,

(Lebesgue)measurable,squareintegrablefunctionsdefinedon thereal line R. ThespaceL2 � R  is a vector

(Hilbert) spacein which wavelet functionsaretypically constructedto serve asbasisfunctions. Due to its

pertinenceto wavelet theory, the definitionandpropertiesof L2 � R  arebriefly discussedhere. Thepresent

outline closely follows the very readabletext by Holland [Hol90] wherethe readeris referredfor further

clarifications.Referencesto particularsectionsandpagesaregivenwhereappropriate.

1Givenn linearly independentvectors� v1 � ���!� � vn � , it is alwayspossibleto constructanorthogonalsystem
of n vectors � u1 � ���!� � un � , eachof which is a linearcombinationof � v1 � ����� � vn � (Gram-Schmidtorthogonal-
izationprocess)[Kap84, p.55].
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Thetermsfunctionalvectorspace, vectorspaceof functions, andfunctionspace, refer to a setof functions

possessingthesameformal propertiesasa vectorspaceof n-tuplesin linearalgebra,i.e., closureundersum

andclosureunderscalarmultiplication.Thatis, asetV of functionsformsavectorspaceif for any functions

f � g in V, f � g, andcf arealsoin V. ThesetW is a (functional)subspaceof V if W is a vectorspacein its

own right [Hol90, pp.22-23].Note that the linearalgebraconceptsof lineardependenceandindependence

carryover seamlesslyto functionalvectorspaces.The functionspaceV is calledan inner productspaceif

a scalar-valuedexpressioncalledthe innerproduct, denoted
(
f � g) , canbedefinedfor all f � g 4 V, satisfying

thefollowing threeconditions:

1. linearin thefirst variable,conjugatelinearin thesecond(conjugatebilinear):(
af � bg� h)<� a

(
f � h) � b

(
g � h) � and

(
f � ag � bh)<� a

(
f � g) � b

(
f � h) ;(5.1)

2. Hermitiansymmetric: (
f � g)#� ( g � f ) 9 f � g 4 V;(5.2)

3. positivedefinite: (
f � f )>= 0 9 f 4 V � and

(
f � f )5� 0 implies f � 0 �(5.3)

wherethe symbol( � ) denotescomplex conjugation.In the caseof real-valuedfunctionsandreal scalars,

complex conjugationhasno effect, i.e., a � a for all scalarsa. In this case,condition(5.1) statesthat the

innerproductis linear in eachvariableseparately, condition(5.2) statesthat
(
f � g)?� ( g � f ) �@9 f � g 4 V, and

condition(5.3) statesthat f � g are“essentially”equalif, in thesenseof the innerproduct,
(
f � g)5� 0, and f

is “essentially”zeroif
(
f � f )>� 0. The lastconditionis somewhatsubtlein that for f � x to be “essentially”

zero(zero“almosteverywhere”)doesnot necessarilymeanthat f � x hasto bezeroat every point,only that

whatever is usedto definetheinnerproduct(e.g.,anintegral)evaluatesto zero[Hol90,
�
3.6].

The above conditionsdefinethe abstractscalarvalueof an inner productaxiomatically. In the caseof the

real-valuedfunctionalspaceL2 � R  , theinnerproductis specifiedas:(
f � g)#�A6 ∞� ∞

f � x g � x dx �(5.4)

Notingthatconjugationhasnoeffectonreal-valuedfunctions,theinnerproductsatisfiestheaboveproperties

(see[Hol90, pp.108-111]).

1. Bilinearity: (
af � bg� h)B� 6 ∞� ∞

� af � bg hdx� 6 ∞� ∞
af h � bghdx� a 6 ∞� ∞

f hdx � b 6 ∞� ∞
ghdx� a

(
f � h) � b

(
g � h) �
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with a similarargumentfor thesecondvariable.

2. Hermitiansymmetry: (
f � g)#� 6 ∞� ∞

f gdx � 6 ∞� ∞
g f dx � (

g � f )%�
3. Positivedefiniteness: (

f � f )5�76 ∞� ∞
� f � x ! 2 dx = 0 �

because� f � x � 2 = 0 since f � x is real,and(
f � f )?�76 ∞� ∞

� f � x ! 2 dx � 0

implies f � x is “essentially”zero,meaningthat f � x integratesto zeroovertherealline R. Thesubtlety

of this propertycanbeillustratedby thefunction

f � x *� 1 1 if x � 0 �
0 otherwise�

which has
(
f � f )>�DC ∞� ∞ E f � x E 2 dx � 0 although f � x is not zeroat every point. In fact, any function

f � x thatis zeroexceptata finite numberof pointshasa zerointegral.

The positive definite condition provides a definition of function equality: using the principle that abso-

lute convergenceimplies convergence(so permittingthe inspectionof the integral of E f � x g � x E insteadof

f � x g � x ) andthe fact that E zE � E zE for any complex numberz, functions f andg are“essentially”equalifC ∞� ∞ E f � x � g � x E dx � 0 and f is “essentially”zeroif C ∞� ∞ E f � x E 2 dx � 0.

Any function f is saidto belongto thespaceL2 � R  if it satisfies:6 ∞� ∞
E f � x E 2 dx F ∞ �(5.5)

wheretheintegral is notrequiredto haveany particularvalue,only thatit befinite [Hol90, pp.138-139].2 The

mainissuein testingwhetheragiven f � x belongsto L2 � R  is to considerwhetheror not theintegral in (5.5)

is convergentor divergent.If it is not divergent,then f � x is saidto bein L2 � R  . With theabovedefinitions

2Technically, attentionis usuallyrestrictedto Lebesguemeasurablefunctionswhereall integralsshould
be interpretedasLebesgueintegrals. UnderLebesguetheoryof integration, f � x is differentiable“almost
everywhere”meaningthat f � x is theLebesgueintegralof its derivative f 	G� x , i.e.,

f � x *� 6 x

a
f 	G� t  dt � f � a %�

Suchfunctionsarecalledabsolutelycontinuous. AlthoughLebesguetheoryis beyondthescopeof thepresent
discussion(see[Hol90, p.165,p.253]for anintroduction),it is tacitly assumed,without lossof generality, that
all functionsin L2 � R  areabsolutelycontinuous.Thisassumptiononly excludesfunctionswhereintegration
by partsmay fail, i.e., functionsof the Cantor-Lebesguetype, and practically restrictsthe discussionto
functionsthatarepiecewisecontinuous[Chu92, p.1].
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of thespaceL2 � R  , andof theinnerproductfor L2 � R  in (5.4),it is clearthatL2 � R  is aninnerproductvector

space(see[Hol90, pp.141-143]).

SinceL2 � R  is an inner productspace,all propertiesassociatedwith an inner producthold in L2 � R  . The

propertiesparticularlyapplicableto wavelettheoryarelistedbelow (seealso[Chu92, p.4]):� Norm: +
f
+ � ( f � f ) 1, 2 �IHJ6 ∞� ∞

f � x f � x dxK 1, 2 �LHJ6 ∞� ∞
E f � x E 2 dxK 1, 2� Mean-square(distance)metric: +

f � g
+ � H 6 ∞� ∞

E f � x � g � x E 2dxK 1, 2� Schwarz’ inequality:E ( f � g) ENM + f
+8+

g
+PORQQQQ 6 ∞� ∞

f � x g � x dx
QQQQ M H 6 ∞� ∞

E f � x E 2 dxK 1, 2 H 6 ∞� ∞
E g � x E 2dxK 1, 2

Theabove definitionof L2 � R  spacesnaturallyextendsto the generalclassof innerproductspaces,the L2

spaces.L2 spacesaredenotedby

L2 � a � b �S� ∞ M a F b M � ∞

whereany function f is saidto belongto thespaceL2 � a � b if it satisfies:6 b

a
E f � x E 2 dx F ∞ �

The innerproductspaceL2 � R  is a particularinstanceof theclassof L2 spaceswith a � � ∞ � b � ∞. The

formal propertiesof a vectorspaceand inner product,aswell as the propertiesassociatedwith the inner

product,definedfor L2 � R  above, extendanalogouslyto the generalclassof L2 spaces.All L2 spacesare

Hilbert spacessincethey satisfythepropertyof metriccompleteness[Hol90, p.143].Althoughthenotionof

aHilbert spaceis somewhatsuperfluousin thecontext of wavelettheory, someof theconceptsanddefinitions

of aHilbert spacedoapplyandareworthmentioning.In particular, thepropertiesof denseness, separability,

andcompleteness, requiredfor the definition of the Hilbert space,aregiven below. The readeris referred

to [Hol90,
�
3.10] for thecompleteaccount.� Denseness: A subspaceW of anabstractinnerproductspaceV is denseif, givenany v 4 V thereexists

anw 4 W suchthat
+
v � w

+ F ε, for any smallε. This propertystatesthatW is densein V if elements

of W canbefoundascloseasdesiredto any elementof V.� Separability: An inner productspaceV is separable if it containsa sequenceof elementsw1 � w2 � �!���
that spana densesubspaceof V. All finite-dimensionalvectorspacesV areseparablesincea basis

canbefoundfor V wherethesubspacespannedby thebasisis V itself. Note thatV is trivially dense

in itself. All L2 spacesareseparable.As a consequenceof this property, any separableinnerproduct

spacehasanorthogonalbasis.
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A sequenceof elementsvk � k � 1 � 2 � �!��� in an innerproductspaceis a Cauchy sequenceif: givenany

smallpositivenumberε, anintegerN (generallydependenton ε) canbefoundsuchthat
+
vk � vl

+ F ε

whenever bothk � l = N. Looselyspeaking,a Cauchysequenceis onewhosetermseventuallycluster

together. An inner productspaceV is said to be completeif, given any Cauchysequencevk � k �
1 � 2 � �!���T4 V, thereexists a v 4 V suchthat the sequencevk convergesto v. Roughly, the notion of

completenessstatesthateveryCauchysequencein V mustconvergeto anelementof V.� Hilbert space: TheHilbert spaceis a separablereal(or complex) innerproductspacethatis complete

in themetricderivedfrom its innerproduct.

Althoughconceptssuchasdensenessandseparabilityappearthroughoutthewaveletliterature,arguablythe

mostusefulproperty(or at leastnotation)of wavelettheoryis theideaof theinnerproduct
( � � � ) of L2 � R  , and

by analogousextension,of n-dimensionalL2 spacesdenotedby L2 � Rn  . This is dueto thefactthatwavelets

arefunctionsgeneratingabasisin L2 � Rn  which,asexplainedbelow, is definedin termsof theinnerproduct.

5.1.3 Fourier Series

Shifting from n-dimensionalEuclideanspaceEn to the spaceof 2π-periodic square-integrablefunctions

L2 � 0 � 2π  , a measurablefunction f is definedon theinterval (0,2π) as6 2π

0
E f � x E 2 dx F ∞ �

It may be assumedthat f is a piecewise continuousfunction, extendedperiodically to the real line R �� � ∞ � ∞  in L2 � 0 � 2π  by f � x U� f � x � 2π  �V9 x [Chu92, p.1]. Any f in L2 � 0 � 2π  hasaFourierseriesexpansion:

f � x *� ∞

∑
k�U� ∞

cke
ikx �

wherei �XW � 1 andtheFouriercoefficientsck of f aredefinedby

ck � 1
2π
6 2π

0
f � x e� ikx dx �

Omittingtheconvergenceconsiderationsof Fourierseries(detailedin [Kap84, Chu92]), theimportantfeature

to notehereis thatthefunctioneix formsanorthonormalbasisof L2 � 0 � 2π  whichitself is avectorspace.The

original (2π-periodicsquare-integrable)function f is decomposedinto (infinitely many) mutuallyorthogonal

componentsckeikx by the generationof the orthonormalbasis � wk � from the dilation of the basisfunction

w � x U� eix, i.e.,wk � x <� w � kx , overall integersk.3 Sincethesinusoidalwaveeix is theonly functionrequired

to generateall 2π-periodicsquare-summablefunctions,every functionin L2 � 0 � 2π  is composedof wavesof

variousfrequencies.

3TheFourierbasisis oftenreferredto asabasisof sinesandcosinesdueto theidentity: eix � cosx� isinx.
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5.1.4 WaveletSeries

ConsideringthespaceL2 � R  of (Lebesgue)measurablefunctions f definedon therealline R, againa single

basisfunction is soughtwhich canbe madeto expressany function f in L2 � R  . The functionspaceL2 � R  
differs from L2 � 0 � 2π  in that the local averagevaluesof every functionmustattenuateto zeroat � ∞. The

sinusoidalwave functionswk � x do not belongto L2 � R  , andcannotbe useddirectly to generatea basisin

L2 � R  . Instead,“short-term”(quickly decaying)waves,knownaswavelets, arerequired.In orderto coverthe

entirespace,thesecompactlysupportedwavelet functionsmustbeshifted(translated)in space.Theregion

wherethe function is nonzerois said to be its support, hencewaveletsare nonzeroin limited (compact)

regions.Thesetof waveletfunctionsareformedby dilationsandtranslationsof asinglefunctionψ � x called

the“motherwavelet”, “basicwavelet”,or “analyzingwavelet” [RBC+92]. Thetermwaveletrefersto wavelet

functionsof theform

ψa 0 b � x #� 1W a
ψ � x � b

a
 � a Y 0 � b 4 R �(5.6)

wheredilationsandtranslationsaregovernedby parametersa � b, respectively. Every waveletψ generatesa

seriesrepresentationof f 4 L2 � R  :
f � x #� ∞

∑
a 0 b�<� ∞

ca 0 bψa 0 b � a Y 0 � b 4 R �
with waveletcoefficients � ca 0 b � givenby theintegral transformWψ:

ca 0 b � � Wψ f � x ;�Z� a � b � 1W a
6 ∞� ∞

f � x ψ � x � b
a
 dx � f 4 L2 � R  � a Y 0 � b 4 R �� (

f � ψa 0 b )[�(5.7)

The linear transformationWψ is calledthe integral wavelettransform, or simply wavelettransform, relative

to ψ.4

For reasonsconcerningsamplingtheoryandcomputationalefficiency, theparametersa � b arechosensothat

frequency spaceis partitionedinto consecutivefrequency bands(or “octaves”)by abinarydilation,andspace

is coveredby a dyadictranslation,i.e.,

a � 2� j ; b � k
2 j
� j � k 4 Z �

4The resemblanceof the wavelet function to the ket of quantummechanicsis not accidental.Both the
waveletandtheket areusedto representvectorbases.Thevectorbasisbra, associatedwith theket, corre-
spondsto thescalingfunctionφ in thewaveletcontext, anessentialcomponentof multiresolutionanalysis,
describedin

�
5.4.Furthersimilaritiesbetweenthetwo domainsincludetheinnerproduct

( � � � ) which is used
in placeof the Dirac notation

( � E � ) . The projectionoperatorPψ � Eψ ) ( ψ E usedin quantummechanicsis
not expresslyusedin thewavelet literaturealthoughthewavelet transformitself definestheprojectionof an
arbitrary function onto the wavelet basisgeneratedby ψ. The tensorproductof two vectorbasesdefined
in quantummechanicsas E φ )<\ Eψ ) is significant in the wavelet domaininsofar as it is usedto construct
multidimensionalwaveletbases(see

�
5.5,

�
5.7)[CDL77].
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Thedyadicwaveletcannow beexpressedin termsof dilation andtranslationparametersj � k,

ψ j 0 k � x ]� 2 j , 2ψ � 2 jx � k � j � k 4 Z �(5.8)

Henceforthexpression(5.8) is usedto definebothdyadicwaveletsandwaveletsalthoughit shouldbenoted

that a dyadicwavelet is technicallydistinguishedfrom the basicwavelet, asdefinedin (5.6), not only by

the binary dilation anddyadictranslation,but alsoby a “stability condition” imposedon the basicwavelet

(see[Chu92, p.11]).

Thedyadicwaveletψ j 0 k generatesa dyadicseriesrepresentationof f 4 L2 � R  :
f � x 5� ∞

∑
j 0 k�<� ∞

c j 0 kψ j 0 k � j � k 4 Z �(5.9)

with waveletcoefficients � c j 0 k � givenby theintegral transform:

c j 0 k � � Wψ f � x [�Z� j � k � 2 j , 2 6 ∞� ∞
f � x ψ � 2 j x � k dx � f 4 L2 � R  � j � k 4 Z �� (

f � ψ j 0 k )%�(5.10)

That is, the � j � k th wavelet coefficient of f is given by the integral wavelet transformationof f at dyadic

positionb � k � 2 j with binarydilation a � 2� j . Provided the wavelet ψ is orthogonal,the samewavelet ψ

is usedto generatethewaveletseries(5.9) andto definethe integral wavelet transform(5.10)[Chu92, p.5].

Orthogonalandotherclassificationsof waveletsarediscussedin
�
5.2.

5.1.5 From Vectorsto Wavelets

The commongoal amongthe above threemethodologiesis the representationof an arbitrary function (or

generalizedvector) f � x by a linearcombinationof basiselements,i.e.,

f � x #� ∞

∑
k�U� ∞

ckψk � x %�
For vectors,a setof basisvectorsis used,i.e., � ψk � x [�^�.� vk � . In theFourierdomain,the linearcombina-

tion is formedfrom the frequency dilation of the basisfunction � ψk � x ;�_�2� eikx � . In the wavelet domain,

the linear combinationis formed from the frequency dilation andspatialtranslationof the basisfunction� ψk � x ;�`�:� ψ j 0 k � x ;� .5 Note that for wavelets, j � k arethe dilation andtranslationparameters,respectively,

5Thepreciserepresentationof f � x is an l2-linearcombination[Chu92, p.3], wherel2 denotesthespace
of all square-summablebi-infinite sequences;thatis, � ck �^4 l2 if andonly if

∞

∑
k �<� ∞

E ck E 2 F ∞ �



48

whereasin thetheFourierdomaintheseparametersarereversed,thatis,k is thefrequency dilationparameter,

andthereis no explicit translationparameter, i.e., j � 1, sincetheFourierbasisfunctionsareinfinite in ex-

tent[GB92]. Thedilation of thebasisfunctionin bothcasesgeneratestherepresentationof f � x at multiple

frequencies.

The primarydistinctionbetweenthe Fourier andwavelet representationsis that the Fourier seriesusesone

basisfunctionatmultiple frequenciesoverall space.Thewaveletrepresentationalsousesonebasisfunction

atmultiple frequencies,but to coverall space,it usesmany shiftedversionsof thecompactlysupportedbasis

function(themotherwavelet),eachovera limited spatialregion. Thatis, eachwavelet is localizedin space.

Furthermore,the wavelet basis � ψ j 0 k � x ;� analyzesa function over a consecutive distribution of frequency

bandsgovernedby the parameterj. This frequency distribution resultsin a hierarchicalpartitioningof the

functionby a flexible space-frequencywindowwhich automaticallynarrowsat high frequenciesandwidens

at low frequencies.6 The dimensionsof the window on the space-frequency grid aregovernedby j � k with

constantarea4∆x∆ω, where∆x denotesthespatialextentand∆ω the frequency extent. TheHeisenberg un-

certaintyprinciplestatesthattheareaof thespace-frequency windows(alsocalledHeisenberg boxes) canbe

nogreaterthan2. Theautomaticdilationof thewaveletHeisenberg boxesmaintainsconstantarea,but asthe

boxesshrinkin spacethey stretchover frequency. This characteristicof thewaveletrepresentationis known

asthewavelets’zoomingpropertyandit is thewavelets’paramountadvantageover traditionalFouriertech-

niquesfor signalanalysis.For furtherdetail andprecisedefinitionof the wavelet space-frequency window

see[JS94a, Chu92].

Thebenefitgainedby thewavelets’flexible space-frequency window canbeillustratedby thefollowing ab-

stractexampleof burstsignaldetection.BecausetheFourierrepresentationintegratesthebasisfunctionover

all space,i.e., over the entiresignal, the frequency contentis recordedover all space.If a high-frequency

burst is presentin the signal, Fourier analysiswill only report that sucha high frequency componentis

presentsomewhere in the signal. Thewavelet representation,on theotherhand,dueto its hierarchicalfre-

quency partitioning,enablesthe detectionand localizationof transientsignal componentssuchas bursts.

In aneffort to provide similar functionality, short-termFourierapproaches(suchastheShort-Time Fourier

Transform,or STFT)usespatiallylocalizedbasisfunctions,but still suffer from afixedspace-frequency win-

dow (see[Chu92,
�
1.2] for details).A schematicof theSTFTandwaveletspace-frequency tiling is shown in

Figure14.

6Thespace-frequency window is alsoknown asthetime-frequency window. Thereis no realdistinction
betweenspaceand time except within the context of the analysis. Typically time refersto time-varying
signalssuchasspeech,whereasspacemayreferto thespatial � x � y locationof animagepixel.
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(a)STFT. (b) Wavelet.

space

frequency

space

frequency

Fig. 14. Space-frequency tiling of the STFT and Wavelet representations.Adaptedfrom [Bar94, p.9
(Fig. 2.1)].

5.2 WaveletFunctions

Denotingtheclosureof thelinearspanof � ψ j 0 k : k 4 Z � by Wj for eachj 4 Z, i.e.,

Wj � closL2 a R b ( ψ j 0 k : k 4 Z ) �
L2 � R  canbedecomposedasa directsumof thespacesWj :

L2 � R  #�dc∑
j e ZWj � ����� ˙� W� 1 ˙� W0 ˙� W1 ˙�f�!��� �(5.11)

where ˙� indicates“direct sum”, in thesensethatevery function f 4 L2 � R  hasauniquedecomposition:

f � x *� �����!� g� 1 � x � g0 � x � g1 � x ������� �(5.12)

whereg j 4 Wj andgl 4 Wl . Any waveletgeneratesa directsumdecompositionof L2 � R  .
5.2.1 Bi-orthogonal Wavelets

Everywaveletψ 4 L2 � R  , asdefinedby (5.8),hasa dual gψ 4 L2 � R  definedbygψl 0m � x #� 2l , 2 gψ � 2l x � m � l � m 4 Z �
If thebases� ψ j 0 k � and �hgψl 0m � generatedby thedualwaveletsψ and gψ satisfy(

ψ j 0 k � gψl 0m )#� δ j 0 l � δk 0m � j � k � l � m 4 Z �(5.13)

i.e., the basesestablishinter-scale(δ j 0 l ) andintra-scale(δk 0m) orthogonality, then � ψ � gψ  form a pair of bi-

orthogonalwavelets, andevery f 4 L2 � R  canbewrittenasa waveletseries

f � x i� ∑
j 0 k e Z d j 0 k gψ j 0 k � x (5.14)
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j 0 k e Z d j 0 kψ j 0 k � x �(5.15)

where,analogousto Fouriercoefficients,waveletcoefficientsaregivenby

d j 0 k � (
f � ψ j 0 k ) in (5.14);� (
f � gψ j 0 k ) in (5.15)�

If ψ and gψ constitutea bi-orthogonalwavelet pair, thenthey generatetwo subspaces� Wj � � � gWj � of L2 � R  
wherethesubspacesarenot generallymutuallyorthogonal,

Wj 3j Wl � and gWj 3j gWl � j 3� l �(5.16)

but insteadareorthogonalin thedualsense,

Wj
j gWl � j 3� l �(5.17)

Sinceboth � ψ j 0 k � and �kgψl 0m � arebasesof L2 � R  , thespacecanbedecomposedby eitherbasis,i.e.,

L2 � R  i� c∑
j e ZWj � ���!� ˙� W� 1 ˙� W0 ˙� W1 ˙�f���!�� c∑
j e Z gWj � ���!� ˙� gW� 1 ˙� gW0 ˙� gW1 ˙�f���!� �(5.18)

Equations(5.14)and(5.15)effectively statethatany function in L2 � R  projectedontoonebasiscanbe re-

coveredby expansionin theother. In contrastto anorthogonalwaveletbasis(seebelow), thebi-orthogonal

systempermitsgreaterfreedomin theconstructionof waveletfilters (see
�
5.6.4).For detailspertainingto the

convergenceof theseries,see[Chu92, p.5and
�
3.6].

5.2.2 Orthogonal Wavelets

A function ψ 4 L2 � R  is calledan orthogonal waveletif the family � ψ j 0 k � forms an orthonormalbasisof

L2 � R  , (
ψ j 0 k � ψl 0m )i� δ j 0 l � δk 0m � j � k � l � m 4 Z �(5.19)

An orthogonalwaveletis self-dualwith ψ �Dgψ generating� ψ j 0 k � sothatevery f 4 L2 � R  canberepresented

by thewaveletseries

f � x #� ∑
j 0 k e Z d j 0 kψ j 0 k � x �

with waveletcoefficients

d j 0 k � (
f � ψ j 0 k )[�
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Givenanorthogonalwaveletψ, thesubspaces� Wj � of L2 � R  generatedby thewaveletaremutuallyorthog-

onal,

Wj
j

Wl � j 3� l �(5.20)

Thefunctiondecompositions,asgivenby (5.12),arealsoorthogonal,i.e.,(
g j � gl )#� 0 � j 3� l �

andthedirectsumof subspaces(5.11)becomesanorthogonalsum:

L2 � R  #�Al
j e Z Wj � ���!�!m W� 1 m W0 m W1 m������ �(5.21)

where m indicates“orthogonalsum” (see[Chu92, pp.14-15]for details).

5.2.3 Semi-orthogonalWavelets

A functionψ 4 L2 � R  is calledasemi-orthogonalwaveletif thegeneratedbasis� ψ j 0 k � satisfies(
ψ j 0 k � ψl 0m )*� 0 � j 3� l � j � k � l � m 4 Z �(5.22)

where
(
ψ j 0 k � ψ j 0m ) may be non-zero. That is, the wavelet doesnot necessarilyprovide intra-scaleorthog-

onality. The distinctionbetweenorthogonalandsemi-orthogonalwaveletsis analogousto orthogonaland

orthonormalvectorbases.Semi-orthogonalwavelets,alsoknown as“pre-wavelets”,canproduceorthogonal

waveletsthroughanorthogonalizationprocedure[RBC+92,p.8]. Every semi-orthogonalwaveletgenerates

an (inter-scale)orthogonaldecomposition(but not necessarilyan orthonormalone),andevery orthogonal

waveletis alsoasemi-orthogonalwaveletsince(5.19)guarantees(5.22).

Although semi-orthogonalwaveletsare not generallyfully orthonormal,the subspacesthey generateare

mutuallyorthogonal,i.e., theconditionexpressedby (5.20)holds,andthefunctiondecompositions,asgiven

by (5.12),arealsoorthogonal,i.e., (
g j � gl )8� 0 � j 3� l � j � l 4 Z �

5.2.4 Non-orthogonal Wavelets

A wavelet ψ is called non-orthogonal if it is not a semi-orthogonalwavelet. Bi-orthogonalwaveletsare

generallynon-orthogonal,meaningthat theresultingbasestypically lack bothinter-scaleandintra-scaleor-

thogonality[RBC+92,p.8].
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5.3 WaveletMaxima and Multiscale Edges

A critical considerationin almostany signalanalysistask is the detectionof sharpvariationpoints. The

wavelet transformis closely relatedto multiscaleedgedetectionemployed in computervision [MZ92a].

Mallat et al. have developedan adaptive samplingtechniqueto locatesignalsharpvariationpointsby de-

tecting local maximaof the wavelet transformmodulus. The methodis equivalentto the Canny edgede-

tector[Can86]. Severalpapersandbookchaptersby Mallat canbe foundon this topic, including [MZ92a,

MZ92b, MH92, FM92, Mal91]. Becausethisedgedetectiontechniqueis directlyapplicableto eyemovement

modelingandvideoanalysisit is summarizedhere,closelyfollowing Mallat’s derivations.Whereappropri-

ate,thereferenceto therelevantsourceis provided.

Thewavelettransformof f at scalej andpositionx, givenin (5.10),definestheconvolutionproduct� Wψ f � x ;�n� j  5� f o ψ j � x �
wherethetranslationparameterk is madeimplicit. Thedyadicwavelettransformis definedasthesequence

of functions

W f �qpr� Wψ f � x [�Z� j  ts j e Z �
whereW is thedyadicwavelettransformoperator. Assuminga twice-differentiablesmoothingfunctionθ � x 
exists,whoseintegral is equalto 1 andthat convergesto 0 at infinity, e.g.,a Gaussian,definethefirst- and

second-orderderivativesof θ � x :
ψ 	J� x #� dθ � x 

dx
� and� ψ 	 	u� x #� d2θ � x 

dx2 �
The functionsψ 	 andψ 	 	 areby definition waveletssincetheir integral is equalto 0. Denotingthe wavelet

transformsof f � x relative to ψ 	 , ψ 	 	 as,� Wψ 	 f � x ;�Z� j  5� f o ψ j 	G� x � and � Wψ 	 	 f � x [�Z� j  *� f o ψ j 	 	G� x �� Wψ 	 f � x [�Z� j  , � Wψ 	 	 f � x [�Z� j  arethefirst andsecondderivativeof thesignalsmoothedat scalej [MZ92a]:� Wψ 	 f � x [�Z� j  *� f oP� j dθ j

dx
 '� x #� j

d
dx
� f o θ j  %� x � and� Wψ 	 	 f � x ;�Z� j  5� f ov� j2 d2θ j

dx2  %� x #� j2
d2

dx2 � f o θ j  %� x [�
The local extremaof � Wψ 	 f � x [�Z� j  correspondto thezerocrossingsof � Wψ 	 	 f � x ;�Z� j  andto the inflection

pointsof f o θ j � x . In theparticularcasewhereθ � x is a Gaussian,thezero-crossingdetectionis equivalent

to a Marr-Hildreth edgedetection[Mar80], and the extremadetectioncorrespondsto Canny edgedetec-

tion [Can86]. Thewaveletapproachfollowsthelatter, relyingon � Wψ 	 f � x [�Z� j  to distinguishbetweensharp

andslow variationpointsof f o θ j � x , which is oftendifficult usingasecondderivativeoperator.
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Sharpvariationpointsaredetectedby findingthelocalmaximaof themodulusE � Wψ 	 f � x [�Z� j  E . At eachscale

j, localmodulusmaximaarelocatedby finding thepointswhere E � Wψ 	 f � x ;�n� j  E is largerthanits two closest

neighborvalues,andstrictly largerthanat leastoneof them[MH92]. That is, a modulusmaximais located

at scalej andlocation � x0  if:E � Wψ 	 f � x0 � 1 [�Z� j  EwMxE � Wψ 	 f � x0  [�Z� j  E = E � Wψ 	 f � x0 � 1 ;�Z� j  E � and(5.23) yz{ z| E � Wψ 	 f � x0  ;�n� j  E Y E � Wψ 	 f � x0 � 1 [�Z� j  E � orE � Wψ 	 f � x0  ;�n� j  E Y E � Wψ 	 f � x0 � 1 [�Z� j  E �(5.24)

The modulusmaximaof the wavelet transformat scale j andlocation � x0  is a strict local maximaof the

moduluson theright or theleft of locationx0.

Thelocalmaximadetectionis extendibleto multipledimensionsif thereexistsasmoothingfunctionθ, which

convergesto 0 at infinity yettotally integratesto 1. In two dimensions,theimagefunction f � x � y is smoothed

at differentscalesj by convolution with the two-dimensionalsmoothingfunction θ j � x � y . Computingthe

gradientvector, ∇ � f o θ j  '� x � y , edgesaredefinedaspoints � x0 � y0  wherethemodulusof thegradientvector

is maximumin thedirectionof thegradientin theimageplane.Introducingtwo 2D waveletfunctions,

ψx � x � y #� ∂θ � x � y 
∂x

andψy � x � y #� ∂θ � x � y 
∂y

�
two componentsof thewavelet transformof f � x � y P4 L2 � R2  at scale j aredefinedwith implicit translation

parameterk: � W f � x � y [� x � j  5�}� Wψx f � x � y [�Z� j  *� f o ψx j � x � y � and� W f � x � y [� y � j  *�}� Wψy f � x � y [�Z� j  5� f o ψy j � x � y [�
Edgepointscanbelocatedfrom thetwo components� W f � x � y ;� x � j  , � W f � x � y ;� y � j  since~ � W f � x � y ;� x � j  � W f � x � y ;� y � j  �� � j � ∂

∂x � f o θ j  '� x � y 
∂
∂y � f o θ j  '� x � y �� � j∇ � f o θ j  %� x � y [�

Sharpvariationpointsaredetectedanalogouslyto the 1D case,wherethe modulusat scale j andposition� x � y , denotedby � M f � x � y ;�n� j  , is proportionalto:E � W f � x � y ;�n� j  E ∝ � M f � x � y ;�n� j  5�- E � W f � x � y ;� x � j  E 2 � E � W f � x � y [� y � j  E 2 �(5.25)

At eachscale j, the local modulusmaximaareagainfoundby comparingthe point � M f � x � y [�Z� j  with its

two neighborsasin (5.23)and(5.24),exceptnow neighboringpointsmustbeexaminedalongthedirection
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of thegradientvector. Theangleof thegradientvectorwith horizontaldirectionatscalej andposition � x � y ,
denotedby � Af � x � y ;�n� j  is givenby [MZ92b]:� Af � x � y [�Z� j  i� arg ��� W f � x � y [� x � j  � i � W f � x � y [� y � j  � � tan� 1

~ � W f � x � y ;� y � j  � W f � x � y ;� x � j  � �(5.26)

In threedimensions,thevolumefunction f � x � y� t  is smoothedat differentscalesj by convolution with the

three-dimensionalsmoothingfunctionθ j � x � y� t  . Computingthegradientvector, ∇ � f o θ j  '� x � y� t  , edgesare

definedaspoints � x0 � y0 � t0  wherethe modulusof the gradientvector is maximumin the directionof the

gradientin thevolume.Introducingthree3D waveletfunctions,

ψx � x � y� t  #� ∂θ � x � y� t  
∂x

� ψy � x � y� t  #� ∂θ � x � y� t  
∂y

� andψt � x � y� t  *� ∂θ � x � y� t  
∂t

�
threecomponentsof thewavelettransformof f � x � y� t  #4 L2 � R3  atscalej aredefinedwith implicit translation

parameterk: � W f � x � y� t  ;� x � j  *�D� Wψx f � x � y� t  ;�n� j  5� f o ψx j � x � y� t  �� W f � x � y� t  ;� y � j  *�}� Wψy f � x � y� t  ;�Z� j  ?� f o ψy j � x � y� t  � and� W f � x � y� t  ;� t � j  5�}� Wψt f � x � y� t  ;�n� j  *� f o ψt j � x � y� t  [�
Edgepointscanbelocatedfrom theabovethreecomponentssince�� � W f � x � y� t  ;� x � j  � W f � x � y� t  ;� y � j  � W f � x � y� t  ;� t � j  ��� � j

��� ∂
∂x � f o θ j  '� x � y� t  
∂
∂y � f o θ j  '� x � y� t  
∂
∂t � f o θ j  %� x � y� t  �'�� � j∇ � f o θ j  '� x � y� t  [�

Sharpvariationpointsaredetectedanalogouslyto the 1D case,wherethe modulusat scale j andposition� x � y� t  , denotedby � M f � x � y� t  [�Z� j  , is proportionalto:E � W f � x � y� t  [�Z� j  E ∝ � M f � x � y� t  ;�n� j  5�- E � W f � x � y� t  ;� x � j  E 2 � E � W f � x � y� t  ;� y � j  E 2 � E � W f � x � y� t  [� t � j  E 2 �(5.27)

At eachscale j, thelocal modulusmaximaareagainfoundby comparingthepoint � M f � x � y� t  [�Z� j  with its

two neighborsalongthedirectionof thegradientvector. Theangleof thegradientvectoris now determined

by threeplanaranglesat scalej andposition � x � y� t  , denotedby � Af � x � y� t  ;�Z� ab � j  where � ab specifiesthe

directionalplane,givenby: � Af � x � y� t  ;�n� xy � j  i� tan� 1

~ � W f � x � y� t  [� y � j  � W f � x � y� t  [� x � j  � �(5.28) � Af � x � y� t  [�Z� xt � j  i� tan� 1

~ � W f � x � y� t  [� t � j  � W f � x � y� t  [� x � j  � �(5.29) � Af � x � y� t  [�Z� yt � j  i� tan� 1

~ � W f � x � y� t  [� y � j  � W f � x � y� t  [� t � j  � �(5.30)
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5.4 Multir esolutionAnalysis

Multiresolutionanalysis(MRA), introducedby Meyer andMallat [Mal89a], is an algorithmic framework

for representingfunctionsat hierarchicallevelsof scale(or resolution).Thewaveletbasisdescribedabove

analyzestheunderlyingsignalin termsof spatially-localizedfrequency components.Usingthewaveletba-

sis alone,reconstructionof the signalmay be problematic.In orderto reconstructthe original signalfrom

its wavelet representation,the waveletdual gψ is usedasthe reconstructionkernelfunction in the inversion

formula definedby Equation(5.14). In general,however, gψ doesnot exist [Chu92, p.13]. Multiresolution

analysisaddressesthis reconstructionproblemby maintaininga scaledversionof the signalat consecutive

levelsof resolution.Theoriginal signalcanbefaithfully reconstructedby successively combiningthescaled

signalwith thewaveletcoefficientsat eachlevel of resolution.

5.4.1 ScalingFunctions

At the heartof multiresolutionanalysisis the notion of a scaling function, denotedby φ � x . The scaling

functionis verysimilar in natureto thewaveletin thatit alsogeneratesabasisof L2 � R  . Thescalingfunction

is alsoacompactlysupportedfunction,definedas

φa 0 b � x #� 1W a
φ � x � b

a
 � a Y 0 � b 4 R �

whereagaina � b arethedilationandtranslationparameters.As for thewaveletfunction,integralpowersof 2

areusedwherethescalingfunctionis obtainedby a binarydilation (dilationby 2 j ), anda dyadictranslation

(translationof k � 2 j ) of asinglefunctionφ. Thatis, a � b arechosenasfor thewaveletfunction,andthescaling

functionbecomes

φ j 0 k � x *� 2 j , 2φ � 2 jx � k � j � k 4 Z �
5.4.2 ScaleSubspaces

Sincethescalingfunctiongeneratesa basisof L2 � R  , it alsogeneratessubspaces� Vj � , just asthesubspaces� Wj � aregeneratedby ψ above,i.e.,

Vj � closL2 a R b ( φ j 0 k : k 4 Z ) �
with φ generatinga referencesubspaceV0, i.e.,

V0 � closL2 a R b ( φ0 0 k : k 4 Z )%�
In contrastto thesequenceof orthogonalsubspaces� Wj � generatedby anorthogonalψ satisfying(5.20),the

nestedsequenceof closedsubspaces� Vj � generatedby thescalingfunctionpossessthefollowing properties:

1. ���!�h� V� 1 � V0 � V1 ���!� (containment);(5.31)
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2. � j e ZVj � L2 � R  (completeness);(5.32)

3. � j e Z Vj �}� 0 � (uniqueness);(5.33)

4. f � x �4 Vj � f � 2x ?4 Vj $ 1 � j 4 Z (scalability) �(5.34)

Property(5.31)statesthat the sequenceof subspacesis nested;property(5.32)statesthat every function f

in L2 � R  canbe approximatedascloselyasdesiredby its projectionsin Vj ; property(5.33),on the other

hand,statesthat, by decreasingj, the projectionscould have arbitrarily small energy [Chu92, p.16]; and

property(5.34)is themultiresolutionconditionwhich statesthatas j increases,thespacesVj correspondto

“finer resolution”:if thefunction f is in thebasicmultiresolutionspaceV0, thenthefiner resolutionfunction

f � 2 j �  : x �� f � 2 j x is in the spaceindexed by j [Fou95, p.43]. The scalingfunction is saidto generatea

multiresolutionanalysisif it generatesa nestedsequenceof subspaces� Vj � satisfyingtheabove properties

suchthat � φ0 0 k � formsa basisof V0.

5.4.3 Bi-orthogonal Multir esolution

Givena pair of scalingandwaveletfunctions � φ � ψ  , neitherof which necessarilyformsanorthogonalbasis,

the goal is to specifydual functions � gφ � gψ  so that the original function f in L2 � R  canbe perfectlyrecon-

structed.Recallthatwaveletsarebi-orthogonalif they satisfycondition(5.13)andgenerateduallyorthogonal

subspacesasexpressedby Equations(5.16)and(5.17).Assumingthatthescalingfunctions(φ � gφ) aredualas

per(5.13),andimposingthefollowing intra-scaleorthogonalityconditions:(
φ j 0 k � gψ j 0 l )8� 0 � and

( gφ j 0 k � ψ j 0 l )8� 0 � j � k � l 4 Z �(5.35)

thedoublemultiresolutiongeneratedby � φ � gφ  with two sequencesof subspaces� Vj � � � gVj � thensatisfies

Vj
j gWj and gVj

j
Wj � j 4 Z �

andL2 � R  is decomposedasin (5.18),with

Vj $ 1 � Vj ˙� Wj and gVj $ 1 � gVj ˙� gWj � j 4 Z �
Thepairs � φ � ψ  and � gφ � gψ  areinterchangeablein thesensethatonly oneof thepairsneedsto bespecified.

Thesecondpair is derivedfrom thefirst with φ connectedto gψ andψ connectedto gφ (see
�
5.6.4)[Fou95,

�
II].

5.4.4 Orthogonal Multir esolution

If the scalingfunction φ canbe chosenso that the setof translates� φ0k �_�:� φ � x � k  ;� forms an orthonor-

mal basisandgeneratesa setof multiresolutionsubspaces� Vj � , thenan orthonormalwavelet basiscanbe
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constructedfrom φ [RBC+92]. DefiningWj asV �j , wherethe orthogonalcomplementis taken in Vj $ 1, so

that

Vj $ 1 � Vj m Wj andVj
j

Wj �
L2 � R  isdecomposedasin (5.21).A functionψ is soughtsothat � ψ j 0 k � formsanorthonormalbasisfor L2 � R  ,
andsubsequently� ψ j 0 k � is an orthonormalbasisfor Wj . Assumingthat integer translatesof φ generatean

orthonormalbasisfor V0 andthereexist ck suchthat

φ � x ]� ∑
k e Z ckφ � 2x � k �

thenψ � x is givenby

ψ � x "� ∑
k e Z � � 1 kck$ 1φ � 2x � k  ;�(5.36)

By theaboveconstructionandorthonormalityof φ,(
φ j 0 k � ψ j 0 l )8� 0 � j � k � l 4 Z �

and φ � ψ are eachself-dual,satisfying(5.35). That is, orthogonalmultiresolutionis a specialcaseof bi-

orthogonalmultiresolutionwhereφ � gφ andψ �}gψ.

5.5 WaveletDecompositionand Reconstruction

Given themultiresolutionframework, waveletdecompositionandreconstructionalgorithmscanbederived

for any f in L2 � R  . Sincegφ 4 L2 � R  generates� gVj � and gψ 4 L2 � R  generates� gWj � , andby multiresolution

property(5.32) above, every function f in L2 � R  canbe approximatedby an f N 4 gVN, for someN 4 Z.

ConsidergVN asthe“samplespace”and f N the“data” (or measurement)of f on gVN. SincegVN � gWN � 1 ˙� gVN � 1� gWN � 1 ˙���!��� ˙� gWN � M ˙� gVN � M �
for any positive integerM, f N hasa uniquedecomposition:

f N � x "� f N � 1 � x � gN � 1 � x �
where f N � 1 4 gVN � 1 andgN � 1 4 gWN � 1. Recursively,

f N � x #� gN � 1 � x � gN � 2 � x �/�!����� gN � M � x � f N � M � x �(5.37)

where

f j � x "� ∑
k

c j 0 kgφ � 2 jx � k 54 gVj : c j �}� c j 0 k � � k 4 Z;(5.38)

g j � x "� ∑
k

d j 0 k gψ � 2 jx � k *4 gWj : d j �}� d j 0 k � � k 4 Z;(5.39)
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and

f N � M � x ?4 gVN � M � j � N � M � N � M � 1 � �!��� � N � 1 �
with thenormalizationfactor2 j , 2 foldedinto theseriescoefficientsandM chosensothat f N � M is sufficiently

decomposed.Thedecompositionin (5.37)is uniquelydeterminedby thesequencesc j andd j , in (5.38)and

(5.39)[Chu92, pp.156-157],which arethescaleandwaveletcoefficientsobtainedfrom themultiresolution

projectionof f j ontosubspacesVj �Wj asgeneratedby φ � ψ, respectively:

c j 0 k � ( f j � φ j 0 k ) � d j 0 k � ( f j � ψ j 0 k )%�(5.40)

Note that here,contraryto convention,ψ, not gψ, is usedasthe analyzingwavelet, althoughby the duality

principle [Chu92, p.156], the pairs � φ � ψ  � � gφ � gψ  areinterchangeablefor decompositionandreconstruction

purposes.That is, incorporatingEquations(5.38)and(5.39) into (5.37), the function f j $ 1 canbeobtained

from eithercombinationof dualpairsby thefollowing (bi-orthogonal)inversionformula[GB92, p.634]:

f j $ 1 � x ]� ∑
j 0 k e Z c j 0 kgφ j 0 k � x � ∑

j 0 k e Z d j 0 k gψ j 0 k � x (5.41) � ∑
j 0 k e Z c j 0 kφ j 0 k � x � ∑

j 0 k e Z d j 0 kψ j 0 k � x �(5.42)

with scaleandwaveletcoefficientsy{ | c j 0 k � ( f j � φ j 0 k ) � d j 0 k � ( f j � ψ j 0 k ) in (5.41);

c j 0 k � ( f j � gφ j 0 k ) � d j 0 k � ( f j � gψ j 0 k ) in (5.42)�
In orthogonalMRA, with self-dualφ andψ functions,Equations(5.41)and(5.42)condenseinto one(orthog-

onal)inversionformula:

f j $ 1 � x ]� ∑
j 0 k e Z c j 0 kφ j 0 k � x � ∑

j 0 k e Z d j 0 kψ j 0 k � x �
with coefficientsasgivenby (5.40).

Themostimportantpropertyof thesubspaces� Vj � and � Wj � (or � gVj � and � gWj � , dependingon which dual

pair is usedfor decomposition),and hencemultiresolutionanalysisin general,is that as j � � ∞, more

andmore“variations”of the analyzedfunctionareremovedat each“rate of variation”, or frequency band,

j, andstoredin Wj . The remainingcoarserapproximationsto the function remainin Vj . The crux of the

recursive natureof MRA is the decompositionof the coarsefunction at level j into the function’s coarser

approximationandstripped“variation” at level j � 1, asprojectedontoVj � 1 andWj � 1, respectively.7 The

7Note thatsomeauthorsusea conventionof increasingsubspaces[RBC+92]. Roughlyspeaking,in the
Meyer convention(adoptedhere)the functionsin Vj scalelike 2� j , whereasin the Daubechiesconvention
they scalelike 2 j . That is, in the Meyer convention,the decompositionlevel j is commensuratewith the
resolutionof thefunctionunderstudy, i.e., level j � 0 representsthecoarsestresolution.In theDaubechies
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algorithmicapproachfor decomposingandreconstructingthefunction f j betweenresolutionlevelsis accom-

plishedthroughtheuseof discretesequenceswhichapproximatethescalingandwaveletfunctionsφ, gφ, ψ, gψ.

Sinceboth gφ 4 gV0 and gψ 4 gW0 arein gV1, andsince gV1 is generatedby gφ1 0 k � x ?� 21, 2gφ � 2x � k � k 4 Z, there

exist two sequencesdenotedby � gpk � and � gqk � suchthatgφ � x *� ∑
k
gpk gφ � 2x � k ;(5.43) gψ � x *� ∑

k
gqk gφ � 2x � k �(5.44)

for all x 4 R. Theseare the two-scale, dilation, or refinementrelationsof the scalingand wavelet func-

tions, respectively. Theserelationsimply that gφ � x and gψ � x mustbegeneratedby thefiner scalefunctionsgφ � 2x � k , andleadto thedecompositionalgorithm.

Conversely, sincebothφ � 2x andφ � 2x � 1 arein V1 andV1 � V0 ˙� W0, therearetwo sequencesdenotedby� pk � and � qk � , k in Z, suchthat

φ � 2x � l  &� ∑
k � pl � 2kφ � x � k  � ql � 2kψ � x � k  t� � l 4 Z �(5.45)

This is calledthe decompositionrelation of φ andψ. Mathematically, the decompositionrelationroughly

statesthat the function underanalysisat a given resolutionlevel (scale)canbe decomposedinto a coarser

resolutionapproximationplusthestripped-off detail.Computationally, perhapssomewhatcounterintuitively,

the decompositionleadsto the reconstructionalgorithm. The two pairs of sequences( � gpk � � � gqk � ) and

( � pk � � � qk � ), areuniqueoncethenormalizationof φ is fixed(see[Chu92,
�
1.6] for details).

Representingf j andg j from (5.38)and(5.39)by the“digital” sequencesc j andd j , thefollowinggeneralized

(bi-orthogonal)decompositionandreconstructionalgorithmsemerge:

Decomposition:

c j � 1
k � ∑

l

pl � 2kc
j
l ; d j � 1

k � ∑
l

ql � 2kc
j
l
�(5.46)

Reconstruction:

c j
k � ∑

l � gpk � 2lc
j � 1
l � gqk � 2ld

j � 1
l � �(5.47)

convention,thedecompositionlevel j pertainsto thenumberof decompositionsappliedto thefunctionunder
study, i.e., level j � 0 representsthe finest resolutionsinceno decompositionshave beenappliedto the
function. Both conventionsareequally informative sincein the former the “current” resolutionlevel can
be useddirectly in estimatingthe extent of the function (i.e., the numberof samplespresentin the scaled
signal—thisis particularlyusefulwhendealingwith images).Thelatterconventionprovidesinformationin
termsof numberof decompositionsappliedto thefunction,which canbea valuablemeasurein a recursive
implementation.
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where� pk � and � qk � aredecompositionsequences, while � gpk � and � gqk � arereconstructionsequences. These

sequencescorrespondto digital filters in signalanalysis.8 Notethatin thecaseof orthogonalMRA, thefilters

coincide,i.e., � pk �^�.� gpk � and � qk �`�.� gqk � . The decompositionandreconstructionalgorithmsareshown

schematicallyin Table3.

TABLE 3
Schematicof waveletdecompositionandreconstruction.

WN � 1 WN � M � 1 WN � M

dN � 1 dN � M $ 1 dN � M� � � �
cN � � cN � 1 � � �!��� � � cN � M $ 1 � � cN � M

VN VN � 1 VN � M � 1 VN � M

(a)Decomposition�
WN � M

�
WN � M � 1

�
WN � 1

dN � M dN � M $ 1 dN � 1� � � �
cN � M � � cN � M $ 1 � � �!��� � � cN � 1 � � cN�

VN � M

�
VN � M � 1

�
VN � 1

�
VN

(b) Reconstruction

Thewavelet transformgeneralizesto multiple dimensionsprovidedthescalingfunctionsandwaveletsgen-

eratemultidimensionalbases.In the particulartwo-dimensionalcase,therearetwo waysin which the 1D

transformcanbegeneralized,namelythroughthestandard andnon-standard decompositions.

Thestandarddecompositionof a typical 2D function,i.e.,animage, f � x � y , is obtainedby first applyingthe

1D wavelettransformto eachrow of (pixel) values,giving average(smoothed)valueswith detailcoefficients

for eachrow. Thetransformedrows aretreatedas1D functionsthemselvesandthe1D wavelettransformis

8Someauthorsprefertoconcentrateonreconstructionfiltersasthe“nice” filtersanddenotedecomposition
sequencesby a specialsymbol. Becausethe decompositionis morepertinentto signalanalysis,herethe
oppositeconventionis usedwherethe“nice” filtersareassociatedwith decompositionandthedistinguishing
symbol(g ) denotesreconstructionfilters.
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appliedagainon eachcolumn.Thestandarddecompositiongivescoefficientsfor abasisformedby thestan-

dard constructionof waveletbasisfunctions,consistingof all possibletensorproductsof theone-dimensional

basisfunctions,

φ � x �\ φ � x � φ � x �\ ψ � x � ψ � x �\ φ � x � ψ � x n\ ψ � x �
whereφ � x n\ φ � x is the2D scalingfunctionandtherestarewavelets(see[Fou95, p.20] for detailsandex-

amples).

Thenon-standarddecompositionof a 2D functionalternatesbetweenoperationson rowsandcolumns.That

is, thedecompositionis obtainedby first applyingthe1D wavelet transformto eachrow of (pixel) valuesat

oneresolutionlevel, giving average(smoothed)valueswith detailcoefficientsfor eachrow. Thetransformed

rows are againtreatedas 1D functionsand one level the 1D wavelet transformis appliedagainon each

column.To completethetransform,theprocessis repeatedrecursively on thequadrantcontainingbothrow

andcolumnaverages.The non-standard constructionof a two-dimensionalbasisis similar to the standard

construction,except that the tensorproductsareobtainedusingtransposedversionsof the 1D scalingand

waveletfunctions.Thatis, thetwo-dimensionalscalingfunctionis definedas

φφ � x � y ]� φ � x n\ φT � x �
andthethreewaveletfunctionsare:

φψ � x � y ]� φ � x n\ ψT � x �
ψφ � x � y ]� ψ � x �\ φT � x �
ψψ � x � y "� ψ � x �\ ψT � x [�

Both constructionswill generateorthogonal2D basesgivenorthogonal1D functions[Fou95]. Examplesof

thenon-standarddecompositionandsomeof its propertiesaregivenin
�
5.7.

In threedimensions,thewavelettransformdependsonthree-dimensionalscalingandwaveletbasesfunctions.

Thestandarddecompositionof a typical 3D function,e.g.,a videoframesequence,f � x � y� t  , is obtainedby

first applyingthe 1D wavelet transformon inter-framepixelsbetweentwo successive video framesat each

resolutionlevel. This givesthetemporaldecompositionof thevideoframes,analogousto thewavelettrans-

form of one-dimensionalsignals.The first transformedframecontainsthe overall temporalaveragevalue,

while thelastframecontainstheoverall temporaldifferenceof theoriginal frames.Thetransformedframes

arethentreatedas2D functionsandthestandard2D waveletdecompositionis appliedto all frames.

The non-standarddecompositionis obtainedby first applying the 1D wavelet transformon eachpixel be-

tweeneachof two successivevideoframesin thesequence.Oneof thetwo transformedframescontainsthe
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temporalaveragevalues,while theotherframecontainsthe temporaldifferenceof thetwo original frames.

Thetransformedframesarethentreatedas2D functionsandthenon-standardwaveletdecompositionis ap-

plied to both frames.Provided therewerefour framesto begin with, theprocessis repeatedrecursively on

the two quadrantscontainingboth temporalandspatialaverageswhich arecontainedin the two temporal

averageframes.Thenon-standardconstructionof athree-dimensionalbasisis similar to thetwo-dimensional

caseexceptthatthetemporalbasisis obtainedfirst. Thatis, thethree-dimensionalscalingfunctionis defined

as:

φφφ � x � y� t  ]� φ � x �\ φ � x n\ φT � x �
andthesevenwaveletfunctionsare:

φφψ � x � y� t  ]� φ � x n\ φ � x �\ ψT � x �
φψφ � x � y� t  ]� φ � x n\ ψ � x �\ φT � x �
φψψ � x � y� t  ]� φ � x n\ ψ � x �\ ψT � x �
ψφφ � x � y� t  ]� ψ � x �\ φ � x �\ ψT � x �
ψφψ � x � y� t  ]� φ � x n\ φ � x �\ ψT � x �
ψψφ � x � y� t  ]� φ � x n\ ψ � x �\ φT � x �
ψψψ � x � y� t  ]� φ � x n\ ψ � x �\ ψT � x %�

Theconstructionswill generateorthogonal3D basesgivenorthogonal1D functions.Examplesof thenon-

standarddecompositionaregivenin
�
5.7.

5.6 WaveletFilters

Themultiresolutionwaveletdecompositionandreconstruction,depictedin Table3, canbeimplementedby a

two-bandfilter bank,asshown in Figure15. To maintainconsistency with signalprocessingconvention,the

discretesequences� pk � , � qk � , � gpk � , � gqk � arereplacedby thedigital filtersH � G � gH � gG representedby discrete

sequences� hk � , � gk � , � ghk � , � ggk � , respectively. Figure15 displaysdecompositionandreconstructionof the

signal f at oneresolutionlevel. Thesymbols� 2 and � 2 within circlesrepresentdyadicdownsamplingand

upsampling,respectively.

Multiresolutionanalysisat multiple levelsresemblesa nonuniform,tree-structuredfilter bank. Thenonuni-

form qualificationrefersto theflexible tiling of thespace-frequency grid generatedby waveletanalysis(see�
5.1.5, Figure 14) [Vai93]. Multiresolution decompositionand reconstructionat threelevels is shown in

Figures16. In general,thedigital implementationof multiresolutionanalysis,asdescribedin
�
5.4, is often
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Fig. 15. One-level waveletdecompositionandreconstructionimplementedby a two-bandfilter bank.

referredto astheDiscreteWaveletTransform(DWT).9

In practice,the filters H andG arechosenas lowpassandandhighpass(in general,bandpass)filters, re-

spectively. The lowpassfilter correspondsto thescalingfunctionφ by subsamplingthesignalat decreasing

levels of resolution. The highpass(or bandpass)filter correspondsto the wavelet function ψ decomposing

thesignalby projectionsontoconsecutivefrequency bands.Thedualfilters gH � gG arederivedfrom H � G sub-

ject to desiredorthogonalityconstraintsbetweenfilters. Theseconstraintsaredelineatedby thefour wavelet

classesdiscussedin
�
5.2 resultingin the consonantfamilies of filters, namelyorthogonal, bi-orthogonal,

semi-orthogonal, andnon-orthogonal.

TheDiscreteWaveletTransformcanberepresentedin matrix form [PTVF92]. At a givenscale j, thefinite,

discretefunction f , representedby the sequencec j , is transformedinto the sequencesc j � 1 and d j � 1 by

thesquarematrixM j consistingof null (zero)elements,andelementsof thescalingandwaveletfilters � hk � ,� gk � . Thetransformedsequencesc j � 1, d j � 1 areeachhalf thelengthof c j dueto downsampling.Forexample,

usingscalingandwavelet filters � hk � and � gk � , eachof length4, the decompositionof the sequencec j of

9Strictly speaking,thetermWaveletTransformgenerallyrefersto theIntegral WaveletTransform, relative
to thebasicwaveletψ, definedin Equation(5.7),andDiscreteWaveletTransformrefersto thewaveletseries
expansionof f , relative to ψ. The transformis dyadic when a and b are chosensuchthat the wavelet
basisis obtainedby a binarydilation anddyadictranslationof a singlefunctionψ. In thesignalprocessing
domain,andespeciallyin imageandvideoprocessingapplications,thetermWaveletTransform, or Discrete
WaveletTransform(DWT), hascometo meana multiresolutionanalysisof theunderlyingsignal. Although
not technicallyaccurate,this terminologyis adoptedheremeaningthatDiscreteWaveletTransformandthe
abbreviation DWT shouldbe interpretedas “discrete,dyadic multiresolutionanalysis”. The term Inverse
DiscreteWaveletTransform(IDWT)shouldbeinterpretedas“discrete,dyadicmultiresolutionsynthesis”.
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Fig. 16. DiscreteWaveletTransformimplementedby a nonuniform,tree-structured,two-bandfilter bank.
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length8 is givenby: �            ¡
c j � 1

0

c j � 1
1
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f j � 1 � M j f j(5.48)

where f denotesthe finite, discretefunction f , and null elementsof the matrix M j are shown as empty

spaces.The original function f canbe perfectly reconstructedif the inversematrix � M j  � 1 canbe found

andthedualfilters � ghk � , � ggk � exist. Constructionof thedualfilters dependson thechosenclassof wavelets.

Reconstructionis representedby a similar matrix operationwherethe reconstructionmatrix resemblesM j

exceptthatthereconstructionfilters � ghk � and � ggk � replacethedecompositionfilters � hk � , � gk � , e.g.,

f j � � M j  � 1f j � 1 �
Consideringthefilters � hk � � � gk � asconvolutionkernels,noticethattheabovematrixoperationincorporates

the subsamplingstepby performingdyadic translationsof the kernels. In somesignalprocessingimple-

mentations,convolution is carriedout throughmonadictranslationof the convolution filter, relying on the

subsamplingstepto dropeveryotherelement.In theabovematrix representation,however, thesubsampling

stepis madeimplicit by dyadictranslationprecludingtheneedfor explicit subsamplingandsupersampling.

In thediscussionon filters,below, dyadickerneltranslationis assumed.

5.6.1 Orthogonal Filters

The orthogonalityconditionfor the wavelet ψ, initially given in
�
5.2.2by Equation(5.19), is restatedhere

with respectto the analysisfilter � gk � : if ψ is anorthogonalwavelet, thenthe filter G formsan intra-scale

orthonormalbasisof L2 � R  , (
gk � gm )#� δk 0m � k � m 4 Z �(5.49)

Provided the filter � gk � alsosatisfiesinter-scaleorthogonality, the subspacesof L2 � R  generatedby G are

mutually orthogonalas in Equation(5.20). Condition (5.49) effectively statesthat the translatedwavelet

function ψ, andhencehighpassfilter � gk � , doesnot overlap,or if it does,the overlappedsegmentssumto

zeroin thesenseof theL2 � R  innerproduct.
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As outlinedin
�
5.4, � gk � canbeobtainedfrom theorthonormallowpassfilter � hk � , correspondingto thescal-

ing functionφ, asperEquation(5.36),in which caseH andG arecalledquadraturemirror filters [Mal89a].

Equation(5.36)canberewrittenmorecompactlyin termsof thefilters � hk � � � gk � by:

gk � � � 1 kh1 � k � k 4 Z �(5.50)

sothatthefollowing intra-scaleconditionshold:(
hk � hm )8� ( gk � gm )8� δk 0m � k � m 4 Z (orthonormalfilters);(5.51) (

hk � gm )#� 0 � k � m 4 Z (orthogonalsubspacesVj
j

Wj ) �(5.52)

Underthis construction,the matrix M j is orthogonalin the sensethat the reconstructionmatrix � M j  � 1 is

the transposeof M j , i.e., � M j  � 1 �¦� M j  T , andthe filters � hk � � � gk � areself-dual,i.e., � ghk �§�2� hk � and� ggk �¨�D� gk � .
Referringto theabovematrix decompositionexamplewith filters � hk � and � gk � of length4, thereconstruc-

tion f j �©� M j  � 1f j � 1 is givenby:�            ¡
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Substituting� ghk � by � hk � and � ggk � by � gk � , where � gk � is obtainedasin (5.50),andpermutingrowsof f j � 1

andcolumnsof � M j  � 1, Equation(5.53)is rewrittenas:�            ¡
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In this example, � M j  T is theinverseof M j if andonly if

h2
0 � h2

1 � h2
2 � h2

3 � 1 � and�(5.55)

h0h2 � h1h3 � 0 �(5.56)

Equations(5.55)and(5.56) in combinationexpressthe intra-scaleorthonormalitycondition(5.51). If con-

dition (5.56) is not evident from the invertiblematrix requirement,considerthe intra-scaleorthogonalityof
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thesubspace� Vj � , coveredby thescalingfunction,which canbeexemplifiedby two vectorsformedby the

spatialtranslationof thelowpassfilter, hk � hk $ 1:� ���!� h0 h1 h2 h3 0 0 ����� �� ���!� 0 0 h0 h1 h2 h3 ����� �
wherethe inner product

(
hk � hk $ 1 )P� h0h2 � h1h3. Theseare preciselythe termsrequiredto sum to 0 in

Equation(5.56). In general,for any differenttranslationsk � m� k 3� m, the innerproductmustsumto zero.

In otherwords,
(
hk � hm )5� 0 � k 3� m so that thescalingfunctionφ generatesanorthogonalbasis.Equations

(5.55) and (5.56), along with two additionalrelations,were recognizedandsolved by Daubechies,while

coefficientsfor filters of length2 werefirst givenby Haar. Coefficientsof bothfilters aregivenin Table4.

TABLE 4
Orthonormalfilters.

(a)Haar. (b) Daubechies-4.

k W 2 � hk  W 2 � gk  
0 1 1
1 1 � 1

k 4W 2 � hk  4 W 2 � gk  
0 1 � W 3 1 � W 3
1 3 � W 3 � 3 � W 3
2 3 � W 3 3 � W 3
3 1 � W 3 � 1 � W 3

Orthogonalwaveletsguaranteeperfectreconstructionandgenerallyfacilitate implementation.In practice,

however, orthogonalwaveletsarenot alwayseasilyconstructedandmay lack desirablepropertiessuchas

symmetryor continuity. Filter symmetryis incompatiblewith exactreconstruction,if thesameFIR filtersare

usedfor decompositionandreconstruction.Exceptfor theHaarbasis,all compactlysupported,realorthonor-

mal wavelet basesareasymmetric[Dau92, p.252,p.253,p.259]. The Haarwavelet is the only real-valued

wavelet that is compactlysupported,symmetricandorthogonal[JS94a]. Non-orthogonal,or overlapping

filters, relaxtheorthogonalityconditionandsubsequentlyareconsideredmoreflexible.

5.6.2 Semi-OrthogonalFilters

Recallthata functionψ 4 L2 � R  is semi-orthogonalif thegeneratedbasis� ψ j 0 k � is orthogonal,asexpressed

by (5.22). This conditionsuggeststhat thecorrespondingfilters neednot befully orthonormal,only orthog-

onal,generatingmutuallyorthogonalsubspaces.In effect, the intra-scaleorthonormalitycondition(5.51)is

relaxedsothat (
hk � hm )#� ( gk � gm )#� 0 � k 3� m� k � m 4 Z (orthogonalfilters);

while condition(5.52)remains:(
hk � gm )#� 0 � k � m 4 Z (orthogonalsubspacesVj

j
Wj ) �
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Semi-orthogonalfilterscanproduceorthogonalfilters throughanorthogonalizationprocedure,asmentioned

in
�
5.2.3.

5.6.3 Non-Orthogonal Filters

Non-orthogonalfilters arefilters thatarenot semi-orthogonal.Thatis, non-orthogonalfiltersdo not generate

mutually orthogonalsubspaces.Effectively, they areoverlappingfilters. In general,non-orthogonalfilters

requiretheir dualsto guaranteeperfectreconstruction.

5.6.4 Bi-orthogonal Filters

Following
�
5.4.3,givenapairof lowpassandhighpassfilters � hk � � � gk � , neithernecessarilybeingorthogonal,

dualfilters � ghk � � � ggk � arerequiredto guaranteeperfectreconstruction.In particular, by (5.35),thefollowing

relationsmusthold: (
hk � ggm )"� 0 � k � m 4 Z;(5.57) (
gk � ghm )"� 0 � k � m 4 Z �(5.58)

Note that orthogonalfilters satisfy theserequirementsthrough the stringentcondition of orthonormality

placedon � hk � andsubsequentlyon � gk � . SinceH � gH, andH is orthonormal,i.e.,
(
hk � hm )?� δk 0m, then( ghk � ghm )>� δk 0m alsoholds. Moreover, since � gk � is the quadraturemirror of � hk � , � gk � and � ggk � arealso

orthonormal.The constructionof biorthogonalfilters, on the otherhand,is basedon the relaxationof the

orthonormalitycondition,so that in general,H 3� gH. The requirementof bi-orthogonaldualbasesremains.

That is, theintra-scaleorthonormalitycondition,containedin (5.13),is rewritten in termsof thetwo setsof

filters H � gH � G � gG as: (
hk � ghm )"� δk 0m � k � m 4 Z;(5.59) (
gk � ggm )"� δk 0m � k � m 4 Z �(5.60)

In general,the relaxationof the orthonormalityconditionandthe useof dual filters providesgreaterflex-

ibility in the constructionof filters. Specifically, symmetricfilters canbe constructed.The constructionof

bi-orthogonalwaveletsis typically performedby specifyingthedecomposing(or reconstructing)pairof func-

tions � φ � ψ  , thenderiving theirdualssuchthattheabovebi-orthogonalconditionsaresatisfied.Onemethod,

assuggestedin
�
5.4.3,is to derive � ghk � from � gk � and � ggk � from � hk � by thequadraturemirror construction

(see[Dau92,
�
8.3]): ggk � � � 1 kh1 � k � k 4 Z �ghk � � � 1 kg1 � k � k 4 Z �
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Variousauthorshave constructedsymmetric,bi-orthogonalfilters. Most constructionsrely on filter bank

theory[GB92] or on multiresolutionderivationsusuallyusingthesplinefamily of functionswhich provides

continuityaswell assymmetry. UedaandLodhaprovideanexcellentintroductioninto B-splinewaveletsin-

cludingderivationsof linear, quadratic,andcubicB-splinewaveletfilters [UL95]. Well known bi-orthogonal

filtershavebeendesignedbyCohen,Daubechies,andFeaveau[Bar94]. Chuihasdevelopedafamilyof spline

waveletsbasedon cardinalB-spline functions[Chu92,
�
4]. Barlaudderived near-orthonormaldual spline

waveletsconstructedfrom the popularLaplacianpyramid filter introducedby Burt andAdelson[BA83b],

which itself is a near-orthonormalwavelet filter [ABMD92]. The Laplacianfilters are in turn very simi-

lar to the orthonormalcoiflet basisdevelopedby Coifman. Mallat et al. have developedquadraticspline

waveletswhich areparticularlysuitablefor singularitydetection[MZ92a]. Coefficientsof theMallat, Chui

(multiplicity-2), Barlaud,andBurt andAdelsonfilters aregivenin
�
A.

Unfortunately, althoughonesetof filters maypossessmany desirableproperties,thedualfilters are,in gen-

eral,notcompactlysupported[JS94a]. Thismaycausesignificantimplementationalproblems.For example,

Chui’s (multiplicity-2) decompositionfilters areof length41, while Mallat’s filters requirespecialnormal-

izationoperationsatvariouslevelsof reconstruction.Furthermore,if thefiltersarenot separablethenimple-

mentationof multi-dimensionalwavelettransformsbecomesevenmoreproblematic.

5.7 DiscreteWaveletTransform

Theone-dimensionalDiscreteWaveletTransform(DWT) is characterizedby thedecompositionandrecon-

structionEquations(5.46) and(5.47) describedin
�
5.5. The implementationof the 1D DWT follows the

generaldigital filter representationportrayedby Figures15and16,andanexampleof the1D decomposition

throughconvolutionwasgivenby thematrix representation(5.48)in
�
5.6.

Givenann-lengthdiscretefunctionat the jth level of resolution,

f j � x #� f j
φ � 1 � f j

φ � 2 � �!��� � f j
φ � n �(5.61)

thedecompositionrelationsof thefunctionare:

f j � 1
φ � x ]� ∑

k

hk f j
φ � 2x � k �(5.62)

f j � 1
ψ � x ]� ∑

k

gk f j
φ � 2x � k �(5.63)

where � hk � � � gk � arethe one-dimensionallow- andhigh-passfilters. This givesthe discretewavelet trans-

form: � W f � x ;�Z� j � 1 8� f j � 1
φ � 1 � f j � 1

ψ � 2 � �!��� � f j � 1
φ � n � 1 � f j � 1

ψ � n [�(5.64)
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Permutingthetermssothatthefirst n � 2 elementsarethelow-pass(scale)coefficients,i.e.,� W f � x [�Z� j � 1 8�
f j � 1
φ � 1 � f j � 1

φ � 3 � ����� � f j � 1
φ � n � 1 � f j � 1

ψ � 2 � f j � 1
ψ � 4 � ���!� � f j � 1

ψ � n �(5.65)

andrelabelingtheindices,� W f � x [�Z� j � 1 8� f j � 1
φ � 1 � ���!� � f j � 1

φ � n� 2 � 1 � f j � 1
ψ � n� 2 � ����� � f j � 1

ψ � n (5.66)

thesmooth(or averaged)elements(thefirst n � 2elements)arerecursivelydecomposed.Thefully transformed

functioncontainstheglobalaverageasthefirst element,thenext 2 j elementscontainthedetail(or difference)

informationat eachresolutionlevel j. Exceptfor theaveragevalue,thetransformedelementscomprisethe

so-calledwaveletcoefficientsof thefunction.

To reconstructthefunction,thetermsateachresolutionlevel arerepermutedsothattheaverageandwavelet

coefficientsareinterleaved,asperEquation(5.64). Introducingthe ª operatordenotingelementinterleave,

the j � 1 level coefficientscanbearrangedinto anintermediaterepresentationfor reconstructionat level j:

f j � 1
φ « ψ � 2x � p B� � 1 � p f j � 1 � x � � p f j � 1 � x �

for p 4@� 0 � 1 � . Reconstructionat level j, with p 4�� 0 � 1 � is thenwrittenas:

f j
φ � 2x � p <�.� 1 � p ∑

k

ghk f j � 1
φ « ψ � x � k � � p ∑

k
ggk f j � 1

φ « ψ � x � k 
which givestheoriginal function f j � x in (5.61).Notethatthevariablep is usedasaselectionvariable,that

is, in thedyadicwaveletreconstruction,theelementatposition2x � p is theresultof filtering thelower level

elementswith either � ghk � or � ggk � . This is aconvenientsubstitutefor writing two equations:

f j
φ � 2x 8� ∑

k

ghk f j � 1
φ « ψ � x � k ;

f j
φ � 2x � 1 U� ∑

k
ggk f j � 1

φ « ψ � x � k [�
The permutationfunction f j

φ « ψ servesasan alternatemethodof reconstructionusedinsteadof traditional

supersampling.In contrast,without permutatingthe averageandwavelet coefficients,therewould be two

sequencesf j � 1
φ , f j � 1

ψ , eachof lengthn� 2, wheren is the lengthof the sequenceat level j. In this case,

reconstructionis givenas:

f j
φ � 2x � l  8� ∑

k

ghl � 2k f j � 1
φ � x � k � ∑

k
ggl � 2k f j � 1

ψ � x � k �(5.67)

which follows from the decompositionrelationgiven in (5.45). The reconstructionin (5.67) is equivalent

to theonegivenby (5.67),however its implementationis obviously different. In all following (multidimen-

sional)wavelet transformdiscussionsthe permutationapproachis adopted.This is consistentwith the 1D
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reconstructionexampleof (5.54)correspondingto thedecompositionof (5.48)in
�
5.6.A numericalexample

of orthogonaldecompositionandreconstructionusingHaarfilters is givenin Table5, wherethesymbol ª
denoteselementpermutation.

TABLE 5
Numerical1D DWT example.

Decomposition

f2 � c2: 1 4 0 -2

d1: � 3¬
2

2¬
2

c1: 5¬
2

� 2¬
2

d0: 7
2

c0: 3
2

W f : 3
2

7
2

� 3¬
2

2¬
2

Reconstruction

c0 ª d0: 3
2

7
2

c1: 5¬
2
, � 2¬

2

c1 ª d1: 5¬
2

� 3¬
2

� 2¬
2

2¬
2

c2: 1,4 0,-2

c2 � f2: 1 4 0 -2

Multidimensionalextensionsof theDWT rely ontheuseof multidimensionalbases,describedin
�
5.5,which

are constructedby obtainingthe tensorproductof unidimensionalbases. The matrix tensorproductop-

eration is reviewed in
�
B. The computationalrealizationof the 2D DWT describedhereis an instance

of the well-known pyramidal multiresolutionrepresentationalframework first proposedby Tanimotoand

Pavlidis (see[TK80,
�
2, pp.31-56]and [JR94,p.3]). Thepyramidalmodelstipulatesa hierarchicalprocess-

ing paradigmknownasthecoarse-to-fine(resolution)strategy. Thepyramidalwavelettransformin particular

is relatedto theLaplacianpyramid introducedby Burt andAdelsonfor imagecoding[BA83b]. In two di-

mensions,a log2N level pyramidis constructedfrom anN � N image,wherethebottomlevel of thepyramid
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(level j � log2N � 1) containsthefinestresolution,andthetop level ( j � 0) containsthecoarsest.Notethat

theoriginal imageis consideredthefinestlevel of resolution(level j � log2N), however it is not contained

within thepyramiditself.

Given1D scalingandwaveletfilters H � G associatedwith φ � ψ, respectively, the2D filters correspondingto

the 2D waveletbasesφφ, φψ, ψφ, ψψ, asdescribedin
�
5.5, aregeneratedby the non-standard2D wavelet

basisconstructionusingtensorproducts:

HH � H \ HT �
HG � H \ GT �
GH � G \ HT �
GG � G \ GT �

As an exampleconsiderthe Haar filters given in Table 4. Their two-dimensionalextensionsare derived

below:

HH � φ \ φT �  1¬
2

1¬
2 ® \ � ¡ 1¬

2

1¬
2

¢¤£¥
� � ¡ 1¬

2

� ¡ 1¬
2

1¬
2

¢¤£¥ 1¬
2

� ¡ 1¬
2

1¬
2

¢¤£¥ ¢¤£¥ � �¡ 1
2

1
2

1
2

1
2

¢¥ ;

HG � φ \ ψT �  1¬
2

1¬
2 ® \ � ¡ 1¬

2� 1¬
2

¢¤£¥
� � ¡ 1¬

2

� ¡ 1¬
2� 1¬
2

¢¤£¥ 1¬
2

� ¡ 1¬
2� 1¬
2

¢¤£¥ ¢¤£¥ � �¡ 1
2

1
2� 1

2
� 1

2

¢¥ ;

GH � ψ \ φT �  1¬
2

� 1¬
2 ® \ � ¡ 1¬

2

1¬
2

¢ £¥
� � ¡ 1¬

2

� ¡ 1¬
2

1¬
2

¢¤£¥ � 1¬
2

� ¡ 1¬
2

1¬
2

¢¤£¥ ¢¤£¥ � �¡ 1
2

� 1
2

1
2

� 1
2

¢¥ ;

GG � ψ \ ψT �  1¬
2

� 1¬
2 ® \ � ¡ 1¬

2� 1¬
2

¢¤£¥
� � ¡ 1¬

2

� ¡ 1¬
2� 1¬
2

¢¤£¥ � 1¬
2

� ¡ 1¬
2� 1¬
2

¢¤£¥ ¢¤£¥ � �¡ 1
2

� 1
2� 1

2
1
2

¢¥ �
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Multiplying each2D filter by thedyadicnormalizationfactor2 j , 2 assuggestedby Equations(5.8)and(5.10),

the2D filters become:

HH � � ¡ 1¬
2

1¬
2

1¬
2

1¬
2

¢¤£¥ ; HG � � ¡ 1¬
2

1¬
2� 1¬

2
� 1¬

2

¢¤£¥ ;

GH � � ¡ 1¬
2
� 1¬

2

1¬
2
� 1¬

2

¢¤£¥ ; GG � � ¡ 1¬
2
� 1¬

2� 1¬
2

1¬
2

¢¤£¥ �
At thenext level of resolution,thefilters arederivedby:

HHHH � � φ \ φT  �\�� φ \ φT  ;
HGHH � � φ \ ψT  �\�� φ \ φT  ;
GHHH � � ψ \ φT  �\�� φ \ φT  ;
GGHH � � ψ \ ψT  n\¯� φ \ φT  [�

Taking dyadicfilter translationinto consideration,the 2D filters areclearly mutually orthogonalin x- and

y-directions,andin this exampleorthonormal.In general,multidimensionalorthogonalfilters arealsosepa-

rable, i.e.,satisfying

h � k � m 8� h � k h � m �
dueto their tensorproductconstruction.Notethattheaboveexampleillustratesoneof thedrawbacksof the

DWT, namely, dependingon thechoiceof bases,theDWT is neithernecessarilytranslationallynor rotation-

ally invariant.

Themultidimensionaltensorproductfilters areusefulfor visualizingspatiotemporalpropertiesof themul-

tidimensionalwavelet transform,howeverdirect implementationwith multidimensionalfilters is inefficient.

Instead,relying on the separabilityof the filters, the wavelet transformcanbe implementedby processing

eachdimensionseparately. The decompositionrelationsdescribingthe non-standarddecompositionof the

spatialaverageimageat level j are:

f j � 1
φr
� x � y #� ∑k hk f j

φφ � x � 2y � k  f j � 1
ψr � x � y *� ∑k gk f j

φφ � x � 2y � k 
f j � 1
φφ � x � y #� ∑k hk f j � 1

φr
� 2x � k � y f j � 1

φψ � x � y *� ∑k hk f j � 1
ψr � 2x � k � y 

f j � 1
ψφ � x � y #� ∑k gk f j � 1

φr
� 2x � k � y f j � 1

ψψ � x � y *� ∑k gk f j � 1
ψr � 2x � k � y 

where � hk � � � gk � arethe one-dimensionallow- andhigh-passfilters. The non-standardDWT first involves

subsamplingthe rows of the lower resolutionlevel spatialaverageimage(denotedby f j
φφ) to generatethe

temporaryupperresolutionlevel imagesf j � 1
φr

and f j � 1
ψr . Dueto dyadicdownsamplingof rows,theseimages
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arehalf thewidth of the imageat the lower resolutionlevel. Thecolumnsof thesesubimagesarethensub-

sampledto generatethefour subimagesdenotedby thesubscriptsφφ, φψ, ψφ, andψφ. Theaboveequations

arewrittenverboselyin orderto facilitateimplementation.Rewriting theequationsconcisely,

f j � 1
φφ � x � y ]� ∑

k 0m � hk \ hm f j
φφ � 2x � k � 2y � m (5.68)

f j � 1
ψφ � x � y ]� ∑

k 0m � gk \ hm f j
φφ � 2x � k � 2y � m (5.69)

f j � 1
φψ � x � y ]� ∑

k 0m � hk \ gm f j
φφ � 2x � k � 2y � m (5.70)

f j � 1
ψψ � x � y ]� ∑

k 0m � gk \ gm f j
φφ � 2x � k � 2y � m (5.71)

it is clear that the decompositionalgorithmfollows the two-scalerelations(5.43)and(5.44). The smooth

(or averaged)subimagef j
φφ is recursively subsampledat eachstageof thedecomposition.Thetransformed

imagecontainsthe global averageat the top of the pyramid, the lower layerscontainthe detail (or differ-

ence)informationat eachpyramid level. Theselower layerscomprisethe so-calledwavelet coefficientsof

the transformedimage. Thedecompositionis shown schematicallyin Figure17 wherethe imagematrix f

is subsampledwith low- andhigh-passfilters h � g. The subscriptsr � c representthe subsamplingoperation

H H frc

fG fH fr r

H G frc

G H frc G G frc

Fig. 17. Non-standard2D pyramidaldecomposition.

performedonrowsandcolumns,i.e., f j � 1
φφ � HcHr f j .

In practice,dependingon thelengthof filters � hk � � � gk � , boundaryconditionsrequirespecialconsideration.

Therearegenerallytwo strategiesusedto handlethis problem: extendingthe imageby paddingwith zero
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values,or periodicextensionof theimage(i.e., tiling copiesof theimage).In thepresentimplementationthe

latterstrategy is implementedby applyingmodulor � c to theindicesateachresolutionlevel. Thisgeneratesa

wraparoundat theimageborderswhenthefiltersextendbeyondtheimageboundary. All referencesto image

locations� x � y areextendedbeyondimageboundariesby theindices �!� r � x mod r � � c � y modc wherer � c
arethedimensionsof f j

φφ. This strategy allows theuseof negative indices(requiredduringreconstruction)

and the processingof non-squareimages. An exampleof the 2D DWT appliedto an imageis shown in

Figure18. Thetransformedimagehasbeenprocessedfor displaypurposes.

(a) Original cnn image. Reprintedwith permission
from TurnerBroadcastingSystem,Inc. (see

�
F).

(b) 2-level DWT (processedby histogramequaliza-
tion with subsampledimageinset).

Fig. 18. Non-standard2D DWT.

In traditionalpyramidalapproaches,wherethe pyramid containsonly smoothedmultiscaleversionsof the

original image(e.g.,texture-mappingapplications),subimagesat eachlevel provide thepixel intensityval-

uesfor reconstructionusually involving interpolation(cf.
�
5.10). In the wavelet transform,the imageis

synthesizedby a recursive processof addingdetail informationto theaverage(smoothed)subimagesin or-

der to reconstructthe next level’s averagesubimage.Rows andcolumnsare interleaved prior to filtering

insteadof thetraditionalnull row andcolumnpadding(see[PTVF92] for anexampleof theinterleaveopera-

tion, and[Cas96] for paddingexamples).Generally, row andcolumnpadding(supersampling)is usedunder

monadicconvolution. Dyadicconvolutionprecludestheneedfor padding,but insteadrequiresthatrowsand

columnsbe interleavedprior to reconstructionfiltering. Introducingthe ª r and ª c operatorsdenotingrow

andcolumninterleave,respectively, thereconstructionis obtainedwith theuseof thefollowing intermediate

relations:

f j
φφ « r ψφ � 2x � p � y °� � 1 � p f j � 1

φφ � x � y � � p f j � 1
ψφ � x � y �(5.72)
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f j
φψ « r ψψ � 2x � p � y °� � 1 � p f j � 1

φψ � x � y � � p f j � 1
ψψ � x � y �(5.73)

f j
φr « cψr

� x � 2y � q °� � 1 � q f j
φr
� x � y � � q f j

ψr � x � y �(5.74)

wherep � q 4�� 0 � 1 � � x � y� k 4 Z and

f j
φr
� 2x � p � y B� � 1 � p ∑

k

ghk f j
φφ « r ψφ � 2x � k � y � � p ∑

k
ggk f j

φφ « r ψφ � 2x � k � y �
f j
ψr � 2x � p � y B� � 1 � p ∑

k

ghk f j
φψ « r ψψ � 2x � k � y � � p ∑

k
ggk f j

φψ « r ψψ � 2x � k � y �
sothat

f j
φφ � x � 2y � q B� � 1 � q ∑

k

ghk f j
φr « cψr

� x � 2y � k � � q ∑
k
ggk f j

φr « cψr
� x � 2y � k  [�

Theabovereconstructionrelationsin twodimensionscanberewrittensuccinctlyfollowing thedecomposition

relationgivenin (5.45):

f j
φφ � 2x � p � 2y � q ±� � 1 � q ³²�� 1 � p ∑

k 0m� ghk \ ghm f j � 1
φφ � x � k � y � m �

p∑
k 0m� ghk \ ggm f j � 1

ψφ � x � k � y � m t´ �� q ³²[� 1 � p ∑
k 0m� ggk \ ghm f j � 1

φψ � x � k � y � m �
p∑

k 0m� ggk \ ggm f j � 1
ψψ � x � k � y � m ´ �(5.75)

wherex � y� k � m 4 Z, wraparoundindicesin thereversedirection,written as � x � k  , areassumed,andp � q 4� 0 � 1 � areusedasselectionvariablesanalogouslyasin theone-dimensionalreconstruction.

To show thatEquation(5.75)is derivedfrom theaboverelations,expand f j
φφ � x � 2y � q :

f j
φφ � x � 2y � q B� � 1 � q ∑

k

ghk f j
φr « cψr

� x � 2y � k � � q ∑
k
ggk f j

φr « cψr
� x � 2y � k � � 1 � q ∑

k

ghk  � 1 � q f j
φr
� x � y � k � � q f j

ψr � x � y � k ® �� q ∑
k
ggk  � 1 � q f j

φr
� x � y � k � � q f j

ψr � x � y � k ® �(5.76)

Sincethe � q � � 1 � q termsaresymbolicfor binaryselection,multiple like termscanbecombinedinto one,

i.e., � 1 � q k �2� 1 � q %� 1 � q ����� � 1 � q *�µ� 1 � q , and � q k �¶� q '� q ���!� � q ?�¶� q for all q 4f� 0 � 1 � � k 4 Z.

Conversely, unlike termscancel,simplifying Equation(5.76)to:

f j
φφ � x � 2y � q B� � 1 � q ∑

k

ghk f j
φr
� x � y � k � � q ∑

k
ggk f j

ψr � x � y � k  [�
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Substitutingappropriatelyfor f j
φr

, f j
ψr by changingthe resolutionof x to 2x � p andtaking careto disam-

biguatesummationindices,

f j
φφ � 2x � p � 2y � q ±� � 1 � q ∑

m

ghm ²;� 1 � p ∑
k

ghk f j
φφ « r ψφ � 2x � k � y � m �� p ∑

k
ggk f j

φφ « r ψφ � 2x � k � y � m ´ �� q ∑
m
ggm ²;� 1 � p ∑

k

ghk f j
φψ « r ψψ � 2x � k � y � m �� p ∑

k
ggk f j

φψ « r ψψ � 2x � k � y � m t´`�(5.77)

Noting that the filter summationtermsapply to rows andcolumnsseparately, i.e., ∑m
ghm∑k ggk refersto the

tensorproductof gH and gG since∑k ggk appliesto the columnsof f j , the doublesummationtermscanbe

collectedandrepresentedby thesinglesummationterm∑k 0m � ghk \ ggm . Equation(5.77)is thenrewrittenas:

f j
φφ � 2x � p � 2y � q ±� � 1 � q ³²�� 1 � p ∑

k 0m� ghk \f·hm f j
φφ « r ψφ � 2x � k � y � m �� p ∑

k 0m � ghk \ ggm f j
φφ « r ψφ � 2x � k � y � m ´ �� q ² � 1 � p ∑

k 0m� ggk \ ghm f j
φψ « r ψψ � 2x � k � y � l  �� p ∑

k 0m � ggk \ ggm f j
φψ « r ψψ � 2x � k � y � m ´ �(5.78)

SubstitutingEquations(5.72)and(5.73)into (5.78)gives:

f j
φφ � 2x � p � 2y � q ¸� � 1 � q w²!� 1 � p ∑

k 0m� ghk \ ghm º¹5� 1 � p f j � 1
φφ � x � k � y � m �� p f j � 1

ψφ � x � k � y � m ¼» �� p ∑
k 0m � ghk \ ggm ½¹?� 1 � p f j � 1

φφ � x � k � y � m �� p f j � 1
ψφ � x � k � y � m » ´ �� q ² � 1 � p ∑

k 0m� ggk \ ghm ¹ � 1 � p f j � 1
φψ � x � k � y � m �� p f j � 1

ψψ � x � k � y � m » �� p ∑
k 0m � ggk \ ggm ¹ � 1 � p f j � 1

φψ � x � k � y � m �(5.79) � p f j � 1
ψψ � x � k � y � m »?´ �
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Usingsimilarargumentsfor like � 1 � p , � p termsin Equation(5.79),thereconstructionalgorithmsimplifies

to:

f j
φφ � 2x � p � 2y � q ±� � 1 � q ³²�� 1 � p ∑

k 0m� ghk \ ghm f j � 1
φφ � x � k � y � m �� p ∑

k 0m � ghk \ ggm f j � 1
ψφ � x � k � y � m ´ �� q ² � 1 � p ∑

k 0m� ggk \ ghm f j � 1
φψ � x � k � y � m �� p ∑

k 0m � ggk \ ggm f j � 1
ψψ � x � k � y � m ´ �(5.80)

which is equivalentto (5.75). Equations(5.75)and(5.80) roughly statethat f j
φφ is reconstructedfrom the

expansionof the f j � 1 functionsat resolutionlevel j � 1 by the dual (bi-orthogonal)filters � ghk � � � ggk � rep-

resentingscaleandwavelet basesgeneratedby gφ, gψ. Since f j
φφ wasoriginally projectedby the 2D bases

functionsφφ, φψ, ψφ, andψψ, representedby thetensorproductsof � hk � and � gk � , producingthefour lower

resolutionlevel functions f j � 1
φφ , f j � 1

φψ , f j � 1
ψφ , and f j � 1

ψψ , f j
φφ is faithfully reconstructedprovided � gφ � gψ  , � φ � ψ  

satisfy (bi-)orthogonalityconditionsasspecifiedin
�
5.2 and

�
5.4.3. Equation(5.75) alsomakes intuitive

sensewhenEquations(5.68)–(5.71)areconsideredin matrix form:

f j � 1
φφ �©� H \ H  f j

φφ � f j � 1
ψφ �.� G \ H  f j

φφ �
f j � 1
φψ �©� H \ G  f j

φφ � f j � 1
ψψ �©� G \ G  f j

φφ �
To reconstructf j , bothsidesof eachequationshouldbeleft-multiplied by sometensorproductcombination

of gH and gG. If thedecompositionmatricesareorthogonal,theneachreconstructionmatrix is thetranspose

of thedecompositionmatrix. Thatis,

f j � 1
φφ �©� gH \ gH  T f j

φφ � f j � 1
φφ �.� gG \ gH  T f j

ψφ �
f j � 1
φφ �.� gH \ gG  T f j

φψ � f j � 1
φφ �©� gG \ gG  T f j

ψψ �
In theorthogonalcase,H � gH andG � gG, and� gH \ gH  T �©� gH \ gH  � � gG \ gH  T �©� gH \ gG  �� gH \ gG  T �©� gG \ gH  � � gG \ gG  T �©� gG \ gG  �
giving

f j
φφ �.� gH \ gH  f j � 1

φφ � f j
φφ �.� gH \ gG  f j � 1

ψφ �
f j
φφ �.� gG \ gH  f j � 1

φψ � f j
φφ �.� gG \ gG  f j � 1

ψψ �
whichcoincideswith theorderof thetensorproducttermsin (5.75).Notethateachtensorproducttranspose

is not the tensorproduct’s inverse. That is, the individual matrix productcomponentsabove do not each
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guaranteeperfectreconstruction.However, theappropriaterow- andcolumn-permutationof thecombination

of thetensorproductcomponentswill createtheappropriateperfect(orthogonal)reconstructionmatrix. To

illustrate,considerthematrix � M j  � 1 definedby:� M j  � 1 �.��� gH \ gH  ^ª r � gG \ gH  � ^ª c �!� gH \ gG  ^ª r � gG \ gG  � [�
Providedtheappropriate(bi-)orthogonalityconditionshold, matrix � M j  � 1 is symmetric-orthogonal,being

the transposeandinverseof the decompositionmatrix M j (cf.
�
5.6). In this case,the reasonfor the tensor

producttermsin thereconstructionEquation(5.75)beingthetransposeof thetensorproductsin thedecom-

positionEquation(5.68)canbeseenasa constrainton theorthogonalityof M j . This is clearlyseenin the

caseof theHaarfilters whereM j is givenbelow:

M j � H HH HG
GH GG

K �
�         ¡
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2
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� 1¬
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� 1¬
2
� 1¬

2
1¬
2

¢¤£££££££££¥
� ��� gH \ gH  ^ª r � gG \ gH  ! ^ª c ��� gH \ gG  ^ª r � gG \ gG  � *�©� M j  � 1 �

Thematrix M j is its own inversesave for theresolutionscalefactor2 j . Reconstructionof theimage f , built

by applying reconstructionfilters gh � gg, is shown schematicallyin Figure 19. Row- andcolumn-interleave

G H fr
~
c rcG G f

~

rc
~~

H H f H G f

~

~ ~

H f
~
r rG f

~

c r

~

f

Fig. 19. Non-standard2D pyramidalreconstruction.

operationsaredenotedby dashedarrows.
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The 3D filters correspondingto the 3D wavelet basesdescribedin
�
5.5, aregeneratedby the non-standard

3D waveletbasisconstructionusingtensorproducts:

HHH � H \ H \ HT �
HHG � H \ H \ GT �
HGH � H \ G \ HT �
HGG � H \ G \ GT �
GHH � G \ H \ HT �
GHG � G \ H \ GT �
GGH � G \ G \ HT �
GGG � G \ G \ GT �

For example,thethree-dimensionalHaarfilter GHG is a 2 � 4 filter derivedbelow:

GHG � ψ \ φ \ ψT �  1¬
2
� 1¬

2 ® \ ���  1¬
2

1¬
2 ® \ � ¡ 1¬

2� 1¬
2

¢ £¥ � ���  1¬
2

1¬
2 ® \ � ¡ 1¬
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2� 1¬
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Multiplying thefilter by thedyadicnormalizationfactor2 j , 2 in eachdimension,that is by 22 j , 2 or 2 at one

resolutionlevel, thefilter becomes:

GHG � � ¡ 1¬
2

1¬
2

� 1¬
2
� 1¬

2� 1¬
2

� 1¬
2

1¬
2

1¬
2

¢¤£¥ �
Consideringtheapplicationof thefilter on two consecutivevideoframes,thefilter canberepresentedby the

two 2 � 2 spatialtemplates:

GHG � �¡ 1¬
2

�¡ 1
2

1
2� 1

2
� 1

2

¢¥ � 1¬
2

�¡ 1
2

1
2� 1

2
� 1
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¾ � ¡ 1¬
2

1¬
2� 1¬

2
� 1¬

2

¢¤£¥
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� � ¡ � 1¬
2

� 1¬
2

1¬
2

1¬
2
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Gt ¿ 1

�
wherethenormalizationfactoris implicit andthesubscriptsGt � Gt $ 1 denotetheapplicationof theappropriate

temporalelementof G. To helpvisualizethetemporalfilter application,Figure20showsthecorrespondence

betweenfilter elements.This representationis introducedonly for conveniencesinceit facilitatestherepre-

sentationof thethree-dimensionalgradientcomponents.Theremainingsevenfilters arederivedin a similar

manner.

Gt

Gt+1

Fig. 20. Visualizationof temporalfilter elementapplication.

Thedecompositionrelationsdescribingthenon-standarddecompositionof a3D digital signalrepresentedby

a sequenceof 2D imagesare:

f j � 1
φ � x � y� t  *� ∑

k

hk f j
φφφ � x � y� 2t � k f j � 1

ψ � x � y� t  #� ∑
k

gk f j
φφφ � x � y� 2t � k 

f j � 1
φr φ � x � y� t  #� ∑

k

hk f j � 1
φ � x � 2y � k � t  f j � 1

φr ψ � x � y� t  #� ∑
k

hk f j � 1
ψ � x � 2y � k � t  

f j � 1
ψr φ � x � y� t  #� ∑

k

gk f j � 1
φ � x � 2y � k � t  f j � 1

ψr ψ � x � y� t  #� ∑
k

gk f j � 1
ψ � x � 2y � k � t  

f j � 1
φφφ � x � y� t  #� ∑

k

hk f j � 1
φr φ � 2x � k � y� t  f j � 1

φφψ � x � y� t  *� ∑
k

hk f j � 1
φr ψ � 2x � k � y� t  

f j � 1
ψφφ � x � y� t  #� ∑

k

gk f j � 1
φr φ � 2x � k � y� t  f j � 1

ψφψ � x � y� t  *� ∑
k

gk f j � 1
φr ψ � 2x � k � y� t  
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f j � 1
φψφ � x � y� t  #� ∑

k

hk f j � 1
ψr φ � 2x � k � y� t  f j � 1

φψψ � x � y� t  *� ∑
k

hk f j � 1
ψr ψ � 2x � k � y� t  

f j � 1
ψψφ � x � y� t  #� ∑

k

gk f j � 1
ψr φ � 2x � k � y� t  f j � 1

ψψψ � x � y� t  *� ∑
k

gk f j � 1
ψr ψ � 2x � k � y� t  

where � hk � � � gk � aretheone-dimensionallow- andhigh-passfilters. Thenon-standardDWT first temporally

subsamplesthesequenceimagesof thelower (finer) resolutionlevel’s spatialaveragesequence(denotedby

f j
φφφ) to generatethe temporaryupperresolutionlevel imagesf j � 1

φ and f j � 1
ψ . Theseimageswill be of the

samedimensionastheimagesat thelower resolutionlevel, but half of themwill containaveragedtemporal

values,theotherhalf will containtemporaldifferencevalues.Eachtemporalaverageanddifferenceimageis

thendecomposedat onelevel by the2D DWT. Thelower resolutionlevel sequenceis transformedinto n� 2
temporalaverageframesf j � 1À À φ , andn� 2 temporaldifferenceframesf j � 1À À ψ . Theseframesarethenpermutedas

in the1D decompositionusingtheorganizationgivenin (5.65)and(5.66):� W f � x [�Z� j � 1 8� f j � 1À À φ � 1 � ���!� � f j � 1À À ψ � n� 2 � ���!� � f j � 1À À ψ � n (5.81)

Thespatiotemporalsmooth(or averaged)subimagesf j
φφφ arerecursively processedat eachstageof thede-

composition.The transformedimagesequencecontainstheglobalspatiotemporalaverageat the top of the

(volume)pyramid. The decompositionis shown schematicallyin Figure 21, wherethe resultantwavelet

transformvolumeis representedby a segmentedcuberesemblinga nonuniformocttreedatastructure.The

subscriptt representsthetemporalsubsamplingoperationperformedonsequenceimages,i.e., f j � 1
φ � Ht o f j .

A pictorialexampleis shown in Figure22.

Thevideosequenceissynthesizedbyarecursiveprocessof addingdetailinformationto theaverage(smoothed)

subimagesin orderto reconstructthenext level’s temporalaveragesubimages.At eachlevel of reconstruc-

tion, framesmustbeinterleavedin thetemporaldimensionprior to thespatial2D waveletreconstruction:

f j � 1À À φ « À Àψ � x � y� 2t � p B� � 1 � p f j � 1 � x � y� t  � � p f j � 1 � x � y� t  [�
After permutation,eachframeis spatiallyreconstructedby the 2D DWT, following (5.75),giving the two

temporallysubsampledframes f j � 1
φ � x � y� t  and f j � 1

ψ � x � y� t  . Eachsuchpair of framesis thenreconstructed

asin the1D DWT case:

f j
φφφ � x � y� 2t � p 8�.� 1 � p ∑

k

ghk f j � 1
φ « ψ � x � y� 2t � k � � p ∑

k
ggk f j � 1

φ « ψ � x � y� 2t � k  [�
The above descriptionof the DWT assumesthat decompositionin eachdimensionis possibleto the same

extent, i.e., the above multidimensionaltransformis isotropic with respectto spatiotemporaldimensions.

Themaximumlevel of isotropicsignaldecompositioncoincideswith thedimensionof lowestmagnitude.To

illustrate,considera videosequenceof 4 frames,eachframeof size640 � 480. The sequencecanonly be

decomposedisotropicallyto 2 levelssincethereis aninsufficient numberof sequenceframesto decompose

thesignalany further in thetemporaldimension.Conversely, given1024frames,a temporaldecomposition
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Fig. 21. Schematicnon-standard3D pyramidalwaveletdecomposition.
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(a)Decompositionof thefirst four framesof thetennissequence.

(b) Original tennissequenceframes.Obtainedfrom TheCenterfor ImageProcessingResearch(CIPR),
anInternetpublicdomainarchive(ftp://ipl.rpi.edu/pub/image/sequence/tennis/).

Fig. 22. Non-standard3D pyramidaldiscretewaveletdecomposition.

of 10 levels is not possiblesincethereis insufficient informationin thex-dimensionbeyondthe8th level of

decomposition(thex-dimensionis reducedto 1 pixel). Alternatively, it is possibleto decomposethe4-frame

sequenceanisotropically to 2 levels in the temporaldimension,thendecomposeeachframespatially to 8

levelsbut in this casethedecompositionis incompletein termsof partialderivative information(see
�
5.9).

Thecompletespatiotemporaldecompositiongovernedby the dimensionof leastmagnitudegivesat leasta

full first-orderrepresentationof the signal. That is, dependingon the choiceof wavelet, all threepartial

derivatives∂ � ∂x, ∂ � ∂y, ∂ � ∂t areavailable. This enableslocalizationof multiscale,three-dimensionaledges

in video(see
�
5.8). This is a significantlypowerful methodof videoanalysissinceit extendsinspectionof

thetemporaldomainovera longertemporaldurationthanjust two frames.Two-framemotiondetectionhas

beenextensively studiedin the context of motion-compensatedvideoencoding,but temporalanalysisover

many frameshasnot beenwidely utilized. Furthermore,the complete3D DWT offerssecond-orderinfor-

mation,i.e., thepartial derivatives∂ � ∂x∂y, ∂ � ∂x∂t, ∂ � ∂y∂t, and∂ � ∂x∂y∂t areall presentin the transformed

signal,althoughit is not clearat this point how this informationcanbe usedto enhancevideoanalysisap-

plicationsrelyingon first-orderderivative information.For example,three-dimensionaledgescanbelocated

by examiningeitherthesetof first-orderpartials,or thesetof second-orderpartialderivatives(detectionof

zero-crossings),in which casethesetnotusedappearsredundant.
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5.8 Multidimensional Multiscale EdgeDetection

Edges,or sharpvariationpointsin general,canbe locatedin signalsthroughtheuseof Mallat’s multiscale

edgedetectionalgorithm. If ψ is chosensuchthat it approximatesthefirst derivative of a smoothingfunc-

tion θ, as describedin
�
5.3, then the 2D filters HG � GH constitutethe gradientcomponents∂θ � x � y �� ∂x,

∂θ � x � y �� ∂y, respectively. This is dueto thetensorproductconstructionof thefilters. Theelementsof HG are

two rotated(transposed)copiesof G multiplied by scalarelementsof H. Similarly, theelementsof GH are

copiesof G scaledby elementsof H. Consideringthe1D filter G asthe1D vector � ∂θ � ∂x� , thetransposeof G

is thederivativeof θ in they-direction,i.e., � ∂θ � ∂y��� � ∂θ � ∂x� T . Thescalarmultiplier cancelsif theoriginal

filters H � G areorthonormal,andthefilters HG � GH areleft with componentsof thegradient:

HG �Á ∂ f
∂x

∂ f
∂x ® ; GH � � ¡ ∂ f

∂y

∂ f
∂y

¢¤£¥ �
ConsideringtheHaarwavelet,which is afirst derivativeoperator, thesecondresolutionlevel filtersare:
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Save for scalefactors,theseresemble(directionally, at least)thewell known Sobelor Prewitt gradientoper-

atorsusedin edgedetection(for comparison,seethe discussionson gradientoperatorsin [GW87, pp.336-

338], [Sch89, pp.146-150],and[Jai89, pp.348-349]).The locationsof the gradientcomponentsin the 2D-

DWT of an imageframeareschematicallyshown Figure23(a). Due to the finite samplingof a 2D image

f � x � y , the angledefinedby (5.26)canbe quantizedto octantsspecifying8 possibleneighbors,relative to

thepointatscalej andlocation � x0 � y0  , namely � M f � x0 � ∆x � y0 � ∆y [�Z� j  , where � ∆x � ∆y arearrangedas:

(-1,-1) ( 0,-1) ( 1,-1)
(-1, 0) ( 0, 0) ( 1, 0)
(-1, 1) ( 0, 1) ( 1, 1)

defining4 planardirectionscorrespondingto thecompassdirectionsN-S,NE-SW, E-W, andSE-NW. In the

two-dimensionalcase,Equation(5.26)directly specifiesoneof the4 directionsusedto identify pixel neigh-

bor for determinationof themodulusmaxima.
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ExtendingMallat’s algorithm to threedimensions,gradientcomponents∂θ � x � y� t  !� ∂x, ∂θ � x � y� t  !� ∂y, and

∂θ � x � y� t  �� ∂t, arerepresentedby the3D filtersHHG � HGH andGHH, respectively:
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�
Theconceptualvolumetricrepresentationof the3D-DWT is shown in Figure23(b).Thelocationsof thegra-

dientcomponentsin thetwo resolutionlevel 3D-DWT of four framesareschematicallyshown in Figure24.

Quantizingtheangledefinedby Equations(5.28)–(5.30),26 possibleneighborsarespecifiedrelative to the

point at scale j and location � x0 � y0 � t0  , namely � M f � x0 � ∆x � y0 � ∆y� t0 � ∆t  ;�n� j  , where � ∆x � ∆y� ∆t  are

arrangedas:

(-1,-1,-1) ( 0,-1,-1) ( 1,-1,-1)
(-1, 0,-1) ( 0, 0,-1) ( 1, 0,-1)
(-1, 1,-1) ( 0, 1,-1) ( 1, 1,-1)

(-1,-1,0) ( 0,-1,0) ( 1,-1,0)
(-1, 0, 0) ( 0, 0, 0) ( 1, 0, 0)
(-1, 1, 0) ( 0, 1, 0) ( 1, 1, 0)

(-1,-1,1) ( 0,-1,1) ( 1,-1,1)
(-1, 0, 1) ( 0, 0, 1) ( 1, 0, 1)
(-1, 1, 1) ( 0, 1, 1) ( 1, 1, 1)

along13 cubic(voxel) directions,depictedin Figure25.

In thethree-dimensionalcase,Equations(5.28)–(5.30)do not readilyspecifythe13 (voxel) neighbordirec-

tions. Instead,thevaluesof thefirst-orderpartialderivativesmustbeexaminedto first determinetherelevant

angularplane.This is accomplishedby inspectingthethreefirst-orderpartialsfor zero(or near-zero)values.

Sincethereareonly threevalues,thereare23 � 8 possibilitiesfor zero-valuecombinations.Labelingnon-

zerovaluesas1 for easeof notation,Table6 lists thepossibledirectionsgiventhe8 possiblegradientvalue

combinations.Referringto eachcaseassociatedby its binaryvalue,the0th caseidentifiesa uniform region.

This is a commonpropertysharedby gradientoperators[Jai89, p.349].Case1 trivially specifiesdirection1.

In the2nd, 4th, and6th cases,Equation(5.26)canbeuseddirectly to determinetherelevantdirectionin the

xy-plane.In case3, only ∂ � ∂x is zerowhich suggeststhegradientis in theyt-plane.Equation(5.30)canbe

usedto determinewhetherthegradientfalls alongdirection4 or 8. Case5 is similar to case3 in thatonly

∂ � ∂y is zerosothatEquation(5.29)canbeusedto determinegradientdirection2 or 6, both in thext-plane.

Case7 is themostcomplicatedsincethegradientdirectionhascomponentsin bothxt- andyt-planes.Oneof

thefour directionsis foundby projectingthegradientontoeachplanein turn.
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(a)2D-DWT (b) 3D-DWT
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Fig. 23. 2D- and3D-DWT multiresolutionquadrantsandoctants,with gradientcomponents.
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Fig. 24. Schematic3D-DWT with gradientcomponents.
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Fig. 25. Modulamaximaplanar(pixel) andcubic(voxel) neighbors.

TABLE 6
Three-dimensionaldirectionidentificationbasedon first-orderpartialderivatives.

∂ � ∂x ∂ � ∂y ∂ � ∂t Direction
0 0 0 �k�
0 0 1 � 1 �
0 1 0 � 12�
0 1 1 � 4 � 8 �
1 0 0 � 10�
1 0 1 � 2 � 6 �
1 1 0 � 10� 11� 12� 13�
1 1 1 � 3 � 5 � 7 � 9 �
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Giventhemodulusvaluesascalculatedby Equations(5.25)and(5.27)in 2D and3D, respectively, alongwith

thedirectionalneighborlocationsdefinedabove,modulusmaximaarelocatedaccordingto Equations(5.23)

and(5.24)in bothtwo- andthree-dimensions.If themodulussatisfiesbothof theseequations,thena record

at thespecificlocationis storedby thevalue � mf �Z� j  setto thevalueof themodulusif themodulusis a local

maxima,or 0. Thatis, in two dimensions,definingmax � M f � x0 � y0  [�Z� j  as:� M f � x0 � ∆l x � y0 � ∆ly ;� M � M f � x0 � y0  [�7=Â� M f � x0 � ∆rx � y0 � ∆ry [� � andy{ | � M f � x0 � y0  ;�7YÂ� M f � x0 � ∆lx � y0 � ∆ly ;� � or� M f � x0 � y0  ;�7YÂ� M f � x0 � ∆rx � y0 � ∆ry ;�Z�
with theresolutionlevel index madeimplicit, then � mf � x � y [�Z� j  is definedas:� mf � x � y ;�n� j  *�µ1 � M f � x � y [�Z� j  if max � M f � x0 � y0  ;�n� j  

0 otherwise�
wheretheleft andright neighbors� M f � x � ∆l x � y � ∆l y [�Z� j  , � M f � x � ∆rx � y � ∆ry [�Z� j  , areidentifiedby one

of thefour directionsasgivenabove. In threedimensions,max � M f � x0 � y0 � t0  ;�n� j  is definedsimilarly with

the left andright neighbors� M f � x � ∆l x � y � ∆l y� t � ∆l t  [�Z� j  , � M f � x � ∆rx � y � ∆ry� t � ∆rt  [�Z� j  , identified

by oneof theabovespecifiedthirteendirections.

Duringmodulusmaximadetection,a2Ddatastructureiscreatedtoholdvalues� M f � x � y ;�Z� j  , � Af � x � y [�Z� j  ;� ,
and � mf � x � y ;�Z� j  , asshown schematicallyin Figure26(a).An exampleof modulamaximadetectionin two

dimensionsis shown in Figures26(b),wheretheimagehasbeenglobally normalizedandgamma-corrected

(γ � 3) to facilitate display. In the 2D case,the unmodified2D wavelet transformis neededfor perfect

(a) 2D-DWT modula maxima information stor-
age.

(b) Modula maximain 2-level decompositionof
cnn image.

{Mf(x,y)}(j)

{Mf(x,y)}(j-1) {mf(x,y)}(j-1)

{Af(x,y)}(j-1)

{mf(x,y)}(j)

{Af(x,y)}(j)

Fig. 26. 2D modulamaximadetection.
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reconstructionof theimage.Theimagecannotbereadilyreconstructedfrom themaximamodulusinforma-

tion, althoughMallat hasdevelopedaniterativealgorithmthatalmostachievesperfectreconstructionin most

cases[MZ92a]. (Meyer givesa counterexampleto Mallat’s conjecturein [Mey93, Ã 8].) Typically a second

imagematrixarrayis allocatedfor thispurpose.

In threedimensions,the 3D datastructureis rearrangedto hold values Ä M f Å x Æ yÇ[ÈZÅ j Ç , Ä Af Å x Æ yÇ;ÈnÅ j Ç[È , andÄ mf Å x Æ yÇ[ÈZÅ j Ç , aswell as∂ É ∂x, ∂ É ∂y, ∂ É ∂t. This organizationis shown schematicallyin Figure27(a). An

exampleof temporalmodulusmaximadetection(in a three-dimensionalvideo sequence)is shown in Fig-

ure27(b),whereindividual frameshave beenglobally normalizedandgamma-corrected(γ Ê 3) to facilitate

display. Analogousto the2D case,unmodified3D wavelet transforminformationis neededfor perfectre-

(a) Schematic3D-DWT modulamaximainformationstorage.

G t+1G tH t+1H t

d
dy

dx
d d

dt

{Mf(x,y,t)}(j)

{Af(x,y,t)}(j)

{mf(x,y,t)}(j)

(b) Modulamaximain 2-level decompositionof thefirst four framesof thetennissequence.

Fig. 27. 3D modulamaximadetection.

construction.Bestresultsareobtainedif wavelettransformcoefficientscanbestoredin memorywith double

precision. It is desirableto storebothmodulusmaximaandwaveletcoefficient informationin memory. In

thecaseof a2D staticimage,acopy of theimage,for thepurposesof modulusmaximainformationstorage,

cangenerallybe madedueto sufficient memoryavailability. Unlike the two-dimensionalimage,duplicat-
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ing an entiresequencein memorymay be problematicdue to memorycapacitylimitations. Fortunately,

second-orderinformationis not neededfor modulamaximadetection.10 This allows the dataquadrantsto

berearrangedsuchthat thevaluesneededfor modulamaximadetectioncanbeaccumulatedin placeof the

second-orderinformation. Note that this organizationpreventsstraightforward reconstructionof the video

sequence,but providesstorageof bothmodulusmaximaandfirst-orderderivative information.

5.9 Anisotropic Multidimensional DiscreteWaveletTransform

TheDiscreteWaveletTransformasdescribedin Ã 5.7performedequalextentdecompositionin eachdimen-

sion.Thatis, theprecedingdiscussioncenteredonan isotropicwaveletdecompositionof amultidimensional

signal.In general,signalsmaybetransformedmaximallyin eachdimensionif eachdimensionis considered

individually. In this sense,the transformationis anisotropic sincethe decompositionvariesalongeachdi-

mension.In thissection,anisotropicdecompositionof videosequencesis discussedwheredecompositionin

thespatialdimensionis dissociatedfrom thetemporaldimension.

In dealingwith video, the sequencemay be consideredas a one-dimensionaltemporalsignal composed

of two-dimensionalelements. Accordingly, the sequencemay first be fully decomposedin the temporal

dimensionona per-pixel basisfollowing Equations(5.62)and(5.63),i.e.,

f j Ë 1
φ Å x Æ yÆ t Ç]Ê ∑

k

hk f j
φ Å x Æ yÆ 2t Ì kÇ[Æ

f j Ë 1
ψ Å x Æ yÆ t Ç]Ê ∑

k

gk f j
φ Å x Æ yÆ 2t Ì kÇ[Æ

giving theDWT in thetemporaldirection:Ä W f Å x Æ yÆ t Ç;È t Å j Í 1Ç8Ê(5.82)

f j Ë 1
φt
Å x Æ yÆ 1Ç[Æ f j Ë 1

ψt Å x Æ yÆ 2Ç[Æ!Î�Î�Î�Æ f j Ë 1
φt
Å x Æ yÆ n Í 1Ç[Æ f j Ë 1

ψt Å x Æ yÆ nÇ%Î
As in the one-dimensionalcase,the sequenceframesarepermutedso that the first nÉ 2 frames,containing

low-passcoefficients,aredecomposedrecursively. Thefully transformedvideosequencecontainstheglobal

10As analternativeto first-orderderivativeedgedetection,directionalinformationof edgescanbeobtained
by searchingzero-crossingsof thesecond-orderderivativealongr for eachdirectionθ, since

∂ f
∂r
Ê ∂ f

∂x
∂x
∂r
Ì ∂ f

∂y
∂y
∂r
Ê fx cosθ Ì fy sinθ Æ

wherer is thegradientdirectionvector, and

∂2 f
∂r2 Ê ∂ fx

∂r
cosθ Ì ∂ fy

∂r
sinθ Ê ∂2 f

∂x2 cos2 θ Ì 2
∂2 f
∂x∂y

sinθcosθ Ì ∂2 f
∂y2 sin2 θ Î

See[Jai89, p.348,p.353].
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averagein the first frame,with the next 2 j framescontainingdetail informationat eachresolutionlevel j.

Note that the first framewill containan imagedisplayingaveragemotion informationover the entirese-

quence.Theframescontainingdifferenceinformationwill containmotiondifferencesoveraspecificinterval

of framestherebyindicatingpresenceof motionoverspecificfrequenciesrelative to thesamplingrateof the

videosequence.For example,considera videosequencerecordedat a samplingrateof 18ms,i.e., 55.5Hz,

or 55.5framespersecond(fps).11 The(dyadic)DWT of sucha videosequencewill containtemporalinfor-

mationof 55.5Hzat 1 level of decomposition(resolutionlevel j Ê 1), 18.5Hzat level j Ê 2, 7.9Hzat level

j Ê 3, etc. In general,at the jth decompositionlevel, thedyadicDWT will containtemporalinformationat

frequency 1ÉTÅ 2 j Í 1Ç sr wheresr is thesamplingrate.In otherwords, Å 2 j Í 1Ç sr givesthetemporaldifference

informationat level j with unitsmatchingthesamplingrate(e.g.,milliseconds).Consideringthesequence

capturedat the 18mssamplingrate, thenat level j Ê 1, the DWT will containinformationover 18ms,at

level j Ê 2 over 54ms,at level j Ê 3 over 126ms,etc. This is dueto the fact that eachtemporal(dyadic)

decompositionobtainsdifferenceinformationover2 j Í 1 frameintervals,whereeachinterval correspondsto

thesamplingrate.Suchtemporalinformationis extremelyvaluablein applicationssuchasmotiondetection.

Having appliedthe1D temporalDWT over a sequenceof frames,thenext naturaltaskis motiondetection.

This involvesdetectionof motionwithin sequenceframescontainingwaveletcoefficientsatspecific(dyadic)

frequenciesof interest.Usingthe55.5Hzvideosequenceasanexample,if fastmotionover18Hzis sought,

thensequenceframescontainingtemporaldifferencesat resolutionlevel j Ê 2 mustbe inspected.Slower

motionartifactsunder18.5Hzwill befoundathigherresolutionlevels.Theproblemof locatingtheseartifacts

is essentiallya two-dimensionalproblem.In this respect,the2D DWT (including2D edgedetection)is well

suitedfor analysis. Temporaldifferenceframesshouldbe treatedas two-dimensionalimageframesand

the 2D DWT is appliedexactly asin Ã 5.7. Two-dimensionaledgedetection(asdescribedin Ã 5.8) is again

applicableonaper-framebasis.Theresultof suchananalysislocatesfeaturesin videoatspecificfrequencies.

Four framesof thetennissequenceareshown under2 levelsof temporaldecompositionin Figure28(a).Note

thattheframeshavebeeninterleavedasdescribedin Ã 5.7sothatthefirst framecontainstheglobaltemporal

average.Figure28(b)shows two-dimensionaledgedetectioncarriedout on eachframeof the transformed

sequence(comparewith Figure27 in Ã 5.8).

Reconstructionof thesequenceis carriedout in thereverseorderwhereeachframeis processedby the2D

IDWT. Theentiresequenceis thentreatedasaone-dimensionalsignalandthe1D IDWT is appliedonaper-

pixel basistakingcareto properlyinterleave whole imageframesasrequired(seeEquation(5.82)). Using

11Thestandard(NTSC)videorateis 30 fps, 30Hz,or in otherwords,videosampledat a rateof 33.3ms.
This shouldnot beconfusedwith theNTSCfield rateof 60Hzwherea field correspondsto only half a given
videoframe, e.g.,evenor oddlinesof a frame.
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(a)Decompositionof thefirst four framesof thetennissequence.

(b) 2D edge(modulusmaxima)detection.

Fig. 28. Anisotropicnon-standard3D pyramidaldiscretewaveletdecompositionand2D edgedetection.

theinterleaveoperatorÏ , imageframesarearrangedfor reconstructionat level j by:

f j Ë 1
φ Ð ψ Å x Æ yÆ 2t Ì pÇ&Ê Å 1 Í pÇ f j Ë 1 Å x Æ yÆ t Ç�Ì�Å pÇ f j Ë 1 Å x Æ yÆ t Ç[Æ

for p Ñ@Ä 0 Æ 1 È . Reconstructionis thenwrittenas:

f j
φ Å x Æ yÆ 2t Ì pÇ<Ê.Å 1 Í pÇ ∑

k Òhk f j Ë 1
φ Ð ψ Å x Æ yÆ t Í kÇ�Ì�Å pÇ ∑

k Ògk f j Ë 1
φ Ð ψ Å x Æ yÆ t Í kÇ%Æ

giving theoriginal function f j Å x Æ yÆ t Ç .
5.10 Wavelet Inter polation

The DiscreteWavelet Transformcan be usedto texture map imagesby selectively scalingwavelet coef-

ficients. Provided appropriatewavelet filters can be found, reconstructionexactly matcheslinear MIP-

mapping. MIP-mappingis a well known texture mappingalgorithmusedextensively in computergraph-

ics [Wil83, WW92, Ã 4.7].12 MIP-mappinginvolvespreprocessinganimageat severalresolutionlevels(de-

composition)in orderto texturemap(reconstruct)animageatvariableresolution.In thissense,MIP-mapping

fallsundertheclassicalpyramidframework for earlyvision[JR94]. In thepresentcontext therelevantfeature

of MIP-mappingis themultiresolutionreconstructionof theimage.Specifically, gaze-contingentvisualrep-

resentationof digital imagery, discussedin Ã IX, relieson waveletcoefficient scalingdevelopedhere.In this

12The acronym MIP, introducedby Williams, is from the Latin phrasemultumin parvomeaning“many
thingsin a smallplace”.
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sectiontheMIP-mappingapproachis briefly described,thena setof filters, termedMIP-wavelets, is derived

to matchthebox filter frequentlyusedin MIP-mapping.Using thesefilters, it is shown that linear interpo-

lation of scaledwaveletcoefficientsis equivalentto linear interpolationunderMIP-mapping.Although the

presentdiscussionis limited to two-dimensionalimages,thewaveletcoefficientscalingmethodis applicable

to multidimensionalsignalsfor multiresolutionrepresentation.

5.10.1 MIP-Mapping

GivenanN Ó N image,assumingN is apowerof 2 with n Ê log2N, theoriginal image f n Å x Æ yÇ is subsampled

andsmoothedinto n Ì 1 subimages(or maps),

f j ÅkÔ x
M Õ ÆZÔ y

M Õ Ç#Ê 1
M2

M Ë 1

∑
kÖ 0

M Ë 1

∑
mÖ 0

f n Å x Ì k Æ y Ì mÇ[Æ 0 × j × n Æ(5.83)

whereM is asmoothingfilter of size2n Ë j , and j is theresolutionlevel. Equation(5.83)generatesprojections

of theoriginal imageonton Ì 1scaledsubspacesequivalentto thesubspacesgeneratedby thescalingfunction

of the DWT. Thesubspacesin this instancearescaledanalogouslyto theDWT with resolutionlevel j Ê 0

correspondingto thecoarsestresolutionlevel.13 Equation(5.83)is aslightly differentrepresentationfrom the

classicalrecursive pyramidalapproachsinceeachsubimageis subsampleddirectly from theoriginal image

f n, not from the imageat the next finer resolutionlevel f j Ø 1. In general,the recursive form of Equation

(5.83)is givenby:

f j Ë 1 Å x Æ yÇ*Ê M

∑
kÖ 0

M

∑
mÖ 0

h Å k Æ mÇ f j Å 2x Ì k Æ 2y Ì mÇ[Æ 0 Ù j Ù n Æ(5.84)

whereM Ì 1 is the (constant)width of the convolution kernel. If h Å k Æ mÇ�Ê 1É�Ú 2 ÆUÛ k Æ m with M Ê 1, thenÄ h Å k Æ mÇ[È is the Haarsmoothingfilter. Equation(5.84)correspondsto the two-scalerelationof the scaling

functionφ, givenby (5.43),andis equivalentto thetwo-dimensionallowpassdecompositionrelation(5.68)

wherethescalingfilter is thetensorproductof theone-dimensionallowpassfilter Ä hk È , i.e.,h Å k Æ mÇºÊ hk Ü hm.

In general,thesmoothingfilter shouldsatisfythefollowing constraints[JR94]:

1. normalization

∑
k

∑
m

h Å k Æ mÇ#Ê 1;

2. symmetry

h Å k Æ mÇ#Ê h Å M Ì 1 Í k Æ mÇÝÊ h Å k Æ M Ì 1 Í mÇÝÊ h Å M Ì 1 Í k Æ M Ì 1 Í mÇ¶Û k Æ m;

13To scalesubspacesin theoppositedirection(e.g.,theDaubechiesconvention),eachsubimageis gener-
atedby

f j ÅkÔ x
M Õ ÆZÔ y

M Õ Ç#Ê 1
M2

M Ë 1

∑
kÖ 0

M Ë 1

∑
mÖ 0

f 0 Å x Ì k Æ y Ì mÇ[Æ 0 × j × n Æ
wherethefilter M is of size2 j andresolutionlevel j Ê 0 correspondsto thehighestresolution.
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3. unimodality

0 × h Å j Æ k Ç�× h Å mÆ nÇ for j × m Ù M
2

andk × n Ù M
2

;

4. equalcontribution(all pixelsof f contributethesametotalweightto eachpixel of f j );

5. separability

h Å k Æ mÇ*Ê h Å k Ç h Å mÇ[Î
Theaveragingboxfilter is oftenchosenasthesmoothingfilter with h Å k Æ mÇ#Ê 1É M2 ÆVÛ k Æ m, whereM Ê 2n Ë j

definesthe filter sizeaswell as the filter coefficients. For example,the following subimagesareobtained

from a 4 Ó 4 image:

f 1 Å x
2
Æ y
2
Ç#Ê 1

∑
kÖ 0

1

∑
mÖ 0

f 2 Å x Ì k Æ y Ì mÇ
4

Æ f 0 Å x
4
Æ y
4
Ç8Ê 3

∑
kÖ 0

3

∑
mÖ 0

f 2 Å x Ì k Æ y Ì mÇ
16

Æ
where f 2 Å x Æ yÇ is theoriginal image.Usingthenormalizedboxfilter, examplesubsampledimagesareshown

in Figure29. TheMIP-mappingpyramidis formedby theunionof theoriginal imageandthesetof subsam-

pledimages.

Fig. 29. MIP-mapsubimages,processedby normalizedbox filter. Obtainedfrom The Centerfor Image
ProcessingResearch(CIPR),anInternetpublicdomainarchive(ftp://ipl.rpi.edu/pub/image/still/usc/bgr/-
baboon).

Reconstructionof the imageat a given pixel location Å x Æ yÇ dependson the desiredresolutionof the pixel.

The desiredresolutionlevel is bandlimitedto the numberof decomposedresolutionlevels (typically the

decompositionis dyadicin nature)boundedby thetwo closestresolutionsubimagesf j Ë 1 and f j . Thefinal

pixel valueat location Å x Æ yÇ is calculatedasa linearcombinationof pixel intensitiesin thepyramid:

f Å x Æ yÇ#Ê.Å 1 Í pÇ f j Ë 1 ÅkÔ x

2n Ë<Þ j Ë 1ß Õ ÆZÔ y

2n ËUÞ j Ë 1ß Õ Ç�Ì�Å pÇ f j Å�Ô x
2n Ë j Õ ÆZÔ y

2n Ë j Õ Ç[Î(5.85)

Equation(5.85) representslinear inter-map interpolation,shown schematicallyfor an 8 Ó 8 imagein Fig-

ure30. In caseswheretheimageis notbeingmappedontoaflat surface,intra-mapinterpolationmayalsobe

usedto preventaliasingartifacts(see[WW92, Ã 4.7.1]).Thecombinationof inter- andintra-mapinterpolation
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Fig. 30. Depictionof MIP-mappingalgorithm.
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is calledbi-linear interpolation.Thewavelet techniqueequivalentto Equation(5.85)discussedbelow does

not considerbi-linearinterpolation.

5.10.2 MIP-W avelets

To generatewaveletmultiscalerepresentationsof agivenimagematchingtheMIP-mapdecompositionusing

the normalizedbox filter, the lowpasswavelet filter Ä hk È is set to Ä 1É 2 Æ 1É 2 È . The detail filter is thenthe

quadraturemirror of Ä hk È , i.e., Ä gk È³ÊDÄ 1 É 2 Æ�Í 1É 2 È . To guaranteeperfectreconstruction,MIP-waveletdual

filtersarerequiredsothatconditions(5.58)and(5.59)aresimultaneouslysatisfied.For filtersof length2, the

following equationsmusthold:

h0Òh0 Ì h1Òh1 Ê 1(5.86)

g0Òh0 Ì g1Òh1 Ê 0 Î(5.87)

Given( Ä hk È�Æ�Ä gk È ), Ä Òhk È is derivedwith:

1
2 Òh0 Ì 1

2 Òh1 Ê 1 Æ from (5.86),andÆ(5.88)

1
2 Òh0 Í 1

2 Òh1 Ê 0 Æ from (5.87)Î(5.89)

From(5.89),Òh0 Ê Òh1, andsubstitutinginto (5.88),Òh0 Ê Òh1 Ê 1 Î
Thedualdetailfilter coefficientsarederivedfrom conditions(5.57)and(5.60),which generateequations:

g0 Òg0 Ì g1 Òg1 Ê 1(5.90)

h0 Òg0 Ì h1 Òg1 Ê 0 Î(5.91)

Usingderivedfilters ( Ä hk È�Æ�Ä gk È ), Ä Ògk È is foundby:

1
2 Òg0 Ì 1

2 Òg1 Ê 0 Æ from (5.91),andÆ(5.92)

1
2 Òg0 Í 1

2 Òg1 Ê 1 Æ from (5.90)Î(5.93)

From(5.92), Òg0 ÊDÍ Òg1, andsubstitutinginto (5.93),Òg0 Ê}Í Òg1 Ê 1 Î
MIP-wavelets,with coefficients given in Table 7, are unnormalizedversionsof the Haar filters. That is,

MIP-waveletsaresemi-orthogonalHaarwavelets(or pre-wavelets).In fact,normalizedHaarfilterswill gen-

eratethesametexturemappingatdyadicresolutionboundaries,but will loseluminanceinformationbetween
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TABLE 7
MIP-waveletfilters.

k 2 Å hk Ç 2 Å gk Ç 2 Å Òhk Ç 2 Å Ògk Ç
0 1 1 2 2
1 1 -1 2 -2

boundarieswherelinear interpolationis required.The benefitof the semi-orthogonalMIP-waveletsis that

correctluminancevalueswill begeneratedat any desiredresolutionlevel. Notethat thefilter coefficientsof

thelowpassfilter Ä hk È matchtheaveragingbox filter aboveexactly. This caneasilybeverifiedby obtaining

thetensorproductof thescalingfilter at any resolutionlevel. For example,at onelevel of resolution Å j Ê 1Ç
theeffective samplingfilter is a 2 Ó 2 filter with cellsequalto 1 É 4. At level j Ê 0, thefilter is a 4 Ó 4 filter

with cells equalto 1É 16. Note that underthe DWT, the zeroth Å j Ê 2Ç resolutionlevel (i.e., the original

image)is not presentin thepyramidaltransformation.BecauseMIP-waveletsgenerateidenticalsubsampled

lowpassimagesto subimagesgeneratedby averagedbox filters, in termsof resolution,bothdecompositions

areidentical. That is, in the caseof monochromaticimages,the sameluminanceresolutioninformationis

presentin thescaledsubimagesof bothapproaches.In otherwords,theMIP-waveletsderivedaboveserveas

thebasisfunctionsfor themultiresolutionaveragedboxfilter.

5.10.3 Variable ResolutionReconstructionwith MIP-wavelets

Reconstructionwith MIP-waveletsis losslessdueto theorthogonalityof thefilters. To obtaininterpolation

resultsidenticalto MIP-mapping,anintuitiveapproachwouldbeto maintainreconstructedscaledsubimages

producedby successivestepsof theIDWT, thento performtheinterpolationstepasgivenby Equation(5.85).

Although this approachwould yield identicalresultsdueto the equivalenceof subsamplingfilters andthe

DWT’s perfectreconstruction(dueto theorthogonalityof theMIP-wavelets),it is memory-intensive. What

is perhapsnot obvious is that identicalinterpolationresultscanbe obtainedby scalingwaveletcoefficients

prior to reconstruction.Scalingof the waveletcoefficientsprior to reconstructionresultsin the attenuation

of the signalwith respectto the average(low-pass)signal. Full decimationof the coefficients(scalingby

0) resultsin a lossy, subsampledreproductionof theoriginal. Conversely, scalingwaveletcoefficientsby 1

preservesall detail informationproducinglosslessreconstruction.Selectively scalingthe coefficientsby a

valuein the range à 0 Æ 1á at appropriatelevels of the wavelet pyramid producesa variableresolutionimage

uponreconstruction.This approachis equivalentto MIP-mappingreconstructionwith linearinterpolationof

pixel values.

In MIP-mapping,thevalueof theinterpolantp is determinedby somemappingfunctionwhich specifiesthe

desiredresolutionlevel l . Thetwo closestpyramidresolutionlevelsarethendeterminedby roundingdown
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andup to find subimagelevels j Í 1 and j. Theinterpolantvalueis obtainedby therelation:

p Ê l Í}â l ã5Î
Notethattheslopeof themappingfunctionshouldmatchtheresolutionhierarchyof thepyramid,i.e., if res-

olutiondecreaseseccentricallyfrom somereferencepoint,theparameterl shouldalsodecreaseeccentrically.

If it doesnot, its valuemaybereversedby subtractingfrom the numberof resolutionlevels, i.e., n Í l . To

scalewaveletcoefficients,p is setto either0, 1, or the interpolantvalueat particularsubbandsaccordingto

thefollowing relationsdependenton l :

p Ê äå æ 1 Æ j ×µâ l ã ;
l Í}â l ã�Æ j Êèç l é ;
0 Æ j êµç l é�Î(5.94)

For example,if at someparticularpixel location Å x Æ yÇ , l Ê 1 Î 5, thenwaveletcoefficientswould bepreserved

(scaledby 1) at levels j × 1, scaledby .5 at level j Ê 2, anddecimated(scaledby 0) at levels j ê 2 at the

appropriatepixel locationin thesubimages.

Theorem1 Waveletcoefficientscalingis equivalentto linear pixel interpolationunderMIP mapping.

Proof: Considertheinterpolationstepin thelatter,

f Ê.Å 1 Í pÇ f j Ë 1 Ì�Å pÇ f j Æ
which is equivalentto Equation(5.85)with implicit pixel coordinates.Whenthereis no needfor interpo-

lation, i.e., the desiredresolutionlevel at a pixel falls on a mappedresolutionboundary, l Í©â l ã§Ê 0, and

j Êèç l é³Ê l , then

f Ê ë f j Ë 1 Ê f l Ë 1 if p Ê 0;
f j Ê f l if p Ê 1;

or simply f Ê f l meaningthattheresolutionat thegivenpixel will matchtheresolutionlevel of thesubimage

at the l th pyramidlevel. Simplifying theIDWT reconstructionEquation(5.75)andexpanding,

f j
φφ Ê©Å pf j Ë 1

ψ Ì�Î�Î�Î�Ì¯Å pf 2
ψ Ì¯Å pf 1

ψ Ì�Å pf 0
ψ Ì f 0

φφ Ç!Ç�ÇnÎ!Î�ÎìÇ[Æ(5.95)

where f j
ψ collectively representssubimagescontainingwaveletcoefficient, f j

ψφ, f j
φψ, f j

ψψ, with implied pixel

coordinates.Note that in Equation(5.95) the symbol p is now the interpolantandnot the binary selection

variableasusedin Equation(5.75).In thecasewhenl Í}â l ã¨Ê 0,

f Ê.Å 0 Î�Î�Î!Ì¯Å f l
ψ Î�Î!Î!Ì�Å f 2

ψ Ì¯Å f 1
ψ Ì�Å f 0

ψ Ì f 0
φφ Ç�Ç!ÇnÎ�Î!Î¤ÇnÎ�Î!ÎìÇ[Î

Since f j Ø 1
φφ Ê f j

ψ Ì f j
φφ at eachlevel of reconstruction,the resultantimagewill containresolutionmatching

thecontentsof subimagef l Ø 1. Thesubimagef l Ø 1 containstheaverage(lowpass)componentat level l Ì 1,

or equivalently, it containstheentirereproducedimageat level l . In this case,the reconstructedimagewill
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containresolutionno finer thanthatfoundin subimagef l , i.e., f Ê f l , aswith MIP-mapping.

When l Í©â l ãîíÊ 0, i.e., interpolationis requireddueto the mappingfalling betweenresolutionboundaries,

MIP mappingreproducesresolutionat eachpixel locationaccordingto Equation(5.85). In theIDWT, withâ l ã^Ù l Ù2ç l é ,
f Ê.Å 0 Î!Î�Î!Ì¯Å 0 Ì�Å pf ï l ðψ Ì¯Å f ñ l òψ Î�Î!Î!Ì�Å f 2

ψ Ì�Å f 1
ψ Ì¯Å f 0

ψ Ì f 0
φφ Ç!Ç�ÇnÎ!Î�ÎìÇ�Ç!ÇnÎ�Î!Î¤Ç[Î

Thatis, resolutionat thegivenpixel locationis no finer thanwhatis reproducedat subimagef ï l ðóØ 1
φφ , since

f ï l ðóØ 1
φφ Ê pf ï l ðψ Ì f ñ l òôØ 1

φφÊ pf j
ψ Ì f j

φφÊ f j Ø 1
φφÊ f j Æ(5.96)

where â l ã5Ì 1 ÊÁç l é , and j ÊSç l é from Equation(5.94). Equation(5.96)shows that the reconstructedreso-

lution will be no finer thanthe resolutioncontainedin f l matchingthe finestresolutionlevel producedby

MIP-mappingasspecifiedby Equation(5.85).

What remainsto beshown is that theresolutiongainobtainedby scalingwaveletcoefficients(at level j) is

equivalentto thegainobtainedby the MIP-mappinginterpolation.That is, the scalingoperationpf j
ψ Ì f j

φφ

is equivalent(in termsof resolutiongain)to the interpolation Å 1 Í pÇ f j Ë 1 Ì¯Å pÇ f j . To prove this, recall the

reconstructionrelation,

f j
φφ Ê f j Ë 1

ψ Ì f j Ë 1
φφ or Æ

f j Ø 1
φφ Ê f j

ψ Ì f j
φφ giving Æ

f j
ψ Ê f j Ø 1

φφ Í f j
φφ Î(5.97)

SubstitutingEquation(5.97)into thewaveletscalingequation,

pf j
ψ Ì f j

φφ Ê f j
φφ Ì pf j

ψÊ f j
φφ Ì p Å f j Ø 1

φφ Í f j
φφ ÇÊ f j

φφ Í pf j
φφ Ì pf j Ø 1

φφÊ Å 1 Í pÇ f j
φφ Ì pf j Ø 1

φφÊ Å 1 Í pÇ f j Ë 1
φφ Ì pf j

φφÊ Å 1 Í pÇ f j Ë 1 Ì pf j

completestheproofshowing thatscalingwaveletcoefficientsby p atpyramidlevel j is equivalentto linearly

interpolatingpixel valuesof scaledsubimagesf j Ë 1, f j throughMIP-mapping. õ


