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ABSTRACT

Gaze-ContingentVisualCommunication.(August1997)

Andrew TedDuchowski, B.Sc.,SimonFraserUniversity

Chairof Advisory Committee:Dr. BruceH. McCormick

Virtual environmentstodaylack realism. Real-timedisplayof visually rich sceneryis encumberedby the

demandof renderingexcessive amountsof information. This problemis especiallyseverein virtual reality.

To minimize refreshlatency, imagequality is often sacrificedfor speed.What’s missingis knowledgeof

theparticipant’s locusof visualattention,andanunderstandingof how an individual scansthevisualfield.

Neurophysiologicalandpsychophysicalliteratureon the humanvisual systemsuggeststhe field of view is

inspectedminutatimthroughbrief fixationsover small regionsof interest.Significantsavings in scenepro-

cessingcanbe realizedif fine detail information is presented“just in time” in a gaze-contingent manner,

deliveringonly asmuchinformationasrequiredby theviewer.

An attentivemodelof vision is proposedwhereVolumesOf Interest(VOIs) representfixationsthroughtime.

The visual scanpath,composedof raw two-dimensionalpoint of regard(POR)data,is analyzedover a se-

quenceof video framesin time. Fixation locationsarepredictedby a piecewise auto-regressive integrated

moving average(PARIMA) time seriesmodelof eye movements.PARIMA modelparametersarederived

from establishedspatio-temporalcharacteristicsof eyemovements.PORdatais fitted to thePARIMA model

throughthe applicationof the three-dimensionalwavelet transform. Identifiedfixationsareassembledinto

volumesin three-dimensionalspace-time,delineatingdynamicfovealattention.

TheattentivevisualmodelutilizesVOIsto synthesizevideosequencesmatchinghumanvisualacuity. Specif-

ically, spatialresolutiondropsoff smoothlywith thedegreeof eccentricityfrom theviewer’s point of gaze.

Seamlessdegradationof individual video framesis accomplishedthroughinhomogeneouswavelet recon-

structionwheretheintersectionsof VOIsandframesconstituteexpectedfovealregions.Peripheraldegrada-

tion of video is evaluatedthroughhumansubjective quality testingin a gaze-contingentenvironment. The

proposedmethodof visual representationis applicableto systemswith inherentlyintensive displayrequire-

mentsincludingteleoperatorandvirtual environments.
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CHAPTER I

INTRODUCTION

“Vision is investigatedby threedifferentschoolsof the scientificcommunity. Neurophysiolo-

gistsattemptto understandhow sensoryandneuralmechanismsof biologicalsystemsfunction.

PerceptualPsychologists try to understandthe psychologicalissuesgoverningthe taskof per-

ception,and ComputerVision Scientistsinvestigatethe computationaland algorithmic issues

associatedwith imageacquisition,processing,andunderstanding.”

– TrivediandRosenfeld(asfoundin [JR94, p.1]).

Computerscientistsbuild systems.This dissertationaddressesthedesignof agaze-contingentsystemaimed

at matchingtherequirementsof humanvisualattention.This differssignificantlyfrom thegoalof building

a systemto replicatehumanvision throughcomputationalmeans.The latter is reminiscentof early artifi-

cial intelligenceefforts which, althoughambitious,have not yet beenfully realized. In contrast,the work

developedhereis concernedprimarily with adaptingvisualdisplaysystemsto exploit inherentlimitationsof

humanperception.

Neurophysiologicalandpsychophysicalliteratureon the humanvisual systemsuggeststhe field of view is

inspectedminutatimthroughbrief fixationsover small regionsof interest. This allows perceptionof detail

throughthefovea.Fovealvision,subtending5
�

(visualangle),allowsfinescrutiny of 3%of theentirescreen

(21inmonitorat � 60cmviewing distance).Approximately90%of viewing time is spentin fixations.When

visual attentionis directedto a new area,fasteye movements(saccades)repositionthe fovea. Significant

savings in sceneprocessingcanbe realizedif fine detail informationis presented“just in time” in a gaze-

contingentmanner, deliveringonly asmuchinformationasrequiredby theviewer.

1.1 Research Objective

The objective of this dissertationis to build a gaze-contingent(GC) visual displaysystemto matchhuman

vision. GC systemsdisplaycomputer-mediatedimagery(e.g.,videoor graphics)manipulatedin a manner

dependenton (thesystem’s) knowledgeof the viewer’s point of regard. Applicationexamplesinclude,but

arenot limited to, videotelephony, flight simulation,andvirtual reality. Thesevisualcommunicationsystems

This dissertationfollows thestyleandformatof SIAM Journalon NumericalAnalysis.
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displayinformationto the viewer throughimagery. The term“communication”asusedherelooselyrefers

to human-computercommunicationratherthanto communicationbetweencomputers(e.g.,overnetworks),

or betweenprocessorandmonitor(e.g.,real-timedisplay).Thelatter typeof communicationis a subsidiary

considerationasa resultof bandwidth-limitedinformationrequirementsoutsidethe viewer’s field of view.

Themainobjectiveof thecurrentwork is to adaptively presentvideoinformationmatchingthevisualatten-

tion andperceptual(not performance)capacityof thehumanvisualsystem.1

Thetaskof a visualcommunicationsystemis to displaynaturalsceneryby either:� replicatingthe environmentthrougha digitally-processedfacsimile(e.g.,video), in a mannerindis-

cerniblefrom theoriginal,or� syntheticallymodelingtheenvironment(e.g.,graphics)to evoke its perception.

Examplesof the former includedigital imagerywherenaturalscenesaremanipulated(encoded/decoded)

in an imperceptiblemanner. A prominentinstanceof this methodologyis the Joint PhotographersExperts

Group(JPEG)imagecompressionstandard[Wal91]. TheJPEGstandardquantizesdigital imageryat just-

perceptibledegradationquality levels. An exampleof thelatter is virtual reality, wheresceneryis generated

to imitatereality. Virtual realitycreatesanillusory environmentwherecomputergeneratedimageryis meant

to evoke the perceptionof naturalscenes.Realismandcomputationalefficiency arecommongoalsof the

two domains.The visual communicationsystemproposedhereinfalls in the former classsincethe objec-

tive is a methodof videodegradationimperceptibleto thehumanobserver. Themethodsfor imperceptible

degradationdevelopedin this thesisaredirectlyapplicableto thelatterdomain(e.g.,virtual reality)wherethe

distinctionbetweennaturalandsyntheticsceneryis becomingincreasinglyblurred. The principlesbehind

theimperceptibledisplaymethodologyareapplicableto bothdomains.

The experimentaltestbeddevelopedto evaluateimperceptiblevideo display techniquesis a multithreaded

programwhich simultaneouslytransfersvideo and trackseye movementsin real-time. Treatingthe eye

tracker asanordinarypositionalsensor, thearchitecturesharesmany similaritieswith traditionalvirtual en-

vironmentsystemdesigns.

It is tacitly assumedthat the measuredpoint of regard: (1) coincideswith the subject’s true point of gaze,

and(2) indicatesthe subject’s focusof attention.Underthis assumption,the objectivesof this dissertation

arethree-fold: (1) the studyof the dynamicaspectsof eye movements,(2) the visualizationof attentionin

space-time,and(3) thequantificationof perceptuallimitationsof humanfovealandperipheralvision.

1Thedistinctionbetweenvisualperceptionandperformanceis relevantto theempiricalevaluationof the
peripheralimagedegradationtechnique,andis addressedin

�
XIII.
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1.2 SpecificAims

To addressthegaze-contingentrequirementsof thevisualdisplay, thisdissertationtargetsthreespecificaims:

1. Developmentof eye movementanalysisandmodelingtechniquesfor the spatiotemporallocalization

of saccades,fixations,andsmoothpursuitmovements.

2. Visualizationof eye movementsin space-timethroughVolumesOf Interest providing an aggregate

graphicalrepresentationof visualattention.

3. Implementationof videoresolutiondegradationmethodsmatchinghumanvisualacuity.

The first and third objectivesarerealizedusing the multiresolutiondiscretewavelet transformthroughits

propertiesof frequency localizationandmultiscalesubsampling.A real-timeeye tracker is usedfor eye

movementdataacquisitionandperformanceof subjectivequalityexperiments.

1.3 DissertationOrganization

The humanvisual systemis studiedfrom threeconceptualperspectives. First, the phenomenonof visual

attentionis presentedin ChapterII. Second,thestructureandfunctionalityof thevisualsystemis described

in ChapterIII. Third, characteristicsof eye movementsarereviewedin ChapterIV. ChaptersII throughIV

constitutethetheoreticalfoundationfor thedevelopmentof thegaze-contingentsystem.

ChapterV introduceswavelettheory, which formsthemathematicalframework for deterministicdigital sig-

nal analysis.ChapterVI reviews time seriesanalysisappropriatefor modelingstochasticprocesses.These

chaptersprovidethemathematicalframework for eyemovementanalysisandmodeling,andgaze-contingent

videosynthesis.Readersfamiliarwith waveletandtime seriesanalysistheoriesmayomit thesechapters.

ChapterVII integrateswaveletanalysisin thecontext of timeseriesandproposesawavelet-basedtimeseries

modelof eye movements.ChapterVIII introducesa three-dimensionalgraphicaltechniquefor visualizing

eye movementsin space-time.Aggregatethree-dimensionaleye movementpatternsconstitutean attentive

modelof vision in the form of VolumesOf Interest(VOIs) representingdynamicfixations. ChapterIX de-

velopsa wavelet-basedimagesynthesistechniquematchinghumanvisual acuity. This methodis usedto

smoothlydegraderesolutionin peripheralregionsof an image. ChaptersVII throughIX resolve the three

specificaimsof this dissertation.

Evaluationof theproposedtechniquesis presentedin chaptersX throughXIII. ChapterX presentstheex-

perimentalmethodandapparatus,andempiricalresultsof threeexperimentsaregivenin ChaptersXI, XII,

andXIII.
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Concludingremarksareofferedin ChapterXIV andfuturedirectionsarerecommendedin ChapterXV.
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CHAPTER II

VISUAL ATTENTION

“Everyoneknows what attentionis. It is the taking possessionby the mind, in clearandvivid

form, of oneout of whatseemseveralsimultaneouslypossibleobjectsor trainsof thought.Fo-

calization,concentration,of consciousnessareof its essence.It implieswithdrawal from some

thingsin orderto dealeffectively with others...”

–William James[Jam81, pp.381-382]

Humansarefinite beingsthatcannotattendto all thingsat once. Attention is usedto focusour mentalca-

pacitieson selectionsof thesensoryinput sothat themind cansuccessfullyprocessthestimulusof interest.

Our capacityfor informationprocessingis roughlyboundedby the“magic” number7 � 2 [Mil56]. While

listeningto anorchestra,it is possibleto concentrateon specificinstruments,e.g.,theflute or theoboe.The

brainprocessessensoryinputby concentratingon specificcomponentsof theentiresensoryrealmsothatin-

terestingsights,sounds,smells,etc.,maybeexaminedwith greaterattentionto detailthanperipheralstimuli.

This is particularlytrueof vision. Visualsceneinspectionis performedminutatim, not in toto. Thatis, human

vision is a piecemealprocessrelying on the perceptualintegrationof small regionsto constructa coherent

representationof the whole. In this chapter, attentionis recountedfrom a historicalperspective following

the narrative found in [Van92]. The discussionfocuseson attentionalmechanismsinvolved in vision, with

emphasison two maincomponentsof visualattention,namelythe“what” andthe“where”.

2.1 ChronologicalReview of Visual Attention

The phenomenonof visual attentionhasbeenstudiedfor over a century. Early studiesof attentionwere

technologicallylimited to simpleocularobservationsandoftentimesto introspection.Sincethenthefield has

grown to aninterdisciplinarysubjectinvolving thedisciplinesof psychophysics,cognitiveneuroscience,and

computerscience,to namethree.Thissectionpresentsaqualitativehistoricalbackgroundof visualattention.

2.1.1 Von Helmholtz’s “wher e”

At thestartof the20th century, HermannVonHelmholtzpositedvisualattentionasanessentialmechanismof

visualperception.In his Treatiseon Physiological Optics, henotes,“We let our eyesroamcontinuallyover

thevisualfield, becausethatis theonly waywecanseeasdistinctlyaspossibleall theindividualpartsof the

field in turn.” [VonH25, p.63].Notingthatattentionis concernedwith asmallregionof space,VonHelmholtz
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observedvisualattention’snaturaltendency to wanderto new things.He alsoremarkedthatattentioncanbe

controlledby a consciousandvoluntaryeffort, allowing attentionto peripheralobjectswithout makingeye

movementsto thatobject.Von Helmholtzwasmainlyconcernedwith eyemovementsto spatiallocations,or

the“where” of visualattention.In essence,althoughvisualattentioncanbeconsciouslydirectedatperipheral

objects,eye movementsreflectthewill to inspecttheseobjectsat fine detail. In this sense,eye movements

provideevidenceof overtvisualattention.

2.1.2 James’“what”

In contrastto Von Helmholtz’s ideas,William Jamesbelievedattentionto bea moreinternallycovertmech-

anismakin to imagination,anticipation,or in general,thought[Jam81,
�

XI]. Jamesdefinedattentionmainly

in termsof the“what”, or theidentity, meaning,or expectationassociatedwith thefocusof attention.James

favoredtheactive andvoluntaryaspectsof attentionalthoughhealsorecognizedits passive, reflexive,non-

voluntaryandeffortlessqualities.

Both views of attention,which arenot mutually exclusive, bearsignificantlyon contemporaryconceptsof

visualattention.The“what” and“where” of attentionroughlycorrespondto foveal(James)andparafoveal

(Von Helmholtz)aspectsof visualattention,respectively.

2.1.3 Broadbent’s “selectivefilter”

Attention, in onesense,is seenasa “selective filter” responsiblefor regulatingsensoryinformationto sen-

sory channelsof limited capacity. In the 1950’s, Donald Broadbentperformedauditory experimentsde-

signedto demonstratetheselectivenatureof auditoryattention[Bro58]. Theexperimentspresenteda listener

with informationarriving simultaneouslyfrom two differentchannels,e.g.,thespokennumerals� 7 � 2 � 3 � to

the left ear, � 9 � 4 � 5 � to the right. Broadbentreportedlisteners’reproductionsof either � 7 � 2 � 3 � 9 � 4 � 5 � , or� 9 � 4 � 5 � 7 � 2 � 3 � , with no interwoven(alternatingchannel)responses.Broadbentconcludedthat information

entersin parallelbut is thenselectively filteredto sensorychannels.

2.1.4 Deutschand Deutsch’s “importance weightings”

In contrastto the notion of a selective filter, J. Anthony DeutschandDianaDeutschproposedthat all sen-

sorymessagesareperceptuallyanalyzedat thehighestlevel, precludinga needfor a selective filter [DD63].

DeutschandDeutschrejectedthe selective filter andlimited capacitysystemtheoryof attention;they rea-

sonedthat thefilter would needto beat leastascomplex asthe limited capacitysystemitself. Instead,they

proposedthe existenceof centralstructureswith preset“importanceweightings”which determinedselec-
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tion. DeutschandDeutscharguedthat it is not attentionassuchbut theweightingsof importancethathave

a causalrole in attention.Thatis, attentionaleffectsarea resultof importance,or relevance,interactingwith

theinformation.

It is interestingto note that Broadbent’s selective filter correspondsto Von Helmholtz’s “where”, while

DeutschandDeutsch’s importanceweightingscorrespondto James’expectation,or the“what”. Theseseem-

ingly opposingideaswereincorporatedinto a unified theoryof attentionby Anne Treismanin the 1960’s

(althoughnot fully recognizeduntil 1971). Treismanbroughttogethertheattentionalmodelsof Broadbent

andDeutschandDeutschby specifyingtwo componentsof attention:theattenuationfilter followedby later

(central)structuresreferredto as‘dictionary units’. Theattenuationfilter is similar to Broadbent’s selective

filter in that its function is selectionof sensorymessages.Unlike theselective filter, it doesnot completely

block unwantedmessages,but only attenuatesthem.Thelaterstagedictionaryunitsthenprocessweakened

andunweakenedmessages.Theseunitscontainvariablethresholdstunedto importance,relevance,andcon-

text. Treismanthusbroughttogetherthe complementarymodelsof attentionalunit or selective filter (the

“where”), andexpectation(the“what”).

2.1.5 Noton and Stark’ s “scanpaths”

In their studyof eye movements,NotonandStarkhelpedcastdoubton theGestalthypothesisthatrecogni-

tion is aparallel,one-stepprocess[NS71a, NS71b]. TheGestaltview of recognitionis awholisticonewhich

suggeststhat vision reliesto a greatextent on the tendency to groupobjects. Although well known visual

illusionsexist to supportthisview (e.g.,subjectivecontoursof theKanizsafigure,see[Mar82, p.51]),results

of NotonandStark’s work suggestthatvisualrecognitionis serialin nature.NotonandStarkmeasuredeye

movementsover imagesandidentifiedthesepatternsas“scanpaths”.Scanpathsshow that subjectstendto

fixateidentifiableregionsof interest,or “informativedetails”,eventhoughtheorderof eye movementsover

theseregionsis quitevariable.Thatis,givenapictureof asquare,subjectswill fixateonthecorners,although

theorderin which thecornersarevieweddiffersfrom viewer to viewerandevendiffersbetweenconsecutive

observationsmadeby thesameindividual.1 In contrastto theGestaltview, NotonandStark’swork suggests

thata coherentpictureof the visual field is constructedpiecemealthroughthe assemblyof serially viewed

regionsof interest.NotonandStark’s resultssupportJames’“what” of visualattention.With respectto eye

movements,the “what” correspondsto regionsof interestselectively filtered by foveal vision for detailed

processing.

1Seealsothework of Yarbus[Yar67].
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2.1.6 Posner’s “spotlight”

Contraryto theserial“what” of visualattention,theorienting,or the“where”, isperformedin parallel[PSD80].

Posnersuggestedanattentionalmechanismableto moveaboutthescenein amannersimilar to a“spotlight”.

The spotlight,beinglimited in its spatialextent, seemsto fit well with Noton andStark’s empiricalidenti-

ficationof fovealregionsof interest.Posner, however, dissociatesthespotlightfrom fovealvision. Instead,

the spotlight is an attentionalmechanismindependentof eye movements.Posneridentifiedtwo aspectsof

visualattention:theorientingandthedetectingof attention.Orientingof attentionmaybeanentirelycen-

tral (covert, or mental)aspectof attention,while the detectingaspectis context-sensitive requiringcontact

betweenthe attentionalbeamandthe input signal. The orientingof attentionis not alwaysdependenton

the movementof the eyes. That is, it is possibleto attendto an objectwhile maintaininggazeelsewhere.

Accordingto Posner, theorientingof attentionmustbedonein parallelandmustprecedethedetectingaspect

of attention.

2.1.7 Treisman’s “glue”

Thedissociationof attentionfrom fovealvisionis animportantpoint. In termsof the“what” andthe“where”,

it seemslikely that the “what” relatesto serialfovealvision. The “where”, on the otherhand,is a parallel

processperformedparafoveally, or peripherally, which dictatesthenext focusof attention.2 PosnerandNo-

tonandStarkadvancedthetheoryof visualattentionalongsimilar linesforgedby Von HelmholtzandJames

(andthenBroadbentandDeutschandDeutsch).Treismanonceagainbroughttheseconceptstogetherwith a

featureintegrationtheoryof visualattention[TG80, Tre86]. In essence,attentionprovidesthe“glue” which

integratestheseparatedfeaturesin a particularlocationsothat theconjunction,i.e., theobject,is perceived

asa unifiedwhole. Attentionselectsfeaturesfrom a mastermapof locationsshowing where all the feature

boundariesarelocated,but not what thosefeaturesare. That is, themastermapspecifieswherethingsare,

but not whatthey are.Thefeaturemapalsoencodessimpleandusefulpropertiesof thescenesuchascolor,

orientation,size,andstereodistance.

2.1.8 Kosslyn’s “windo w”

Recently, Kosslynproposeda refinedmodelof visual attention[Kos94]. Kosslyndescribesattentionasa

selective aspectof perceptualprocessing,andproposesan attentional“window” responsiblefor selecting

patternsin the “visual buffer”. The window is neededsincethereis moreinformationin the visual buffer

thancanbepasseddownstream,andhencethetransmissioncapacitymustbeselectively allocated.That is,

2This point will be examinedfurther whenindependentprocessingof objectshapeandlocationis dis-
cussedin

�
3.1.2.



9

someinformationcanbepassedalong,but otherinformationmustbefilteredout. This notion is similar to

Broadbent’s selective filter andTreisman’s attenuationfilter. The novelty of the attentionalwindow is its

ability to beadjustedincrementally, i.e., thewindow is scalable.Anotherinterestingdistinctionof Kosslyn’s

modelis thehypothesisof a redundantstimulus-basedattention-shiftingsubsystem(e.g.,a typeof context-

sensitive spotlight)in mentalimagery. Mental imageryinvolvestheformationof mentalmapsof objects,or

of theenvironmentin general.It is definedas“...thementalinventionor recreationof anexperiencethatin at

leastsomerespectsresemblestheexperienceof actuallyperceiving anobjector anevent,eitherin conjunc-

tion with, or in theabsenceof, directsensorystimulation”[Fin89, p.2].

2.1.9 ChronologicalReview Summary

An historicalaccountof attentionis aprerequisiteto forminganintuitiveimpressionof theselectivenatureof

perception.Thesingularidiomsdescribingtheselective natureof attentionarethe“what” andthe“where”.

The “where” of visual attentioncorrespondsto the visual selectionof specificregionsof interestfrom the

entirevisual field for detailedinspection.Notably, this selectionis oftencarriedout throughthe aid of pe-

ripheralvision. The “what” of visual attentioncorrespondsto the detailedinspectionof the spatialregion

througha perceptualchannellimited in spatialextent.

2.2 Visual Search

The areaof fixation is referredto as the perceptualspan, or perhapsmore appropriately, the attentional

span[Hen92]. Theshapeof theattentionalspanmaybeasymmetricaldueto attentionalfactors:readersmay

have a strategy for reading,anticipatingoncomingwords[Ore92]. For example,the window is skewed to

theright for readersof English,andit is skewedto the left for readersof Hebrew text. Irwin useda moving

window to limit the numberof text characterspresentedto readers[Irw92]. A window of only the current

word plus14 characterswassufficient for readingpurposes.Thegeneralshapeof theattentionalspanis not

well understood.In viewing imagery, thereis no“right way” to look atapicture[Ken92]. If thepictureis ac-

companiedby text describingit, thedescriptionmaypresentanovertstrategy to thereader[Heg92, Koo88].

In eithercase(with or without text) thereappearsto beno canonicalscanpathfor viewing pictures[NS71a].

Posner’sspotlightmodelandTreisman’sFeatureIntegrationTheory(FIT) arebothwell known theoriespre-

dicting visual searchto limited extents[KKP92, Ser92]. Extensionsto thesetheorieshave sparked debate

as to whethervisual attentionis carriedout in sequenceor in parallel. Henderson’s sequentialattention

modelpredictssaccadicprogrammingbasedon anestimated350ms“timeout,” wherebyif thenext fixation

hasnot beenprogrammed,theeyesre-fixateon thecurrenttarget [Hen92]. Wolfe’s GuidedSearch(version
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2.0) extendsFIT andarguesthat a limited numberof basicvisual featuresareanalyzedin parallelacross

largeportionsof thevisual field [Wol93]. The plausibility of parallel,attentionalprocessingof theperiph-

ery is gainingacceptance.Evidenceto supportparallelaspectsof Wolfe’s theorywasrecentlydemonstrated

throughelectrophysiologicalrecordingsof brainactivity in [Luc93].

Visualsearchis at leastpartially deterministicfor anindividual,andnot completelyrandom[DMS93]. The

next fixation locationcanbe determinedin eitheror both the following ways: the viewer’s strategy (asin

reading),and/orbasedon knowledgeof surroundingstimuli gainedthroughperipheralvision. The relative

importanceof thesurroundingstimulus,however, is still underinvestigation,althoughit is known that in its

absencegazedurationsincrease,suggestingproblematicprocessingof thescene.

2.3 SceneIntegration

Given that the attentionalspanis constrainedspatiotemporally, an interestingproblemarises: how is an

individual able to “piece together”the entirescene?This is known as the sceneintegration problem. At

present,no coherenttheoryof scenerecognitionexists [DeG92]. Proposedpartial theoriesof sceneintegra-

tion suggestthat in orderto perceive anentirescene,thepiecesobservedfoveally (duringfixations)needto

be splicedtogether[HLM92]. Extrafoveal informationmay contribute to sceneperceptionaswell. There

maybeinformationin theperipherythataddsto theprocessingof thescene.This is known aspre-attentive

(or preview) benefit.For thepurposesof visualcommunication,it is clearthat in orderto presenta coherent

videosequenceto theviewer, bothfovealandperipheralregionsmustcontainsufficient informationfor the

viewer to perceive theimage.In orderto minimizetheamountof datafrom thesystem’s point of view, both

fovealandperipheralimageryneedto becharacterizedin termsof saliency. Thenotionthatinformationfrom

pixel-to-pixel is retainedis almostcertainlywrong—thereis no “integrative buffer”, “retinoid”, or “stable

featureframe” representation[Irw92]. This is dueto themotion-sensitive,single-cellphysiologicalorgani-

zationof thehumanvisualsystem(see
�
3.2.2.5).The “images” thatarestoredareprobablymoreabstract,

akin to Marr’s 2 1/2D sketch[Mar82]. This maybethereasonsmalldifferencesin successive videoframes

aredifficult to perceive. Thus,characterizingsaliency requiresdeterminingjust the right, or perhaps“just

perceptible”,imagecomponents.

2.4 Summary

Theattentional“what” and“where” duality is relevantto displayandinterfacedesignsincethis conceptcan

guideinformationalcontentpresentationby matchingtheprocessingcapacityof fovealandperipheralvision.

In visualsearchwork, theconsensusview is thataparallel,pre-attentivestageacknowledgesthepresenceof



11

four basicfeatures:color, size,orientation,andpresenceand/ordirectionof motion [Dol93, Wol93]. Doll

et al. suggestthat featureslikely to attractattentionincludeedges,corners,but not plain surfaces[DMS93].

ToddandKramersuggestthatattention(presumablyin the periphery)is capturedby suddenonsetstimuli,

uniquelycoloredstimuli (to a lesserdegreethansuddenonset),andbrightanduniquestimuli [TK93]. There

is doubtin the literaturethathumanvisual searchcanbe describedasan integrationof independentlypro-

cessedfeatures[VOD93]. VanOdenandDiVita suggestthat “...any theoryon visualattentionmustaddress

thefundamentalpropertiesof earlyvisualmechanisms.” To attemptto quantifythevisualsystem’s process-

ing capacity, theneuralsubstrateof thehumanvisual systemis examinedin ChapterIII which surveys the

relevantneurologicalliterature.
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CHAPTER III

NEUROPHYSIOLOGY

The limited informationcapacityof theHumanVisualSystem(HVS) providesepistemologicalreasonsfor

visualattentionfrom a phylogeneticalstandpoint,andis the raisond’être of visualattention.Thedynamics

of visual attentionprobablyevolved in harmony with (or perhapsin responseto) the perceptuallimitations

imposedby theneurologicalsubstrateof thevisualsystem.For this reason,the designof a visualcommu-

nicationsystemmatchedto humanperceptionmustconsidertheneuralmechanismsof theHVS. Theneural

substrateof thehumanvisualsystemis examinedin this section.Emphasisis placedon differentiatingthe

processingcapabilityof fovealandperipheralvision.

3.1 The Brain and the Visual Pathways

Thecerebralcortex is composedof numerousregionsclassifiedby their function[Zek93]. A simplifiedrep-

resentationof corticalregionsis shown in Figure1. Thehumanvisualsystemis functionallydescribedby the
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Fig. 1. Thebrainandthevisualpathways.
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connectionsbetweenthe retinaandcortical regions,known asvisual pathways. Pathwaysjoining multiple

cortical areasinvolved in commonvisual functionsarereferredto asstreams.Figure1 highlightsregions

andpathwaysrelevantto selective visualattention.For clarity, many connections,particularlyinvolving the

Pulvinar, areomitted.

Theremay be asmany astwenty regionstopographicallycodingall or part of the visual field. The visual

stimulusis represented(encoded)by at leasttwo functionallydistinctcognitiveandsensorimotorrepresenta-

tions[Bri95]. Thecognitiverepresentationprovidesvisualknowledge(perception)of identitiesandlocations

of objects,while the sensorimotorencodingdrivesvisually guidedbehavior. Thesedualvision systemsdo

not alwaysfunctionindependently, aswill bediscussedin
�
3.1.1.

Visualpathwaysnervatefrom theretina,throughtheopticchiasmandtheLateralGeniculateNucleus(LGN).

TheLGN is thevisualnucleusbodyin theThalamus[Mum95]. TheThalamusisacollectionof smaller(func-

tionally specificandnon-specific)nuclei.Essentiallyall input to thecortex is relayedthroughtheThalamus.

ThePulvinaris anothermemberof theThalamus[OK95]. It is a largesubcorticalstructure,itself dividedinto

at leastfour smallernuclei. Althoughnot shown in Figure1, it is heavily interconnectedwith visualcortical

areas.Theprojectionof theLGN to thevisual(striate)cortex (areaV1) preservesthetwo-dimensionalretinal

layoutof thevisual image.Thalmacorticalpathwaysarereciprocatedby feedbackpathwaysfrom thecortex

backto theThalamus,forming a massive systemof local loopsbetweentheThalamusandtheentirecortex.

It is believedthatcortical feedbackgatesthalamictransmissionof subcorticaldata,i.e., feedbackallows the

cortex to attendto partof thesedataselectively. Along theretinocorticalprojections,pathwaysbranchoff to

theSuperiorColliculus(SC),a region implicatedin saccadicprogramming.In a double-stepparadigm,sin-

gleunit recordingshaveshown that,beforethefirst saccade,thebrainencodesthesecondtarget’sretinotopic

locationwithin the parietalcortex, frontal eye field, andthe SC [PS95]. During executionof the first eye

movement,this informationis updatedto representthelocationof thesecondtargetasit would befoundon

theretinaafter thefirst saccade.TheSCalsomediatesthefunctionof remappingauditoryspaceinto visual

coordinates(presumably)for the purposeof target foveationthroughsaccadiceye movements.In general

terms,it is thoughtthe parietalcortex “disengagesattention”, the SC “movesattention”,andthe Pulvinar

“engagesattention”[OK95].

TheLGN projectsparallelMagno-andParvo-cellular(M-, P-)pathwaysto thestriatecortex. Thevisualcor-

tex (area17, or V1) is theprimaryvisualprocessingcenter(top of thevisualhierarchy).Pathwaysproceed

from the visual cortex to highervisual centers,V2–V4, the Middle Temporal(MT) area,or areaV5, and

the Middle SuperiorTemporal(MST) cortex. Functionally, centerV1 is responsiblefor the detectionof a

completerangeof stimuli, e.g.,color, motion,andorientation.CentersV2, V3, V3A, V4, MT, etc.,arethe
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secondaryspecializedvisual centers,responsiblefor a hostof higher-level visual functionssuchasretinal

disparity, orientationof contours,directionof motion, size,shape,andcolor. The MT andMST furnish a

largeprojectionto theDorsolateralPons,known to contributeto smoothpursuiteyemovements[GN95].

Nervationsemanatingfrom V1 to the parietaland temporalcorticesarereferredto as the parietal(dorsal

stream)andtemporal(ventralstream)pathways,respectively [Nel95]. Thetemporalcortex is associatedwith

cognitive aspectsof vision while the parietalcortex is involved with sensorimotorfunctions. The ventral

streamcorrespondsto thecentralvisualfield, andis generallyidentifiedasthe“what” of visualprocessing.

The dorsalstreamis affiliated with the peripheralvisual field andperformsthe “where” function. Specif-

ically, the ventralstreamperformsprecisefigure synthesisandrecognitionof successively fixatedobjects

andsharesthe outputwith the dorsalstream.Parietalareasalongthe dorsalstreamperceive andlearnthe

spatialarrangementsof objects.Nelsonalsorefersto theventralanddorsalpathwaysastheobjectandplace

streams,respectively. Dorsalcellsencodingperipheralinformationaremorenumerousandexchangemore

spatialinformationthanventralcellswhich shareperceptualinformationregardingthefixatedobjectof in-

terest.

Thetemporalpathwaycontainsregionsin whichneuronsrespondto specificfeaturesor propertiesof fixated

objects[Bri95]. Thepathway culminatesin theinferotemporalcortex, a region composedof largereceptive

fields,requiringvery specificandcomplex trigger features.Thenonretinotopicrepresentationfoundwithin

the inferotemporalcortex suggeststhat it specializesin recognition.Neuronsin this region usuallyinclude

thefixation point.

Theparietalpathwayspecializesin physicalfeaturesof thevisualworld, e.g.,motionandlocation.Its spatial

functionis furthersubdividedby two processingregions,theLateralIntra-Parietal(LIP) areain thePosterior

ParietalCortex (PPC)andarea7a. Thelatterareais involvedin ocularfixation andcontainsneuronswhich

provide informationsufficient for reconstructionof thefixatedobject’s spatialpositionin head-centeredco-

ordinates.Responsesof theseneuronsdependon theretinal target locationandtheorbital positionof both

eyes.TheLIP areacontainsreceptivefieldswhicharecorrectedbeforeeachsaccadesothatthey mayrespond

to future stimuli. Changesin thesereceptive fields canbe conceivedasactivity that signalscandidatesfor

plannedeye movements.The LIP areadirectly projectsto eye movementcentersandis active during the

programmingof saccadiceyemovements[MA95].
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3.1.1 Independenceof Visual Channels

The humanvisual system(HVS) hasbeencomparedto a setof independentprocessorsin the sensethat

visual componentssuchascolor, motion,orientation,etc.,areprocessedthroughseparate,looselycoupled

channels.Borrowing parallelalgorithmterminology, tightly coupledmachines(alsoreferredto asmultipro-

cessors)sharea commonmemory, while looselycoupledmachines(multicomputers)rely on an intercon-

nectionnetwork [Akl89, p.17]. Theessentialdifferencebetweenthe two is that “multicomputers”areable

to performwork independently, whereas“multiprocessors”aremoredependenton eachother. In this view,

thereis moreevidencefor loosecouplingof visual areasthanstrongcoupling. The neurologicalsubstrate

of the HVS proffersa parallelview of computationamongvisual areasover a serialview of a hierarchical

visualpipeline.Thelatterview, consideringaserial‘flow of data’from areasV1 to V2 to V3, throughto V5,

wherethesequenceof visualareassuccessively computesandaddsdifferentfeaturesof thevisualarray, is

no longercommonsinceit doesnot recognizetheknown complexity of thesystem[Kaa89]. Kaasstatesthat

“the obviousproblemwith this line of reasoningis that the proposalultimatelyseemsunworkablebecause

too many classesof veryspecificneuronswould beneededat thehighestlevel.”

Evidencefor loosecouplingcomesfrom two majorphysiologicalfindings:

1. Thereis apparenthigh modularityof visualprocessing,particularlyfor handlingcolor, shape,motion

andlocation[LH88]. Eachvisualattributeseemsto correspondto a highly specializedcorticalcenter

thatrespondsto theattribute’spresence.Thisphysiologicalsegregationis evidentfrom thehighdegree

of parallelismof magno-cellular(M) andparvo-cellular(P)channelsdefiningfour functionalpathways,

carryinginformationfrom X, Y, andW retinalganglioncells[VOD93, Zek93, Kaa89]. Thesecell types

aredescribedbelow.

2. Lesionstudiesshow thatsomefunctionsremainintactwhile selectedmechanismsaredestroyed. For

example,selectivedestructionof centersresponsiblefor motionperceptionallowssubjectsto perform

saccadesto targets,but disablespursuiteyemovements[And89].

Theevidencefor theexistenceof specializedvisualprocessingcenterssupportsthenotionof loosecoupling

in thatthereis no‘commonmemory’for theindependentprocessorsto share.Paradoxically, evidencefor the

interconnectionsbetweenthecenterssupportstheideaof “re-entry” of visual informationinto areasV1 and

V2, which maysuggeststrongcoupling[Zek93].

Therehasbeensomeoppositionraisedto acompletelymodularview of visualprocessing[SA93]. Stonerand

Albright arguethattheremaybea high degreeof cooperationamongprocessors.For example,eventhough

motionprocessingis consideredto bespecializedin themiddletemporal(MT) area,it maybestronglylinked

to othervisualcenterssuchasthosethoughtto beresponsiblefor processingshapeinformation.Thecooper-

ationof bothareasmayberequiredfor shape-from-motionprocessing.
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Anotherargumentagainsttotal independenceandspecializationof visualprocessorsis thateachcontrolzone

may be ableto undertake at leasttwo operations,possiblymore[Zek93]. Zeki notesthat while the visual

systemappearsfunctionallysegregated,processorsandinterconnectionsarenot hard-wired,insteadthey are

adaptableproviding “brain plasticity.” This typeof dynamicreconfigurabilitywould requirestrongcooper-

ationamongvisual centers,possiblyevena centralizedcontrolmechanismto allocateprocessingfunctions

(i.e.,somethingakin to a job scheduler).

The ideaof a modular, looselycoupledvisualprocessingcenterseemsto endin paradox—whiletheremay

be independent,multiple areas,parallelpathways,anda “deepdivision of labor”, the visual experienceis

oneof wholeness[Zek93]. The paradoxraisesthe openquestionof how the brain integratesinformation

processedby specializedvisualareas.Accordingto Zeki, integrationis inherentlynon-modularin character.

For a stronglycoupled,integrative (sharedmemory)mechanism,therewould have to be an areawhereall

specializedprocessorsprojectto. Thereis nosucharea,althoughmany visualcentersre-enter(back-project)

to areasV1 andV2. Theexistenceof feedbackconnectionsimpliesstrongerconnectionsamongvisualzones

thanpurelyindependentprocessors.

The evidencefor loosecouplingsuggeststhat highly specializedvisual areasexist, capableof processing

variousvisualfeaturessimultaneously. Becausetheseareasareadaptable,capableof carryingout morethan

onefunction,andbecauseof thefact that thebrainmustsomehow accomplishcoherentsceneintegration,it

seemsthattheapparentlylooselycoupledareasmustbehighly interconnected.

3.1.2 IndependentProcessingof Object Shape(“what”) and Location (“wher e”)

Theexistenceof parallelmagno-cellularandparvo-cellularpathwaysemanatingfrom theretinathroughthe

lateralgeniculatenucleus(LGN) suggestsstrongevidencefor theindependentprocessingof shapeandloca-

tion. HubelandLivingstonreporttheexistenceof segregationof shape(form), stereo,color, andmovement

pathwaysevidentin theLGN, primaryvisualcortex (areaV1), which carriesthroughareaV2, ontothemid-

dle temporalarea(MT), V4, andpossiblyhighervisual areas[LH88]. The authorsalsoreport that lesion

studieshave defined“two functionally distinct divisionsof visual associationareas:the temporal-occipital

region,necessaryfor learningto identify objectsby theirappearance,andtheparieto-occipitalregion,needed

for tasksinvolving thepositionsof objects,” thefamiliardistinctionof “what” versus“where” [LH88, p.744].

The“what” and“where” dichotomyhasbeenattributedto theparvo- andmagno-cellular(P/M) channelsby

Zeki [Zek93]. Selective destructionof the P layersof theLGN resultsin deficit in shapeperception,while
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selective destructionof M layersresultsin inhibited motion perceptionbut doesnot affect shapediscrim-

ination. The “what” and“where” notionsarealsosupportedby psychophysicalstudiesof visual attention

whereattentionis characterizedby spatiallocation(attention,the“where”) andby content(expectation,the

“what”) [Van92].

Zeki warns,however, that the what/wherehypothesismay be too simplistic a view. He states,“the precise

positionof anobjectandits relationshipto otherobjects(spatialvision)cangive thevital clueto theidentity

of theobject,andthepreciseshapeof anobjectcangive thevital clueto its position.Thereare,in brief, far

too many factsmilitating againstthe‘what andwhere’doctrinefor it to beretainedasa seriousindicatorof

how thevisualcortex is organized.” [Zek93, p.194]Again, theconclusionthatpresentsitself is thatalthough

shapeandlocationmaybeanatomicallyindependent,thereis probablyahighdegreeof cooperationbetween

theseprocesses.Indeed,informationbetweentemporalandparietalstreamsis exchangedvia connections

betweenseveral highercortical areas,particularly temporalareaTEO andparietalareaFST aswell asby

areasin therostralSTS[Nel95].

In summary, althougha descriptionof theneurologicalsubstrateof humanvision in termsof the“what” and

“were” maybesomewhatof a simplifiedview, neurologicalevidencegenerallysupportsthis functionalseg-

regation.Thereview of thecorticalvisualregionssupportsthegeneralpsychophysicaldescriptionof visual

attention.Specifically, relevantcorticalstructureshave beenidentifiedasthecentersproviding theneuronal

attentive mechanism.To gainfurther insight into thelimitationsof thevisualchannels,lower level neuronal

pathwaycomponentsaredescribedin thenext section.

3.2 Physiologyof the Eye

Often called “the world’s worst camera”,the eye, shown in Figure 2, suffers from numerousoptical im-

perfections,including sphericalaberrations,chromaticaberrations,light scatter, diffraction, and imperfect

focus.Dimensionsof retinalfeaturesareusuallydescribedin termsof projectedscenedimensionsin unitsof

degreesvisualangle,definedas

A � 2arctan
S

2D
�

whereS is the sizeof the sceneobjectandD is the distanceto the object(seeFigure3). Commonvisual

anglesincludea thumbnailat arm’s length (1.5–2
�
), the sunandmoon (.5

�
or 30	 of arc). An American

quartercoin atarm’s lengthsubtends2
�
, 1	 at 85 meters,and1	 	 at5km.

Theretinacontainsreceptorssensitive to light (photoreceptors)which constitutethefirst stageof visualper-

ception. Neuralsignalsleadingto cortical visual centersoriginateat thesereceptors.Photoreceptorsare
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19

functionally classifiedinto rodsandcones. Rodsaresensitive to dim andachromaticlight (night vision),

while conesrespondto brighter, chromaticlight (daylightvision). Theretinacontains120million rodsand7

million cones,andis is arrangedconcentrically.

The innermostregion is the foveacentralis(or foveola)which measures400µm in diameterandcontains

25,000cones.The foveapropermeasures1500µm in diameterandholds100,000cones.The macula(or

centralretina)is 5000µm in diameter, andcontains650,000cones.Onedegreevisualanglecorrespondsto

approximately300µm distanceon thehumanretina[DD88, p.48]. Thefoveola,measuring400µm subtends

1.3
�

visual angle,while the foveaandmaculasubtend5
�

and 16.7
�
, respectively (seeFigure 4(a)). Fig-

ure 4(b) shows the retinal distribution of rod andconereceptors.The foveacontains147,000cones/mm2

(a)Degreesvisualangle. (b) Approximaterod/conedensity.
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Fig. 4. Retinotopicreceptordistribution. Adaptedfrom [HH73, p.25(Fig. 2.16)].

anda slightly smallernumberof rods. At about10
�

thenumberof conesdropssharplyto lessthan20,000

cones/mm2 while at 30
�

thenumberof rodsin theperipherydropsto about100,000rods/mm2 [HH73].

Theentirevisual field roughly correspondsto a 23,400squaredegreeareadefinedby anellipsoid with the

horizontalmajoraxissubtending180
�

visualangle,andtheminorverticalaxissubtending130
�
. Thediame-

ter of thehighestacuitycircularregion subtends2
�
, theparafovea(zoneof high acuity)extendsto about4

�
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or 5
�
, andacuitydropsoff sharplybeyond.At 5

�
, acuity is only 50%[Irw92]. Theso-called“useful” visual

field extendsto about30
�
. The restof the visual field hasvery poor resolvablepower andis mostly used

for perceptionof ambientmotion. With increasingeccentricitytheconesincreasein size,while therodsdo

not [DD88]. Cones,not rods,make thelargestcontribution to theinformationgoingto deeperbraincenters,

andprovidemostof thefine-grainedspatialresolvability of thevisualsystem.

3.2.1 Optics and Visual Acuity

TheModulationTransferFunction(MTF) theoreticallydescribesthespatialresolvability of retinalphotore-

ceptorsby consideringthe cells asa finite arrayof samplingunits. The 400µm-diameterrod-freefoveola

contains25,000cones.Usingtheareaof a circle,25000� πr2, approximately2 
 25000� π � 178� 41cones

occupy a 400µm linear cross-sectionof the foveolawith an estimatedaveragelinear inter-conespacingof

2.24µm. Conesin this region measureabout1µm in diameter. Sinceonedegreevisualanglecorrespondsto

approximately300µm distanceon the humanretina,roughly 133conesarepackedper degreevisual angle

in the foveola. By the samplingtheorem,this suggestsa resolvablespatialNyquist frequency of 66 c/deg.

Subjective resolutionhasin factbeenmeasuredat about60 c/deg [DD88, pp.46-53].In thefovea,a similar

estimatebasedonthefovealdiameterof 1500µmanda100,000conepopulation,givesanapproximatelinear

conedistributionof 2 
 100000� π � 356� 82conesper1500µm. Theaveragelinearinter-conespacingis then

71 cones/deg suggestinga maximumresolvablefrequency of 35 cycles/deg, roughly half the resolvability

within the foveola. This is somewhat of an underestimatesinceconediametersincreasetwo-fold by the

edgeof the foveasuggestinga slightly milder acuity degradation.Theseone-dimensionalapproximations

arenot fully generalizableto thetwo-dimensionalphotoreceptorarrayalthoughthey provide insightinto the

theoreticresolutionlimits of theeye. Effective relative visualacuitymeasuresareusuallyobtainedthrough

psychophysicalexperimentation.

At photopiclight levels(day, or conevision), fovealacuityis fairly constantwithin thecentral2
�
, anddrops

approximatelylinearly from thereto the 5
�

foveal border. Beyond the 5
�
, acuity dropssharply(approx-

imately exponentially). At scotopiclight levels (night, or rod-vision), acuity is poor at all eccentricities.

Figure5 shows the variationof visual acuityat variouseccentricitiesandlight intensitylevels. Intensityis

shown varyingfrom 9.0to 4.6 log micromicrolamberts,denotedby 
 ��������� (9.0 log micromicrolamberts=

109 micromicrolamberts= 1 mL, see[Dav80, p.311]).Thecorrespondencebetweenfovealreceptorspacing

andoptical limits generallyholds in foveal regionsof the retina,but not necessarilyin the periphery. In

contrastto theapproximate60 c/deg resolvability of fovealcones,thehighestspatialfrequenciesresolvable

by rodsareon theorderof 5 c/deg, suggestingpoorresolvability in therelatively cone-freeperiphery. Visual

acuity beyond the foveal5
�

is discussedin
�
9.2.1. Although visual acuity correlatesfairly well with cone
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distributiondensity, it is importantto notethatsynapticorganizationandlaterneuralelements(e.g.,ganglion

cells concentratedin the centralretina)arealsocontributing factorsin determiningvisual acuity. Retino-

geniculo-corticalanatomyandphysiologyis discussedin thefollowing sections.

3.2.2 RetinogeniculateAnatomy and Physiology

Theretinais composedof multiple layersof differentcell types[DD88]. Surprisingly, the“inverted”retina

is constructedin suchaway thatphotoreceptorsarefoundat thebottomlayer. Thisconstructionis somewhat

counterintuitivesincerodsandconesarefurthestaway from incominglight, buriedbeneatha layerof cells.

The retinaresemblesa three-layercell sandwich,with connectionbundlesbetweeneachlayer. Thesecon-

nectionallayersarecalledplexiform or synapticlayers.

Theretinogeniculateorganizationis schematicallydepictedin Figure6. Theoutermostlayer(w.r.t. incoming

}

}
ganglion cells

inner synaptic layer

amacrine cells

outer synaptic layer

receptor nuclei

light

cone rod

bipolar cells

optic nerve

horizontal cells

Fig. 6. Theretina.Adaptedfrom [HH73, p.24(Fig. 2.15)].

light) is the outernuclearlayer which containsthe photoreceptor(rod/cone)cells. The first connectional
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layer is theouterplexiform layerwhich housesconnectionsbetweenreceptorandbipolar nuclei. Thenext

outerlayerof cellsis theinnernuclearlayercontainingbipolar(amacrine,bipolar, horizontal)cells.Thenext

plexiform layeris theinnerplexiform layerwhereconnectionsbetweeninnernucleicellsandganglioncells

areformed.Thetop layer, or theganglionlayer, is composedof ganglioncells.

Thefovea’sphotoreceptorsarespecialtypesof neurons—thenervoussystem’sbasicelements(seeFigure7).

Retinalrodsandconesarespecifictypesof dendrites.In general,individualneuronscanconnectto asmany

axon

synapse

axon

dendrite

myelin sheath

Fig. 7. Schematicof theneuron.Adaptedfrom [BL88a, pp.31-32(Fig. 2.1,Fig. 2.2)].

as10,000otherneurons.Comprisedof suchinterconnectedbuilding blocks,asa whole,thenervoussystem

behaveslike a largeneuralcircuit.

Certainneurons(e.g.,ganglioncells)resemblea “digital gate”,sendinga signal(firing) whenthecell’sacti-

vationlevel exceedsa threshold.Ganglioncell activationcomesasaneffectof thepotassium-sodiumpump.

Signalspropagatethroughthe axon in a wave of depolarization—theactionpotential. The actionpoten-
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tial (lastinglessthan1ms)occursassodiumions (Na+) permeatethe depolarizedneuronalmembrane.As

sodiumionsflow in, potassium(K+) ionsflow out restoringrestingpotential.Inhibitory signalsallow inflow

of chlorideions (Cl-) preventingdepolarization.Themyelin sheathis anaxonalcover providing insulation

whichspeedsupconductionof impulses.Unmyelinatedaxonsof theganglioncellsconvergeto theopticdisk

(anopaquemyelin sheathwould block light). Axonsaremyelinatedat optic disk,andconnectto theLateral

GeniculateNuclei (LGN) andtheSuperiorColliculus(SC).

3.2.2.1 The Outer Layer

Rodsandconesof the outerretinal layer respondto incominglight. A simplified accountof the function

of thesecells is that rodsprovide monochromatic,scotopic(night) vision, andconesprovide trichromatic,

photopic(day)vision. Both typesof cellsarepartiallysensitive to mesopic(twighlight) light levels.

3.2.2.2 The Inner Nuclear Layer

Outerreceptorcellsarelaterallyconnectedto thehorizontalcells. In thefovea,eachhorizontalcell is con-

nectedto about6 cones,andin theperipheryto about30-40cones.Centrally, theconebipolarcellscontact

oneconedirectly, andseveralconesindirectlythroughhorizontalor receptor-receptorcoupling.Peripherally,

conebipolarcells directly contactseveralcones.Thenumberof receptorsincreaseseccentrically. The rod

bipolarcellscontacta considerablylargernumberof receptorsthanconebipolars.Therearetwo maintypes

of bipolarcells,onesthatdepolarizeto incrementsof light (+), andothersthatdepolarizeto decrementsof

light (-). Thesignalprofile (cross-section)of bipolarreceptivefieldsis a “Mexicanhat”, or center-surround,

with anon-center, or off-centersignature.

3.2.2.3 The Ganglion Layer

Ganglioncellsform an“activecontrast-enhancingsystem,” notacamera-likeplate.Centrally, ganglioncells

directly contactone bipolar. Peripherally, ganglioncells directly contactseveral bipolars. The receptive

fieldsof ganglioncellsaresimilar to thoseof bipolarcells(center-surround,on-center, off-center).Ganglion

cellsaredistinguishedby their morphologicalandfunctionalcharacteristics.Morphologically, therearetwo

typesof ganglioncells, theα andβ cells. Approximately10%of retinalganglioncellsareα cellspossess-

ing large cell bodiesanddendrites,andabout80% areβ cells with small bodiesanddendrites[LWL95].

The α cells project to the magnocellular(M-) layersof LGN while the β cells project to the parvocellular

(P-) layers. A third channelof input relaysthroughnarrow, cell-sparselaminaebetweenthe main M- and

P-layersof the LGN. Its origin in the retina is not yet known. Functionally, ganglioncells fall into three

classes,theX, Y, andW cells[DD88, Kap91]. X cellsrespondto sustainedstimulus,locationandfinedetail,
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TABLE 1
Functionalcharacteristicsof ganglionicprojections.

Characteristics Magnocellular Parvocellular
ganglionsize large small
transmissiontime fast slow
receptivefields large small
sensitivity to smallobjects poor good
sensitivity to changein light levels large small
sensitivity to contrast low high
sensitivity to motion high low
color discrimination no yes

andnervatealongbothM- andP-projections.Y cells nervateonly alongthe M-projection,andrespondto

transientstimulus,coarsefeatures,andmotion. W cellsrespondto coarsefeatures,andmotion,andproject

to thesuperiorcolliculus.Thefunctionalcharacteristicsof ganglionicprojectionsaresummarizedin Table1.

3.2.2.4 Cells in the Striate Cortex

Thalamicaxonsfrom theM- andP-layersof theLGN terminatemainly in thelower andupperhalves(β, α

divisions,respectively) of layer4C in middledepthof areaV1 [LWL95]. Cell receptive field sizeandcon-

trastsensitivity signaturesaredistinctly differentin theM- andP- inputsof theLGN, andvary continuously

throughthedepthof layer4C.Unlike thecenter-surroundreceptivefieldsof retinalganglionandLGN cells,

corticalcellsrespondto orientation-specificstimulus[Hub88, pp.67-71].Corticalcellsaredistinguishedby

two classes:simpleandcomplex.

Thesizeof a simplecell’s receptive field dependson its retinalposition,relative to thefovea. Thesmallest

fieldsarein andnearthe fovea,with sizesof about1/4 � 1/4 degree.This is aboutthesizeof thesmallest

diametersof thesmallestreceptivefield centersof retinalganglionor LGN cells. In thefarperiphery, simple

cell receptive field sizesareabout1 � 1 degree. Simplecells fire only whena line or edgeof preferred

orientationfalls within a particularlocationof thecell’s receptive field. Complex cellsfire wherever sucha

stimulusfalls into thecell’s receptive field [LWL95]. Theoptimumstimuluswidth for eithercell typeis, in

thefovea,about2 minutesof arc.Theresolvingpower (acuity)of bothcell typesis thesame.

About 10-20%of complex cells in the upper layersof the striatecortex show marked directionalselec-

tivity [Hub88, p.77]. Directional selectivity (DS) refersto the cell’s responseto a particulardirection of

movement. Cortical directionalselectivity (CDS) contributesto motion perceptionand to the control of

eye movements[GN95]. CDS cells establisha motion pathway from V1 projectingto MT andV2 (which

alsoprojectsto MT) andto MST. In contrast,thereis no evidencethat retinaldirectionalselectivity (RDS)
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contributesto motion perception.RDS contributesto oculomotorresponses[GSA95]. In vertebrates,it is

involvedin optokineticnystagmus,a typeof eyemovementdiscussedin
�
IV.

3.2.2.5 Significanceof Motion-SensitiveSingle-CellPhysiologyfor Perception

Therearetwo somewhatcounterintuitive implicationsof thevisualsystem’s motion-sensitivesingle-cellor-

ganizationfor perception.First, dueto motion sensitive cells, fixationsarenever perfectlystill but make

constanttiny movementscalledmicrosaccades[Hub88, p.81]. Thesemovementsaremoreor lessspatially

randomvaryingover 1 to 2 minutesof arc in amplitude.Thecounterintuitive fact regardingfixationsis that

if an imageis artificially stabilizedon theretina,vision fadesaway within abouta secondandthescenebe-

comesblank.Fixationsandsaccadesarefurtherdiscussedin
�
IV. Second,dueto theresponsecharacteristics

of single(cortical)cells,the“retinal buffer” representationof naturalimagesis muchmoreabstractthanwhat

intuition suggests.An objectin thevisualfield stimulatesonly a tiny fractionof thecellsonwhosereceptive

field it falls [Hub88, pp.85-87]. Perceptionof the objectdependsmostly on the responseof (orientation-

specific)cells to theobject’s borders.For example,thehomogeneouslyshadedinterior of anarbitraryform

(e.g.,a kidney bean)doesnot stimulatecells of the visual system.Awarenessof the interior shadeor hue

dependson only cellssensitive to thebordersof theobject. In Hubel’s words,“...our perceptionof theinte-

rior asblack,white, gray, or greenhasnothingto do with cellswhosefieldsarein theinterior—hardasthat

may be to swallow...Whathappensat the bordersis the only informationyou needto know: the interior is

boring.” [Hub88, p.87]

3.3 Implications for Attentional Visual Display Design

From the above discussion,both the structureandfunctionality of humanvisual systemcomponentsplace

constraintson thedesignparametersof avisualcommunicationsystem.In particular, thedesignof thegaze-

contingentsystemmustdistinguishthecharacteristicsof fovealandperipheralvision.

Theparvocellularpathway in generalrespondsto signalspossessingthe following attributes:high contrast

(the parvocellularpathway is lesssensitive to luminance),chromaticity, low temporalfrequency, andhigh

spatialfrequency (dueto the small receptive fields). Conversely, the magnocellularpathway canbe char-

acterizedby sensitivity to the following signals:low contrast(themagnocellularpathway is moresensitive

to luminance),achromaticity, moderate-to-hightemporalfrequency (suddenonsetstimuli), andlow spatial

frequency (dueto the large receptive fields). In termsof motion responsiveness,Koenderinket al. provide

supportthatthefovealregion is morereceptive to slower motionthantheperiphery, althoughmotionis per-

ceiveduniformly acrossthevisualfield [KDG85].
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M andP ganglioncells in theretinaconnectto M andP channels,respectively. Zeki suggeststheexistence

of four functionalpathwaysdefinedby the M andP channels[Zek93]: motion, dynamicform, color, and

form (sizeandshape).Furthermore,it is thoughtthatfibersreachingthesuperiorcolliculusrepresentretinal

receptive fields in rod-rich peripheralzones,while the fibers reachingthe LGN representcone-richareas

of high acuity [BL88a]. It seemslikely that the M ganglioncells correspondto rods,mainly found in the

periphery, andtheP cellscorrespondto cones,which arechromaticcellsconcentratedmainly in the foveal

region. A visuotopicrepresentationmodelfor imagerybasedon theseobservationsis proposed:

1. Spatial Resolution should remainhigh within the foveal region and smoothlydegradewithin the

peripheral,matchinghumanvisualacuity.

2. Temporal Resolutionmustbeavailablein theperiphery. Suddenonseteventsarepotentialattentional

attractors.

3. Luminance shouldbecodedfor high visibility in theperipheralareassincetheperipheryis sensitive

to dim objects.

4. Chrominanceshouldbe codedfor high exposurealmostexclusively in the foveal region, with chro-

maticity decreasingsharplyinto the periphery. This requirementis a direct consequenceof the high

densityof conesandparvocellularganglioncellsin thefovea.

5. Contrast sensitivity shouldbehigh in theperiphery, correspondingto thesensitivity of themagnocel-

lular ganglioncellsfoundmainlyoutsidethefovea.

6. Spatial fr equency: High frequency componentsmustbemorepronouncedin fovealregions,thanin

theperiphery. High spatialfrequency featuresin theperipherymustbemadevisible “just in time” to

anticipategaze-contingentfixationchanges.

Specialconsiderationshouldbegivento suddenonset,luminous,high frequency objects(i.e., suddenlyap-

pearingbrightedges).

A gaze-contingentvisualsystemfacesanimplementationaldifficulty notyetaddressed:matchingthedynam-

icsof humaneyemovement.Any systemdesignedto incorporate,for example,aneye-slavedhighresolution

of interestmustdealwith theinherentdelayimposedby theprocessingrequiredto trackandprocessreal-time

eye trackingdata.To considerthetemporalconstraintsthatneedto bemetby suchsystems,thedynamicsof

humaneyemovementsarestudiedin thefollowing chapter.
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CHAPTER IV

EYE MOVEMENTS

Perceptionof theenvironmentis achievedthroughtheintegrationof smallhigh-resolution“spotlights” pro-

jectedonto the fovea. Portionsof the scenearerepositionedfor foveal inspectionthroughrapidmovement

of the eyes. Eye movementmeasurementis an essentialcomponentof gaze-contingentapplications.Suc-

cessfulsystemsrely on anaccuratemeasurementdeviceandsoundanalysistechniquesbasedon knowledge

of the underlyingphysicalprocesses.A primarygoal is the properidentificationof expectedcharacteristic

patternsin therecordedsignal.This sectionstartswith a brief descriptionof thedeviceusedto measureeye

movements,namelytheeyetracker. Thenanoutlineof theneuronalsubstrateof eyemovementsis presented,

followedby anitemizeddescriptionof characteristiceyemovementpatterns.

4.1 EyeTrackers

The measurementdevice mostcommonlyusedfor measuringeye movementsis an eye tracker. The first

methodfor objectiveeyemeasurementsusingcornealreflectionwasreportedin 1901.To improveaccuracy,

techniquesusinga contactlensweredevelopedin the 1950’s. Devicesattachedto the contactlensranged

from smallmirrorsto coilsof wire. For a shortreview of earlyeye trackingmethods,see[Rob68,
�
II]. Mea-

surementdevicesrelyingonphysicalcontactwith theeyeballgenerallyprovideverysensitivemeasurements.

Theobviousdrawbackof thesedevicesis their invasive requirementof wearingthecontactlens. So-called

non-invasive(sometimescalledremote)eye trackerstypically rely on themeasurementof thecornealreflec-

tion of a closelypositioneddirectedlight source.Inexpensivedevicesavailabletodayutilize a videocamera

to observetheeyeballandcalculatethepointof regardin real-time.Thecornealreflectionof thelight source

(typically infra-red) is measuredrelative to the locationof the pupil center. Cornealreflectionsareknown

asthe Purkinje reflections,or Purkinje images[Cra94]. Due to the constructionof the eye, four Purkinje

reflectionsare formed, asshown in Figure8. Video-basedeye trackers typically locatethe first Purkinje

image.With appropriatecalibrationprocedures,theseeye trackersarecapableof measuringa viewer’spoint

of regard(POR)on a suitablypositioned(perpendicularlyplanar)surfaceon which calibrationpointsare

displayed. Two pointsof referenceare neededto separateeye movementsfrom headmovements. Posi-

tional differencebetweenthepupil centerandcornealreflectionchangeswith pureeye rotation,but remains

relatively constantwith minor headmovements.Approximaterelative positionsof pupil andfirst Purkinje

reflectionsaregraphicallyshown in Figure9, asthe left eye rotatesto fixate 9 correspondinglyplacedcal-

ibration points. The Purkinje reflectionis shown as a small white circle in closeproximity to the pupil,

representedby a black circle. Sincethe infra-redlight sourceis usuallyplacedat somefixed positionrel-
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PR,Purkinjereflections:1, reflectionfrom front surfaceof thecornea;2, reflectionfrom rearsurfaceof
thecornea;3, reflectionfrom front surfaceof thelens;4, reflectionfrom rearsurfaceof thelens—almost
the samesizeandformedin the sameplaneasthe first Purkinje image,but dueto changein index of
refractionat rearof lens,intensityis lessthan1% of thatof thefirst Purkinjeimage;IL, incominglight;
A, aqueoushumor;C, cornea;S,sclera;V, vitreoushumor;I, iris; L, lens;CR,centerof rotation;EA, eye
axis;a � 6mm;b � 12� 5mm;c � 13� 5mm;d � 24mm;r � 7 � 8mm[Cra94].

{ IL

L
I

a

CR

EA

b

PR

4 3 2 1

A
C

S
V

c

d

r

Fig. 8. Purkinjeimages.Adaptedfrom [Cra94, p.19(Fig. 1)].
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Fig. 9. Relativepositionsof pupil andfirst Purkinjeimagesasseenby theeye tracker’scamera.

ative to theeye, the Purkinjeimageis relatively stablewhile theeyeball,andhencethe pupil, rotatesin its

orbit. So-calledgeneration-Veye trackersalsomeasurethe fourth Purkinjeimage[CS85]. By measuring

thefirst andfourth Purkinjereflections,thesedual-Purkinjeimage(DPI) eye trackersseparatetranslational

androtationaleye movements.Both reflectionsmove togetherthroughexactly thesamedistanceuponeye

translationbut theimagesmovethroughdifferentdistances,thuschangingtheirseparation,uponeyerotation.

4.2 The Oculomotor System

In general,theeyesmovewithin six degreesof freedom:threetranslationswithin thesocket,andthreerota-

tions. Therearesix musclesresponsiblefor movementof theeyeball: themedialandlateral recti (sideways

movements),the superiorand inferior recti (up/down movements),andthe superiorand inferior obliques

(twist) [Dav80]. Theseareshown in Figure10. Theneuralsysteminvolvedin generatingeye movementsis

known astheoculomotorplant. Thegeneralplantstructureandconnectionsareshown in Figure11 andde-

scribedin [Rob68]. Eyemovementcontrolsignalsemanatefrom severalfunctionallydistinctregions.Areas

17, 18, 19, and22 areareasin theoccipital cortex thoughtto beresponsiblefor high-level visual functions

suchasrecognition.Thesuperiorcolliculusbearsafferentsemanatingdirectly from the retina,particularly

from peripheralregionsconveyedthroughthemagno-cellularpathway. Thesemicircularcanalsreactto head

movementsin three-dimensionalspace.All threeareas,i.e., theoccipitalcortex, thesuperiorcolliculus,and

thesemicircularcanalsconvey efferentsto theeye musclesthroughthemesencephalicandpontinereticular

formations.Classificationof observedeye movementsignalsreliesin parton theknown functionalcharac-

teristicsof thesecorticalregions.
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Left (view from above): 1, superiorrectus;2, levator palbebraesuperioris;3, lateral rectus;4, medial
rectus;5, superioroblique;6, reflectedtendonof thesuperioroblique;7, annulusof Zinn. Right(lateral
view): 8, inferior rectus;9, inferior oblique.
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Fig. 10. Extrinsicmusclesof theeye. Adaptedfrom [Dav80, p.385(Fig. 16.2),p.386(Fig. 16.3)].

Two pertinentobservationsregardingeyemovementscanbedrawn from theoculomotorplant’sorganization:

1. Theeyemovementsystemis, to a largeextent,a feedbackcircuit.

2. Signalscontrollingeyemovementemanatefrom corticalregionswhichcanbefunctionallycategorized

asvoluntary(occipitalcortex), involuntary(superiorcolliculus),andreflexive(semicircularcanals).

The feedback-like circuitry is utilized mainly in the typesof eye movementsrequiringstabilizationof the

eye. Orbital equilibrium is necessitatedfor the steadyretinalprojectionof an object,concomitantwith the

object’smotionandmovementsof thehead.Stability is maintainedby a neuronalcontrolsystem.

4.3 Taxonomyand Modelsof EyeMovements

Almost all normalprimateeye movementsusedto repositionthe fovearesultascombinationsof five basic

types: saccadic,smoothpursuit,vergence,vestibular, andphysiologicalnystagmus(miniaturemovements

associatedwith fixations) [Rob68, p.1033]. Vergencemovementsareusedto focus the pair of eyesover

a distanttarget (depthperception).Othermovementssuchasadaptationandaccommodationrefer to non-

positionalaspectsof eyemovements(i.e.,pupil dilation,lensfocusing).With respectto visualdisplaydesign,

positionaleyemovementsareof primaryimportance.
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CBT, corticobular tract;CER,cerebellum;ICTT, internalcorticotectaltract;LG, lateralgeniculatebody;
MLF, mediallongitudinalfasciculus;MRF, mesencephalicandpontinereticularformations;PT, pretectal
nuclei;SA, stretchafferentsfrom extraocularmuscles;SC,superiorcolliculi; SCC,semicircularcanals;
T, tegmentalnuclei;VN, vestibular nuclei; II, optic nerve; III, IV, andVI, theoculomotor, trochlear, and
abducensnuclei andnerves;17, 18, 19, 22, primary andassociationvisual areas,occipital andparietal
(Brodmann);8, thefrontaleyefields.
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Fig. 11. Schematicof themajorknown elementsof theoculomotorsystem.Adaptedfrom [Rob68, p.1035
(Fig. 2)].
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4.3.1 Saccades

Saccadesarerapideyemovementsusedin repositioningthefoveato anew locationin thevisualenvironment.

Thetermcomesfrom anold Frenchword meaning“flick of a sail” [Gre90, p.64]. Saccadicmovementsare

bothvoluntaryandreflexive. Themovementscanbevoluntarilyexecutedor they canbeinvokedasacorrec-

tive optokineticor vestibular measure(seebelow). Saccadesrangein durationfrom 10msto 100ms,which

is a sufficiently shortdurationto rendertheexecutoreffectively blind duringthetransition[SF83]. Thereis

somedebateover the underlyingneuronalsystemdriving saccades.On the onehand,saccadeshave been

deemedballistic andstereotyped.The term stereotypedrefersto the observation that particularmovement

patternscanbeevokedrepeatedly. Thetermballistic refersto thepresumptionthatsaccadedestinationsare

pre-programmed.That is, oncethesaccadicmovementto thenext desiredfixation locationhasbeencalcu-

lated(programminglatenciesof about200mshave beenreported),saccadescannotbealtered.Onereason

behindthis presumptionis that during saccadesthereis insufficient time for visual feedbackto guide the

eye to its final position[Car77, p.57]. Onethe otherhand,a saccadicfeedbacksystemis plausibleif it is

assumedthat insteadof visual feedback,an internalcopy of head,eye, andtargetpositionis usedto guide

theeyesduringa saccade[LR86, FKS85]. Dueto their fastvelocities,saccadesmayonly appearto bebal-

listic [ZOCR+76, p.251].

Variousmodelsfor saccadicprogramminghavebeenproposed[Fin92]. Thesemodels,with theexceptionof

onesincluding“center-of-gravity” coding(seefor example[HK89]), mayinadequatelypredictunchangeable

saccadepaths.Instead,saccadicfeedbacksystemsbasedon aninternalrepresentationof targetpositionmay

bemoreplausiblesincethey tendto correctlypredicttheso-calleddouble-stepexperimentalparadigm.The

double-stepparadigmis anexperimentwheretargetpositionis changedduringasaccadein mid-flight. Scud-

deret al. proposeda refinementof Robinson’s feedbackmodelwhich is basedon a signalprovidedby the

superiorcolliculusanda local feedbackloop [FKS85]. Thelocal loopgeneratesfeedbackin theform of mo-

tor errorproducedby subtractingeye positionfrom a mentaltarget-in-spaceposition.SparksandMayscite

compellingevidencethatintermediateanddeeplayersof theSCcontainneuronsthatarecritical components

of theneuralcircuitry initiating andcontrollingsaccadicmovements[SM90]. Theselayersof theSCreceive

inputsfrom corticalregionsinvolvedin theanalysisof sensory(visual,auditory, andsomatosensory)signals

usedto guidesaccades.Theauthorsalsorely on implicationsof Listing’sandDonder’sLawswhich specify

anessentiallynull torsioncomponentin eyemovements,requiringvirtually only two degreesof freedomfor

saccadiceyemotions[Dav80, SM90]. Accordingto theselaws,motionscanberesolvedinto rotationsabout

thehorizontalx- andverticaly-axes.

Modelsof saccadicgenerationattemptto provide an explanationof the underlyingmechanismresponsible

for generatingthe signalssentto themotor neurons.Although thereis somedebateasto the sourceof the
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saccadicprogram,theobservedsignalresemblesa pulse/stepfunction [SM90, p.315]. Thepulse/stepfunc-

tion refersto a dual velocity andpositioncommandto the extraocularmuscles[LZ91, p.180]. A possible

simplerepresentationof a saccadicstepsignalis a differentiationfilter. Carpentersuggestssucha possible

filter arrangementfor generatingsaccadescoupledwith anintegrator[Car77, p.288].Theintegratingfilter is

in placeto modelthe necessaryconversionof velocity-codedinformationto position-codedsignals[LZ91,

p.182].A perfectneuralintegratorconvertsa pulsesignalto a stepfunction.An imperfectintegrator(called

leaky) will generateasignalresemblingadecayingexponentialfunction.Theprincipleof this typeof neural

integrationappliesto all typesof conjugateeyemovements.Neuralcircuitsconnectingstructuresin thebrain

stemandthecerebellumexist to performintegrationof coupledeye movementsincludingsaccades,smooth

pursuits,andvestibularandoptokineticnystagmus(seebelow) [LZ91, p.183].

A differentiationfilter canbemodeledby a linearmoving averagefilter asshown in Figure12. In thetime

ts tx
g

filterinput output

linear moving average system

Fig. 12. Block diagramof a simplelinearmoving averagesystemmodelingsaccadicmovements.

domain,themoving averagefilter is modeledby thefollowing equation

xt � g0st � g1st � 1 �������� ∞

∑
k� 0

gkst � k �
wherest is the input (pulse),xt is the output (step),andbk are the moving averagefilter coefficients. To

ensuredifferentiation,thefilter coefficientstypically mustsatisfypropertieswhichapproximatemathematical

differentiation.An exampleof suchafilter is theHaarfilter with coefficients � 1 ��� 1 � . Underthez-transform

(see
�
VI) thetransferfunctionX � z !� S� z of this linearfilter is

xt � g0st � g1st � 1

xt � � 1 st � � � 1 st � 1

xt � � 1 st � � � 1 zst

xt � � 1 � z st

X � z "� � 1 � z S� z 
X � z 
S� z � 1 � z�
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TheHaarfilter is a length-2filter which approximatesthefirst derivatebetweensuccessivepairsof inputs.

4.3.2 SmoothPursuits

Pursuitmovementsareinvolvedwhenvisually trackinga moving target. Dependingon the rangeof target

motion, the eyesarecapableof matchingthe velocity of themoving target. Pursuitmovementsprovide an

exampleof a control systemwith built-in negative feedback[Car77, p.41]. A simpleclosed-loopfeedback

loopusedto modelpursuitmovementsis shown in Figure13,wherest is thetargetposition,xt is the(desired)

eyeposition,andh is the(linear, time-invariant)filter, or gainof thesystem[Car77, LZ91]. Tracingtheloop

ts xt

filter
h

+

-

input

linear feedback system

output

Fig. 13. Block diagramof asimplelinearfeedbacksystemmodelingsmoothpursuitmovements.

from thefeedbackstartpoint givesthefollowing equationin thetimedomain

h � st � xt  #� xt $ 1 �
Underthez-transform(see

�
VI) thetransferfunctionX � z !� S� z of this linearsystemis

H � z %� S� z � X � z � &� X � z 
H � z S� z "� X � z '� 1 � H � z ! 

H � z 
1 � H � z � X � z 

S� z �
Signalsfrom visualreceptorsconstitutetheerrorsignalindicatingneededcompensationto matchthetarget’s

retinalimagemotion.

4.3.3 Fixations

Fixationsareeyemovementswhich stabilizetheretinaovera stationaryobjectof interest.It seemsintuitive

that fixationsshouldbe generatedby the sameneuronalcircuit controlling smoothpursuitswith fixations
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beinga specialcaseof a targetmoving at zerovelocity. This is probablyincorrect[LZ91, pp.139-140].Fix-

ations,instead,arecharacterizedby theminiatureeye movements:tremor, drift, andmicrosaccades.These

eyemovementsareconsiderednoisepresentin thecontrolsystem(possiblydistinctfrom thesmoothpursuit

circuit) attemptingto holdgazesteady. Thisnoiseappearsasa randomfluctuationabouttheareaof fixation,

typically no largerthan5
�

visualangle[Car77, p.105]. Althoughtheclassificationof miniaturemovements

asnoisemaybeanoversimplificationof theunderlyingnaturalprocess,it allowsthesignalto bemodeledby

a feedbacksystemsimilar to theoneshown in Figure13. Theadditive noisein Figure13 is representedby

et � st � xt , wherethe(desired)eye positionxt is subtractedfrom thesteadyfixation positionst at thesum-

mingjunction. In thismodel,theerrorsignalstimulatesthefixationsystemin amannersimilar to thesmooth

pursuitsystem,exceptthathereet is anerror-positionsignalinsteadof anerror-velocity signal(see[LZ91,

p.150]).Thefeedbacksystemmodelingfixations,usingthenoisy“datareduction”method,is in factsimpler

thanthepursuitmodelsinceit implicitly assumesastationarystochasticprocess[Car77, p.107].Stationarity

in thestatisticalsenserefersto a processwith constantmean.Otherrelevantstatisticalmeasuresof fixations

includetheir durationrangeof 150msto 600ms,andtheobservationthat90%of viewing time is devotedto

fixations[Irw92].

4.3.4 Nystagmus

Nystagmuseyemovementsareconjugateeyemovementscharacterizedby asawtooth-liketimecourse(time

seriessignal)pattern.Optokineticnystagmusis a smoothpursuitmovementinterspersedwith saccadesin-

vokedto compensatefor the retinalmovementof the target. Thesmoothpursuitcomponentof optokinetic

nystagmusappearsin the slow phaseof the signal[Rob68]. Vestibular nystagmusis a similar type of eye

movementcompensatingfor themovementof thehead.Thetime courseof vestibular nystagmusis virtually

indistinguishablefrom its optokineticcounterpart[Car77].

4.4 Implications for Eye MovementAnalysis

From the above discussion,two significantobservationsrelevant to eye movementanalysiscanbe made.

First, basedon thefunctionalityof eye movements,only threetypesof movementsneedbemodeledto gain

insight into the overt localizationof visual attention. Thesetypesof eye movementsarefixations,smooth

pursuits,andsaccades.Second,basedon signalcharacteristicsandplausibleunderlyingneuralcircuitry, all

threetypesof eyemovementsmaybeapproximatedbyalinear, time-invariant(LTI) system,i.e.,alinearfilter.

The primary requirementof eye movementanalysis,in the context of gaze-contingentsystemdesign,is

the identificationof fixations,saccades,andsmoothpursuits. It is assumedthat thesemovementsprovide
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evidenceof voluntary, overt visual attention. This assumptiondoesnot precludethe plausibleinvoluntary

utility of thesemovements,or conversely, thecovertnon-useof theseeye movements(e.g.,asin thecaseof

parafovealattention).Fixationsnaturallycorrespondto thedesireto maintainone’sgazeon anobjectof in-

terest.Similarly, pursuitsareusedin thesamemannerfor objectsin smoothmotion.Saccadesareconsidered

manifestationsof thedesireto voluntarychangethefocusof attention.

Eyemovementsignalscanbeapproximatedby linearfilters. Fixationsandpursuitsaredrivenby arelatively

simpleneuronalfeedbacksystem. In the caseof fixations, the neuronalcontrol systemis responsiblefor

minimizing fixation error. For pursuitmovements,theerror is similarly measuredasdistanceoff thetarget,

but in this casethetargetis non-stationary. Fixationsandpursuitsmaybedetectedby a simplelinearmodel

basedon linearsummation.

The linearapproachto eye movementmodelingis anoperationalsimplificationof theunderlyingnonlinear

naturalprocesses[Car77, p.44]. The linear modelassumesthat positionandvelocity is processedby the

sameneuronalmechanism.Thevisualsystemprocessesthesequantitiesin differentways.Thepositionof a

targetis signaledby theactivationof specificretinalreceptors.Thevelocity of thetarget,on theotherhand,

is registeredby thefiring rate(amplitude)of thefiring receptors.Furthermore,nonlinearitiesareexpectedin

mosttypesof eyemovements.Accelerationalanddecelerationalconsiderationsalonesuggesttheinadequacy

of thelinearassumption.Nevertheless,from a signalprocessingstandpoint,linearfilter analysisis sufficient

for thelocalizationof distinctfeaturesin eyemovementsignals.Althoughthisapproachis apoorestimateof

theunderlyingsystem,it nonethelessestablishesa usefulapproximationof thesignalin thesenseof pattern

recognition.

4.5 Implications for Pre-Attentional Visual Display Design

In estimatingparametersin thedesignof gaze-contingentdisplays,peripheralregionspresentacuriousprob-

lem: if the humanvisual system’s processingcapacityis peripherallylimited, why not simply eliminate

peripheralinformation?Thereasonfor providing peripheralinformationis to assurepreview benefit.With-

out peripheralinformation, the humanvisual systemwould not be able to selectfuture fixation regions.

Conversely, peripheralinformationdesignedto attractattentionmay be inducedartificially if the objective

is to draw (or cueor direct)visualattention.Themanipulationof peripheralinformationshouldcaterto the

characteristicsof peripheralvision.

Theneuralcenterthoughtto beresponsiblefor directingattentionto peripheralvisualstimuli (the“foveation

hypothesis”[Dav80]) is thesuperiorcolliculus(SC).FromFigure11, connectionsfrom theSCto theMRF
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suggestthattheSChasdirectinfluenceoneyemovement.Sinceconnectionsfrom highervisualareas(areas

17,18,19,22andthe frontal eye fields) alsoterminatein the MRF, it appearsthat voluntaryeye movement

control emanatesfrom highercortical areaswhile peripherallystimulatedmovementoriginateswithin the

superiorcolliculus. Thusonepossibleview of theperipheralregionsof thevisualsystemis that they arere-

sponsiblein partfor theorientingof attention.Consequently, from thestandpointof visualdisplaydesign,to

attractone’sattention,displaysshouldtriggerperipheralreceptors.Conversely, in orderto build unobtrusive

displays,nodistractorystimulusshouldbeshown peripherally.

An obtrusive systemdesignedto attractattentionshoulddo soby displayingappropriatestimulusin thepe-

riphery. Suddenonseteventsareparticularlysuitablecandidates.For example,bright,blinking stimuli in the

peripheryarelikely to attractattention.Presentationof suchstimuli allows degradationof spatiallydistant

objectsoncegazehasbeendiverted. It shouldbe notedthat suchattentionalfactorsmay not be limited to

visualcues.Virtual reality systemsincorporatingthree-dimensionalaudiomayalsouseauralcuesto attract

attention.

An unobtrusivesystemmatchingvisualperceptualcapacityshouldprovide a fovealregion of interestin the

periphery“just in time” to meettheparticipant’s changeof fixation. This anticipatorystrategy meetsfoveal

vision insteadof reactingto it. Unfortunatelythis designrequiresthe nontrivial ability of predictingvisual

patterns(scanpaths).Predictionof eye movementsis complicatedby thesystem’s needfor an internalrep-

resentation(model)of the underlyingimageryin termsof potentialvisual regionsof interest. Automatic

identificationof theseregionsis currentlyanopenproblemin computervision.

In eithersystemdesign,caremustbe exercisedin manipulatingperipheralimageryso thatperformance,if

notperception,is not impaired.In thisdissertation,peripheraldegradationeffectsarestudiedin termsof per-

ceptualimpairment(see
�
X). Theproblemof eye movementpredictionis handledin two ways: (1) a visual

trackingparadigmis usedto effectively eliminatescanpathvariability, and(2) potentialregionsof interest

in videoareidentifiedby analyzingmultiple viewers’eye movementpatterns.Both strategiesareutilized to

empiricallytestmethodsof peripheralspatialresolutiondegradation.
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CHAPTER V

INTRODUCTION TO WAVELETS

Waveletshavegeneratedtremendousinterestin boththeoreticalandappliedareas,especiallywithin thelatter

half of this decade.Wavelet theorycanbe viewed asa synthesisof ideasoriginating in engineering(sub-

bandcoding in part with quadraturemirror filters), physics(coherentstates,renormalizationgroup), and

pureandappliedmathematics(Caldeŕon-Zygmundoperators)[Dau92]. Historically, fundamentalmathemat-

ical conceptsof wavelet theorycanbe tracedbackto Fourier’s work of 1807,Haar’s algorithmicstructure

of 1909,with mostof the developmentmoredirectly relatedto wavelet theoryoccurringin the 1930sand

1960s[Mey93]. Wavelettheoryhasrecentlyreceivedwideacclaimdueto theamalgamationof thediverseyet

relatedanalyticaltechniquesinto oneelegant,coherentframework. Numerousresearcherscontributedto this

effort. Grossmann,Morlet, Daubechies,Meyer, andChui [Dau88, Mey93, Chu92] have greatlyinfluenced

the developmentof the mathematicaltheory, while Mallat andMeyer arecreditedwith the introductionof

multiresolutionanalysisin thewaveletcontext [Mal89a, Mal89b, Mey93]. Mostof theanalyticaltechniques

developedhereinfor image/videoprocessingandeyemovementmodelingarebasedonMallat’smultiresolu-

tion results,asthey relateto pyramidalimageprocessingtechniquespioneeredby Burt [Bur81, BA83b], and

Mallat etal.’ssingularitydetectiontheoryin thewaveletdomain[MH91, MH92, MZ92a]. Thissectionstarts

with thereview of fundamentalconceptsof wavelettheorycloselyfollowingChui’sderivations,thenpresents

thetheoryof multiresolutionanalysis,waveletfilters andthediscretewavelettransform,andconcludeswith

threeapplicationsof waveletanalysis,namely:

1. multiscalesharpvariation(edge)detectionin spatiotemporaldata,

2. anisotropicmultidimensionaldiscretewaveletanalysis,and

3. multiresolutionimagerepresentationthroughMIP mapping.

5.1 Fundamentals

Thecentralideabehindwaveletanalysisis theuseof compactlysupportedbasisfunctionswhichareusedto

approximatearbitrarysignals.In essence,a waveletbasisis a generalized,functionalextensionof a vector

basis. This sectionexaminesthe fundamentalconceptof a basisandits usein the expressionof arbitrary

vectorsandfunctions. The ideaof a basisis studiedin the domainsof linear algebra,Fourier series,and

waveletseries.Conventionsfor mathematicalexpressionsareshown in Table2.
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TABLE 2
Notationalconventions.

c1 � c2 � ����� � cn Constants,scalars.
v Vector.� v1 � v2 � ���!� � vn  Vectorcomponents.� v1 � ���!� � vn � Vectorset.(
u � v )*� n

∑
k� 1

ukvk � u1v1 ��������� unvn Innerproductof vectorsu � v.+
v
+ � ( v � v ) 1, 2 �.- v2

1 �/�!����� v2
n Vectornorm.

Vn Vector space(n-dimensional),i.e., set of all n-
dimensionalvectors.

Z Setof integers.
R Setof realnumbers.

δ j 0 l �21 1 for j � l ;
0 for j 3� l � j � l 4 Z

Kroneckerdelta.

En Euclidean(n-dimensional)space.
L2 � 0 � 2π  Vector spaceof 2π-periodic square-integrable

one-dimensionalfunctions f � x .
L2 � R  Vector spaceof measurable,square-integrable

one-dimensionalfunctions f � x .
L2 � R2  Vector spaceof measurable,square-integrable

two-dimensionalfunctions f � x � y .(
f � g)5�76 ∞� ∞

f � x g � x dx Innerproductof f � g 4 L2 � R  .(
f � g)5� 6 ∞� ∞

6 ∞� ∞
f � x � y g � x � y dxdy Innerproductof f � g 4 L2 � R2  .+

f
+ � ( f � f ) 1, 2 Normof f 4 L2 � R  or f 4 L2 � R2  , wherethecor-

respondinginnerproductis assumed.
f j � gl Representationsof functions f � g at jth and l th

levelsof resolution,respectively.� hk � � � gm � Digital filter sequences.
H � G Digital filters.
H � G Matrices(usuallyrepresentingmultidimensional

digital filters).
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5.1.1 Linear Algebra and Vector Spaces

Recall,from linearalgebra,a vectorv in n-dimensionalEuclideanspaceEn is definedasanorderedn-tuple� v1 � v2 � ���!� � vn  of realnumbers,recognizedasvectorcomponents. Vectorsarelinearly independentwhenthe

equation
n

∑
k� 1

ckvk � 0 � k 4 Z

canonly hold if c1 � c2 � ����� � cn � 0. A vectorbasisin n-dimensionalspaceis definedasany setof linearly

independentvectors � v1 � v2 � �!��� � vn � . Linear independenceguaranteesthat any vectorv in n-spacecanbe

expresseduniquelyasa linearcombinationof thebasisvectors,i.e.,

v � c1v1 � c2v2 �/�!����� cnvn� n

∑
k� 1

ckvk � k 4 Z �
Thevectorsareorthogonal(perpendicular)if(

vl � vm )8� n

∑
k� 1

vlkvmk � vl1vm1 � vl2vm2 �/�!����� vlnvmn � 0 �:9 l � m� l 3� m� k � l � m 4 Z �
where

(
vl � vm) denotesthevectorinner (or scalaror dot)product.Everyorthogonalsystemof n vectorsforms

abasisfor thesetof all vectorsin n-space,Vn, althoughtheorthogonalityconditionis notstrictly necessary.1

Theorthogonalsystemof n vectorsis orthonormalif eachof thevectorshasunit norm,+
vk
+ � ( vk � vk ) 1, 2 � 1 �

Thetheoryof avectorspaceof infinite dimensionis closelyrelatedto thetheoriesof afunctionspace,Fourier

andwaveletseries.Thebinding threadamongthesetheoriesis theexpressionof anarbitraryfunction f � x 
by aseriesexpansionusinga setof basisfunctions � ψk � x ;� suchthat f � x *� ∑

k

ckψk � x .
5.1.2 Function Spaces

Wavelet theoryis concernedwith a particularfunctionalvectorspace,namelythe spaceL2 � R  of all real,

(Lebesgue)measurable,squareintegrablefunctionsdefinedon thereal line R. ThespaceL2 � R  is a vector

(Hilbert) spacein which wavelet functionsaretypically constructedto serve asbasisfunctions. Due to its

pertinenceto wavelet theory, the definitionandpropertiesof L2 � R  arebriefly discussedhere. Thepresent

outline closely follows the very readabletext by Holland [Hol90] wherethe readeris referredfor further

clarifications.Referencesto particularsectionsandpagesaregivenwhereappropriate.

1Givenn linearly independentvectors� v1 � ���!� � vn � , it is alwayspossibleto constructanorthogonalsystem
of n vectors � u1 � ���!� � un � , eachof which is a linearcombinationof � v1 � ����� � vn � (Gram-Schmidtorthogonal-
izationprocess)[Kap84, p.55].
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Thetermsfunctionalvectorspace, vectorspaceof functions, andfunctionspace, refer to a setof functions

possessingthesameformal propertiesasa vectorspaceof n-tuplesin linearalgebra,i.e., closureundersum

andclosureunderscalarmultiplication.Thatis, asetV of functionsformsavectorspaceif for any functions

f � g in V, f � g, andcf arealsoin V. ThesetW is a (functional)subspaceof V if W is a vectorspacein its

own right [Hol90, pp.22-23].Note that the linearalgebraconceptsof lineardependenceandindependence

carryover seamlesslyto functionalvectorspaces.The functionspaceV is calledan inner productspaceif

a scalar-valuedexpressioncalledthe innerproduct, denoted
(
f � g) , canbedefinedfor all f � g 4 V, satisfying

thefollowing threeconditions:

1. linearin thefirst variable,conjugatelinearin thesecond(conjugatebilinear):(
af � bg� h)<� a

(
f � h) � b

(
g � h) � and

(
f � ag � bh)<� a

(
f � g) � b

(
f � h) ;(5.1)

2. Hermitiansymmetric: (
f � g)#� ( g � f ) 9 f � g 4 V;(5.2)

3. positivedefinite: (
f � f )>= 0 9 f 4 V � and

(
f � f )5� 0 implies f � 0 �(5.3)

wherethe symbol( � ) denotescomplex conjugation.In the caseof real-valuedfunctionsandreal scalars,

complex conjugationhasno effect, i.e., a � a for all scalarsa. In this case,condition(5.1) statesthat the

innerproductis linear in eachvariableseparately, condition(5.2) statesthat
(
f � g)?� ( g � f ) �@9 f � g 4 V, and

condition(5.3) statesthat f � g are“essentially”equalif, in thesenseof the innerproduct,
(
f � g)5� 0, and f

is “essentially”zeroif
(
f � f )>� 0. The lastconditionis somewhatsubtlein that for f � x to be “essentially”

zero(zero“almosteverywhere”)doesnot necessarilymeanthat f � x hasto bezeroat every point,only that

whatever is usedto definetheinnerproduct(e.g.,anintegral)evaluatesto zero[Hol90,
�
3.6].

The above conditionsdefinethe abstractscalarvalueof an inner productaxiomatically. In the caseof the

real-valuedfunctionalspaceL2 � R  , theinnerproductis specifiedas:(
f � g)#�A6 ∞� ∞

f � x g � x dx �(5.4)

Notingthatconjugationhasnoeffectonreal-valuedfunctions,theinnerproductsatisfiestheaboveproperties

(see[Hol90, pp.108-111]).

1. Bilinearity: (
af � bg� h)B� 6 ∞� ∞

� af � bg hdx� 6 ∞� ∞
af h � bghdx� a 6 ∞� ∞

f hdx � b 6 ∞� ∞
ghdx� a

(
f � h) � b

(
g � h) �
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with a similarargumentfor thesecondvariable.

2. Hermitiansymmetry: (
f � g)#� 6 ∞� ∞

f gdx � 6 ∞� ∞
g f dx � (

g � f )%�
3. Positivedefiniteness: (

f � f )5�76 ∞� ∞
� f � x ! 2 dx = 0 �

because� f � x � 2 = 0 since f � x is real,and(
f � f )?�76 ∞� ∞

� f � x ! 2 dx � 0

implies f � x is “essentially”zero,meaningthat f � x integratesto zeroovertherealline R. Thesubtlety

of this propertycanbeillustratedby thefunction

f � x *� 1 1 if x � 0 �
0 otherwise�

which has
(
f � f )>�DC ∞� ∞ E f � x E 2 dx � 0 although f � x is not zeroat every point. In fact, any function

f � x thatis zeroexceptata finite numberof pointshasa zerointegral.

The positive definite condition provides a definition of function equality: using the principle that abso-

lute convergenceimplies convergence(so permittingthe inspectionof the integral of E f � x g � x E insteadof

f � x g � x ) andthe fact that E zE � E zE for any complex numberz, functions f andg are“essentially”equalifC ∞� ∞ E f � x � g � x E dx � 0 and f is “essentially”zeroif C ∞� ∞ E f � x E 2 dx � 0.

Any function f is saidto belongto thespaceL2 � R  if it satisfies:6 ∞� ∞
E f � x E 2 dx F ∞ �(5.5)

wheretheintegral is notrequiredto haveany particularvalue,only thatit befinite [Hol90, pp.138-139].2 The

mainissuein testingwhetheragiven f � x belongsto L2 � R  is to considerwhetheror not theintegral in (5.5)

is convergentor divergent.If it is not divergent,then f � x is saidto bein L2 � R  . With theabovedefinitions

2Technically, attentionis usuallyrestrictedto Lebesguemeasurablefunctionswhereall integralsshould
be interpretedasLebesgueintegrals. UnderLebesguetheoryof integration, f � x is differentiable“almost
everywhere”meaningthat f � x is theLebesgueintegralof its derivative f 	G� x , i.e.,

f � x *� 6 x

a
f 	G� t  dt � f � a %�

Suchfunctionsarecalledabsolutelycontinuous. AlthoughLebesguetheoryis beyondthescopeof thepresent
discussion(see[Hol90, p.165,p.253]for anintroduction),it is tacitly assumed,without lossof generality, that
all functionsin L2 � R  areabsolutelycontinuous.Thisassumptiononly excludesfunctionswhereintegration
by partsmay fail, i.e., functionsof the Cantor-Lebesguetype, and practically restrictsthe discussionto
functionsthatarepiecewisecontinuous[Chu92, p.1].
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of thespaceL2 � R  , andof theinnerproductfor L2 � R  in (5.4),it is clearthatL2 � R  is aninnerproductvector

space(see[Hol90, pp.141-143]).

SinceL2 � R  is an inner productspace,all propertiesassociatedwith an inner producthold in L2 � R  . The

propertiesparticularlyapplicableto wavelettheoryarelistedbelow (seealso[Chu92, p.4]):� Norm: +
f
+ � ( f � f ) 1, 2 �IHJ6 ∞� ∞

f � x f � x dxK 1, 2 �LHJ6 ∞� ∞
E f � x E 2 dxK 1, 2� Mean-square(distance)metric: +

f � g
+ � H 6 ∞� ∞

E f � x � g � x E 2dxK 1, 2� Schwarz’ inequality:E ( f � g) ENM + f
+8+

g
+PORQQQQ 6 ∞� ∞

f � x g � x dx
QQQQ M H 6 ∞� ∞

E f � x E 2 dxK 1, 2 H 6 ∞� ∞
E g � x E 2dxK 1, 2

Theabove definitionof L2 � R  spacesnaturallyextendsto the generalclassof innerproductspaces,the L2

spaces.L2 spacesaredenotedby

L2 � a � b �S� ∞ M a F b M � ∞

whereany function f is saidto belongto thespaceL2 � a � b if it satisfies:6 b

a
E f � x E 2 dx F ∞ �

The innerproductspaceL2 � R  is a particularinstanceof theclassof L2 spaceswith a � � ∞ � b � ∞. The

formal propertiesof a vectorspaceand inner product,aswell as the propertiesassociatedwith the inner

product,definedfor L2 � R  above, extendanalogouslyto the generalclassof L2 spaces.All L2 spacesare

Hilbert spacessincethey satisfythepropertyof metriccompleteness[Hol90, p.143].Althoughthenotionof

aHilbert spaceis somewhatsuperfluousin thecontext of wavelettheory, someof theconceptsanddefinitions

of aHilbert spacedoapplyandareworthmentioning.In particular, thepropertiesof denseness, separability,

andcompleteness, requiredfor the definition of the Hilbert space,aregiven below. The readeris referred

to [Hol90,
�
3.10] for thecompleteaccount.� Denseness: A subspaceW of anabstractinnerproductspaceV is denseif, givenany v 4 V thereexists

anw 4 W suchthat
+
v � w

+ F ε, for any smallε. This propertystatesthatW is densein V if elements

of W canbefoundascloseasdesiredto any elementof V.� Separability: An inner productspaceV is separable if it containsa sequenceof elementsw1 � w2 � �!���
that spana densesubspaceof V. All finite-dimensionalvectorspacesV areseparablesincea basis

canbefoundfor V wherethesubspacespannedby thebasisis V itself. Note thatV is trivially dense

in itself. All L2 spacesareseparable.As a consequenceof this property, any separableinnerproduct

spacehasanorthogonalbasis.
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A sequenceof elementsvk � k � 1 � 2 � �!��� in an innerproductspaceis a Cauchy sequenceif: givenany

smallpositivenumberε, anintegerN (generallydependenton ε) canbefoundsuchthat
+
vk � vl

+ F ε

whenever bothk � l = N. Looselyspeaking,a Cauchysequenceis onewhosetermseventuallycluster

together. An inner productspaceV is said to be completeif, given any Cauchysequencevk � k �
1 � 2 � �!���T4 V, thereexists a v 4 V suchthat the sequencevk convergesto v. Roughly, the notion of

completenessstatesthateveryCauchysequencein V mustconvergeto anelementof V.� Hilbert space: TheHilbert spaceis a separablereal(or complex) innerproductspacethatis complete

in themetricderivedfrom its innerproduct.

Althoughconceptssuchasdensenessandseparabilityappearthroughoutthewaveletliterature,arguablythe

mostusefulproperty(or at leastnotation)of wavelettheoryis theideaof theinnerproduct
( � � � ) of L2 � R  , and

by analogousextension,of n-dimensionalL2 spacesdenotedby L2 � Rn  . This is dueto thefactthatwavelets

arefunctionsgeneratingabasisin L2 � Rn  which,asexplainedbelow, is definedin termsof theinnerproduct.

5.1.3 Fourier Series

Shifting from n-dimensionalEuclideanspaceEn to the spaceof 2π-periodic square-integrablefunctions

L2 � 0 � 2π  , a measurablefunction f is definedon theinterval (0,2π) as6 2π

0
E f � x E 2 dx F ∞ �

It may be assumedthat f is a piecewise continuousfunction, extendedperiodically to the real line R �� � ∞ � ∞  in L2 � 0 � 2π  by f � x U� f � x � 2π  �V9 x [Chu92, p.1]. Any f in L2 � 0 � 2π  hasaFourierseriesexpansion:

f � x *� ∞

∑
k�U� ∞

cke
ikx �

wherei �XW � 1 andtheFouriercoefficientsck of f aredefinedby

ck � 1
2π
6 2π

0
f � x e� ikx dx �

Omittingtheconvergenceconsiderationsof Fourierseries(detailedin [Kap84, Chu92]), theimportantfeature

to notehereis thatthefunctioneix formsanorthonormalbasisof L2 � 0 � 2π  whichitself is avectorspace.The

original (2π-periodicsquare-integrable)function f is decomposedinto (infinitely many) mutuallyorthogonal

componentsckeikx by the generationof the orthonormalbasis � wk � from the dilation of the basisfunction

w � x U� eix, i.e.,wk � x <� w � kx , overall integersk.3 Sincethesinusoidalwaveeix is theonly functionrequired

to generateall 2π-periodicsquare-summablefunctions,every functionin L2 � 0 � 2π  is composedof wavesof

variousfrequencies.

3TheFourierbasisis oftenreferredto asabasisof sinesandcosinesdueto theidentity: eix � cosx� isinx.
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5.1.4 WaveletSeries

ConsideringthespaceL2 � R  of (Lebesgue)measurablefunctions f definedon therealline R, againa single

basisfunction is soughtwhich canbe madeto expressany function f in L2 � R  . The functionspaceL2 � R  
differs from L2 � 0 � 2π  in that the local averagevaluesof every functionmustattenuateto zeroat � ∞. The

sinusoidalwave functionswk � x do not belongto L2 � R  , andcannotbe useddirectly to generatea basisin

L2 � R  . Instead,“short-term”(quickly decaying)waves,knownaswavelets, arerequired.In orderto coverthe

entirespace,thesecompactlysupportedwavelet functionsmustbeshifted(translated)in space.Theregion

wherethe function is nonzerois said to be its support, hencewaveletsare nonzeroin limited (compact)

regions.Thesetof waveletfunctionsareformedby dilationsandtranslationsof asinglefunctionψ � x called

the“motherwavelet”, “basicwavelet”,or “analyzingwavelet” [RBC+92]. Thetermwaveletrefersto wavelet

functionsof theform

ψa 0 b � x #� 1W a
ψ � x � b

a
 � a Y 0 � b 4 R �(5.6)

wheredilationsandtranslationsaregovernedby parametersa � b, respectively. Every waveletψ generatesa

seriesrepresentationof f 4 L2 � R  :
f � x #� ∞

∑
a 0 b�<� ∞

ca 0 bψa 0 b � a Y 0 � b 4 R �
with waveletcoefficients � ca 0 b � givenby theintegral transformWψ:

ca 0 b � � Wψ f � x ;�Z� a � b � 1W a
6 ∞� ∞

f � x ψ � x � b
a
 dx � f 4 L2 � R  � a Y 0 � b 4 R �� (

f � ψa 0 b )[�(5.7)

The linear transformationWψ is calledthe integral wavelettransform, or simply wavelettransform, relative

to ψ.4

For reasonsconcerningsamplingtheoryandcomputationalefficiency, theparametersa � b arechosensothat

frequency spaceis partitionedinto consecutivefrequency bands(or “octaves”)by abinarydilation,andspace

is coveredby a dyadictranslation,i.e.,

a � 2� j ; b � k
2 j
� j � k 4 Z �

4The resemblanceof the wavelet function to the ket of quantummechanicsis not accidental.Both the
waveletandtheket areusedto representvectorbases.Thevectorbasisbra, associatedwith theket, corre-
spondsto thescalingfunctionφ in thewaveletcontext, anessentialcomponentof multiresolutionanalysis,
describedin

�
5.4.Furthersimilaritiesbetweenthetwo domainsincludetheinnerproduct

( � � � ) which is used
in placeof the Dirac notation

( � E � ) . The projectionoperatorPψ � Eψ ) ( ψ E usedin quantummechanicsis
not expresslyusedin thewavelet literaturealthoughthewavelet transformitself definestheprojectionof an
arbitrary function onto the wavelet basisgeneratedby ψ. The tensorproductof two vectorbasesdefined
in quantummechanicsas E φ )<\ Eψ ) is significant in the wavelet domaininsofar as it is usedto construct
multidimensionalwaveletbases(see

�
5.5,

�
5.7)[CDL77].
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Thedyadicwaveletcannow beexpressedin termsof dilation andtranslationparametersj � k,

ψ j 0 k � x ]� 2 j , 2ψ � 2 jx � k � j � k 4 Z �(5.8)

Henceforthexpression(5.8) is usedto definebothdyadicwaveletsandwaveletsalthoughit shouldbenoted

that a dyadicwavelet is technicallydistinguishedfrom the basicwavelet, asdefinedin (5.6), not only by

the binary dilation anddyadictranslation,but alsoby a “stability condition” imposedon the basicwavelet

(see[Chu92, p.11]).

Thedyadicwaveletψ j 0 k generatesa dyadicseriesrepresentationof f 4 L2 � R  :
f � x 5� ∞

∑
j 0 k�<� ∞

c j 0 kψ j 0 k � j � k 4 Z �(5.9)

with waveletcoefficients � c j 0 k � givenby theintegral transform:

c j 0 k � � Wψ f � x [�Z� j � k � 2 j , 2 6 ∞� ∞
f � x ψ � 2 j x � k dx � f 4 L2 � R  � j � k 4 Z �� (

f � ψ j 0 k )%�(5.10)

That is, the � j � k th wavelet coefficient of f is given by the integral wavelet transformationof f at dyadic

positionb � k � 2 j with binarydilation a � 2� j . Provided the wavelet ψ is orthogonal,the samewavelet ψ

is usedto generatethewaveletseries(5.9) andto definethe integral wavelet transform(5.10)[Chu92, p.5].

Orthogonalandotherclassificationsof waveletsarediscussedin
�
5.2.

5.1.5 From Vectorsto Wavelets

The commongoal amongthe above threemethodologiesis the representationof an arbitrary function (or

generalizedvector) f � x by a linearcombinationof basiselements,i.e.,

f � x #� ∞

∑
k�U� ∞

ckψk � x %�
For vectors,a setof basisvectorsis used,i.e., � ψk � x [�^�.� vk � . In theFourierdomain,the linearcombina-

tion is formedfrom the frequency dilation of the basisfunction � ψk � x ;�_�2� eikx � . In the wavelet domain,

the linear combinationis formed from the frequency dilation andspatialtranslationof the basisfunction� ψk � x ;�`�:� ψ j 0 k � x ;� .5 Note that for wavelets, j � k arethe dilation andtranslationparameters,respectively,

5Thepreciserepresentationof f � x is an l2-linearcombination[Chu92, p.3], wherel2 denotesthespace
of all square-summablebi-infinite sequences;thatis, � ck �^4 l2 if andonly if

∞

∑
k �<� ∞

E ck E 2 F ∞ �
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whereasin thetheFourierdomaintheseparametersarereversed,thatis,k is thefrequency dilationparameter,

andthereis no explicit translationparameter, i.e., j � 1, sincetheFourierbasisfunctionsareinfinite in ex-

tent[GB92]. Thedilation of thebasisfunctionin bothcasesgeneratestherepresentationof f � x at multiple

frequencies.

The primarydistinctionbetweenthe Fourier andwavelet representationsis that the Fourier seriesusesone

basisfunctionatmultiple frequenciesoverall space.Thewaveletrepresentationalsousesonebasisfunction

atmultiple frequencies,but to coverall space,it usesmany shiftedversionsof thecompactlysupportedbasis

function(themotherwavelet),eachovera limited spatialregion. Thatis, eachwavelet is localizedin space.

Furthermore,the wavelet basis � ψ j 0 k � x ;� analyzesa function over a consecutive distribution of frequency

bandsgovernedby the parameterj. This frequency distribution resultsin a hierarchicalpartitioningof the

functionby a flexible space-frequencywindowwhich automaticallynarrowsat high frequenciesandwidens

at low frequencies.6 The dimensionsof the window on the space-frequency grid aregovernedby j � k with

constantarea4∆x∆ω, where∆x denotesthespatialextentand∆ω the frequency extent. TheHeisenberg un-

certaintyprinciplestatesthattheareaof thespace-frequency windows(alsocalledHeisenberg boxes) canbe

nogreaterthan2. Theautomaticdilationof thewaveletHeisenberg boxesmaintainsconstantarea,but asthe

boxesshrinkin spacethey stretchover frequency. This characteristicof thewaveletrepresentationis known

asthewavelets’zoomingpropertyandit is thewavelets’paramountadvantageover traditionalFouriertech-

niquesfor signalanalysis.For furtherdetail andprecisedefinitionof the wavelet space-frequency window

see[JS94a, Chu92].

Thebenefitgainedby thewavelets’flexible space-frequency window canbeillustratedby thefollowing ab-

stractexampleof burstsignaldetection.BecausetheFourierrepresentationintegratesthebasisfunctionover

all space,i.e., over the entiresignal, the frequency contentis recordedover all space.If a high-frequency

burst is presentin the signal, Fourier analysiswill only report that sucha high frequency componentis

presentsomewhere in the signal. Thewavelet representation,on theotherhand,dueto its hierarchicalfre-

quency partitioning,enablesthe detectionand localizationof transientsignal componentssuchas bursts.

In aneffort to provide similar functionality, short-termFourierapproaches(suchastheShort-Time Fourier

Transform,or STFT)usespatiallylocalizedbasisfunctions,but still suffer from afixedspace-frequency win-

dow (see[Chu92,
�
1.2] for details).A schematicof theSTFTandwaveletspace-frequency tiling is shown in

Figure14.

6Thespace-frequency window is alsoknown asthetime-frequency window. Thereis no realdistinction
betweenspaceand time except within the context of the analysis. Typically time refersto time-varying
signalssuchasspeech,whereasspacemayreferto thespatial � x � y locationof animagepixel.
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(a)STFT. (b) Wavelet.

space

frequency

space

frequency

Fig. 14. Space-frequency tiling of the STFT and Wavelet representations.Adaptedfrom [Bar94, p.9
(Fig. 2.1)].

5.2 WaveletFunctions

Denotingtheclosureof thelinearspanof � ψ j 0 k : k 4 Z � by Wj for eachj 4 Z, i.e.,

Wj � closL2 a R b ( ψ j 0 k : k 4 Z ) �
L2 � R  canbedecomposedasa directsumof thespacesWj :

L2 � R  #�dc∑
j e ZWj � ����� ˙� W� 1 ˙� W0 ˙� W1 ˙�f�!��� �(5.11)

where ˙� indicates“direct sum”, in thesensethatevery function f 4 L2 � R  hasauniquedecomposition:

f � x *� �����!� g� 1 � x � g0 � x � g1 � x ������� �(5.12)

whereg j 4 Wj andgl 4 Wl . Any waveletgeneratesa directsumdecompositionof L2 � R  .
5.2.1 Bi-orthogonal Wavelets

Everywaveletψ 4 L2 � R  , asdefinedby (5.8),hasa dual gψ 4 L2 � R  definedbygψl 0m � x #� 2l , 2 gψ � 2l x � m � l � m 4 Z �
If thebases� ψ j 0 k � and �hgψl 0m � generatedby thedualwaveletsψ and gψ satisfy(

ψ j 0 k � gψl 0m )#� δ j 0 l � δk 0m � j � k � l � m 4 Z �(5.13)

i.e., the basesestablishinter-scale(δ j 0 l ) andintra-scale(δk 0m) orthogonality, then � ψ � gψ  form a pair of bi-

orthogonalwavelets, andevery f 4 L2 � R  canbewrittenasa waveletseries

f � x i� ∑
j 0 k e Z d j 0 k gψ j 0 k � x (5.14)



50� ∑
j 0 k e Z d j 0 kψ j 0 k � x �(5.15)

where,analogousto Fouriercoefficients,waveletcoefficientsaregivenby

d j 0 k � (
f � ψ j 0 k ) in (5.14);� (
f � gψ j 0 k ) in (5.15)�

If ψ and gψ constitutea bi-orthogonalwavelet pair, thenthey generatetwo subspaces� Wj � � � gWj � of L2 � R  
wherethesubspacesarenot generallymutuallyorthogonal,

Wj 3j Wl � and gWj 3j gWl � j 3� l �(5.16)

but insteadareorthogonalin thedualsense,

Wj
j gWl � j 3� l �(5.17)

Sinceboth � ψ j 0 k � and �kgψl 0m � arebasesof L2 � R  , thespacecanbedecomposedby eitherbasis,i.e.,

L2 � R  i� c∑
j e ZWj � ���!� ˙� W� 1 ˙� W0 ˙� W1 ˙�f���!�� c∑
j e Z gWj � ���!� ˙� gW� 1 ˙� gW0 ˙� gW1 ˙�f���!� �(5.18)

Equations(5.14)and(5.15)effectively statethatany function in L2 � R  projectedontoonebasiscanbe re-

coveredby expansionin theother. In contrastto anorthogonalwaveletbasis(seebelow), thebi-orthogonal

systempermitsgreaterfreedomin theconstructionof waveletfilters (see
�
5.6.4).For detailspertainingto the

convergenceof theseries,see[Chu92, p.5and
�
3.6].

5.2.2 Orthogonal Wavelets

A function ψ 4 L2 � R  is calledan orthogonal waveletif the family � ψ j 0 k � forms an orthonormalbasisof

L2 � R  , (
ψ j 0 k � ψl 0m )i� δ j 0 l � δk 0m � j � k � l � m 4 Z �(5.19)

An orthogonalwaveletis self-dualwith ψ �Dgψ generating� ψ j 0 k � sothatevery f 4 L2 � R  canberepresented

by thewaveletseries

f � x #� ∑
j 0 k e Z d j 0 kψ j 0 k � x �

with waveletcoefficients

d j 0 k � (
f � ψ j 0 k )[�
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Givenanorthogonalwaveletψ, thesubspaces� Wj � of L2 � R  generatedby thewaveletaremutuallyorthog-

onal,

Wj
j

Wl � j 3� l �(5.20)

Thefunctiondecompositions,asgivenby (5.12),arealsoorthogonal,i.e.,(
g j � gl )#� 0 � j 3� l �

andthedirectsumof subspaces(5.11)becomesanorthogonalsum:

L2 � R  #�Al
j e Z Wj � ���!�!m W� 1 m W0 m W1 m������ �(5.21)

where m indicates“orthogonalsum” (see[Chu92, pp.14-15]for details).

5.2.3 Semi-orthogonalWavelets

A functionψ 4 L2 � R  is calledasemi-orthogonalwaveletif thegeneratedbasis� ψ j 0 k � satisfies(
ψ j 0 k � ψl 0m )*� 0 � j 3� l � j � k � l � m 4 Z �(5.22)

where
(
ψ j 0 k � ψ j 0m ) may be non-zero. That is, the wavelet doesnot necessarilyprovide intra-scaleorthog-

onality. The distinctionbetweenorthogonalandsemi-orthogonalwaveletsis analogousto orthogonaland

orthonormalvectorbases.Semi-orthogonalwavelets,alsoknown as“pre-wavelets”,canproduceorthogonal

waveletsthroughanorthogonalizationprocedure[RBC+92,p.8]. Every semi-orthogonalwaveletgenerates

an (inter-scale)orthogonaldecomposition(but not necessarilyan orthonormalone),andevery orthogonal

waveletis alsoasemi-orthogonalwaveletsince(5.19)guarantees(5.22).

Although semi-orthogonalwaveletsare not generallyfully orthonormal,the subspacesthey generateare

mutuallyorthogonal,i.e., theconditionexpressedby (5.20)holds,andthefunctiondecompositions,asgiven

by (5.12),arealsoorthogonal,i.e., (
g j � gl )8� 0 � j 3� l � j � l 4 Z �

5.2.4 Non-orthogonal Wavelets

A wavelet ψ is called non-orthogonal if it is not a semi-orthogonalwavelet. Bi-orthogonalwaveletsare

generallynon-orthogonal,meaningthat theresultingbasestypically lack bothinter-scaleandintra-scaleor-

thogonality[RBC+92,p.8].
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5.3 WaveletMaxima and Multiscale Edges

A critical considerationin almostany signalanalysistask is the detectionof sharpvariationpoints. The

wavelet transformis closely relatedto multiscaleedgedetectionemployed in computervision [MZ92a].

Mallat et al. have developedan adaptive samplingtechniqueto locatesignalsharpvariationpointsby de-

tecting local maximaof the wavelet transformmodulus. The methodis equivalentto the Canny edgede-

tector[Can86]. Severalpapersandbookchaptersby Mallat canbe foundon this topic, including [MZ92a,

MZ92b, MH92, FM92, Mal91]. Becausethisedgedetectiontechniqueis directlyapplicableto eyemovement

modelingandvideoanalysisit is summarizedhere,closelyfollowing Mallat’s derivations.Whereappropri-

ate,thereferenceto therelevantsourceis provided.

Thewavelettransformof f at scalej andpositionx, givenin (5.10),definestheconvolutionproduct� Wψ f � x ;�n� j  5� f o ψ j � x �
wherethetranslationparameterk is madeimplicit. Thedyadicwavelettransformis definedasthesequence

of functions

W f �qpr� Wψ f � x [�Z� j  ts j e Z �
whereW is thedyadicwavelettransformoperator. Assuminga twice-differentiablesmoothingfunctionθ � x 
exists,whoseintegral is equalto 1 andthat convergesto 0 at infinity, e.g.,a Gaussian,definethefirst- and

second-orderderivativesof θ � x :
ψ 	J� x #� dθ � x 

dx
� and� ψ 	 	u� x #� d2θ � x 

dx2 �
The functionsψ 	 andψ 	 	 areby definition waveletssincetheir integral is equalto 0. Denotingthe wavelet

transformsof f � x relative to ψ 	 , ψ 	 	 as,� Wψ 	 f � x ;�Z� j  5� f o ψ j 	G� x � and � Wψ 	 	 f � x [�Z� j  *� f o ψ j 	 	G� x �� Wψ 	 f � x [�Z� j  , � Wψ 	 	 f � x [�Z� j  arethefirst andsecondderivativeof thesignalsmoothedat scalej [MZ92a]:� Wψ 	 f � x [�Z� j  *� f oP� j dθ j

dx
 '� x #� j

d
dx
� f o θ j  %� x � and� Wψ 	 	 f � x ;�Z� j  5� f ov� j2 d2θ j

dx2  %� x #� j2
d2

dx2 � f o θ j  %� x [�
The local extremaof � Wψ 	 f � x [�Z� j  correspondto thezerocrossingsof � Wψ 	 	 f � x ;�Z� j  andto the inflection

pointsof f o θ j � x . In theparticularcasewhereθ � x is a Gaussian,thezero-crossingdetectionis equivalent

to a Marr-Hildreth edgedetection[Mar80], and the extremadetectioncorrespondsto Canny edgedetec-

tion [Can86]. Thewaveletapproachfollowsthelatter, relyingon � Wψ 	 f � x [�Z� j  to distinguishbetweensharp

andslow variationpointsof f o θ j � x , which is oftendifficult usingasecondderivativeoperator.
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Sharpvariationpointsaredetectedby findingthelocalmaximaof themodulusE � Wψ 	 f � x [�Z� j  E . At eachscale

j, localmodulusmaximaarelocatedby finding thepointswhere E � Wψ 	 f � x ;�n� j  E is largerthanits two closest

neighborvalues,andstrictly largerthanat leastoneof them[MH92]. That is, a modulusmaximais located

at scalej andlocation � x0  if:E � Wψ 	 f � x0 � 1 [�Z� j  EwMxE � Wψ 	 f � x0  [�Z� j  E = E � Wψ 	 f � x0 � 1 ;�Z� j  E � and(5.23) yz{ z| E � Wψ 	 f � x0  ;�n� j  E Y E � Wψ 	 f � x0 � 1 [�Z� j  E � orE � Wψ 	 f � x0  ;�n� j  E Y E � Wψ 	 f � x0 � 1 [�Z� j  E �(5.24)

The modulusmaximaof the wavelet transformat scale j andlocation � x0  is a strict local maximaof the

moduluson theright or theleft of locationx0.

Thelocalmaximadetectionis extendibleto multipledimensionsif thereexistsasmoothingfunctionθ, which

convergesto 0 at infinity yettotally integratesto 1. In two dimensions,theimagefunction f � x � y is smoothed

at differentscalesj by convolution with the two-dimensionalsmoothingfunction θ j � x � y . Computingthe

gradientvector, ∇ � f o θ j  '� x � y , edgesaredefinedaspoints � x0 � y0  wherethemodulusof thegradientvector

is maximumin thedirectionof thegradientin theimageplane.Introducingtwo 2D waveletfunctions,

ψx � x � y #� ∂θ � x � y 
∂x

andψy � x � y #� ∂θ � x � y 
∂y

�
two componentsof thewavelet transformof f � x � y P4 L2 � R2  at scale j aredefinedwith implicit translation

parameterk: � W f � x � y [� x � j  5�}� Wψx f � x � y [�Z� j  *� f o ψx j � x � y � and� W f � x � y [� y � j  *�}� Wψy f � x � y [�Z� j  5� f o ψy j � x � y [�
Edgepointscanbelocatedfrom thetwo components� W f � x � y ;� x � j  , � W f � x � y ;� y � j  since~ � W f � x � y ;� x � j  � W f � x � y ;� y � j  �� � j � ∂

∂x � f o θ j  '� x � y 
∂
∂y � f o θ j  '� x � y �� � j∇ � f o θ j  %� x � y [�

Sharpvariationpointsaredetectedanalogouslyto the 1D case,wherethe modulusat scale j andposition� x � y , denotedby � M f � x � y ;�n� j  , is proportionalto:E � W f � x � y ;�n� j  E ∝ � M f � x � y ;�n� j  5�- E � W f � x � y ;� x � j  E 2 � E � W f � x � y [� y � j  E 2 �(5.25)

At eachscale j, the local modulusmaximaareagainfoundby comparingthe point � M f � x � y [�Z� j  with its

two neighborsasin (5.23)and(5.24),exceptnow neighboringpointsmustbeexaminedalongthedirection
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of thegradientvector. Theangleof thegradientvectorwith horizontaldirectionatscalej andposition � x � y ,
denotedby � Af � x � y ;�n� j  is givenby [MZ92b]:� Af � x � y [�Z� j  i� arg ��� W f � x � y [� x � j  � i � W f � x � y [� y � j  � � tan� 1

~ � W f � x � y ;� y � j  � W f � x � y ;� x � j  � �(5.26)

In threedimensions,thevolumefunction f � x � y� t  is smoothedat differentscalesj by convolution with the

three-dimensionalsmoothingfunctionθ j � x � y� t  . Computingthegradientvector, ∇ � f o θ j  '� x � y� t  , edgesare

definedaspoints � x0 � y0 � t0  wherethe modulusof the gradientvector is maximumin the directionof the

gradientin thevolume.Introducingthree3D waveletfunctions,

ψx � x � y� t  #� ∂θ � x � y� t  
∂x

� ψy � x � y� t  #� ∂θ � x � y� t  
∂y

� andψt � x � y� t  *� ∂θ � x � y� t  
∂t

�
threecomponentsof thewavelettransformof f � x � y� t  #4 L2 � R3  atscalej aredefinedwith implicit translation

parameterk: � W f � x � y� t  ;� x � j  *�D� Wψx f � x � y� t  ;�n� j  5� f o ψx j � x � y� t  �� W f � x � y� t  ;� y � j  *�}� Wψy f � x � y� t  ;�Z� j  ?� f o ψy j � x � y� t  � and� W f � x � y� t  ;� t � j  5�}� Wψt f � x � y� t  ;�n� j  *� f o ψt j � x � y� t  [�
Edgepointscanbelocatedfrom theabovethreecomponentssince�� � W f � x � y� t  ;� x � j  � W f � x � y� t  ;� y � j  � W f � x � y� t  ;� t � j  ��� � j

��� ∂
∂x � f o θ j  '� x � y� t  
∂
∂y � f o θ j  '� x � y� t  
∂
∂t � f o θ j  %� x � y� t  �'�� � j∇ � f o θ j  '� x � y� t  [�

Sharpvariationpointsaredetectedanalogouslyto the 1D case,wherethe modulusat scale j andposition� x � y� t  , denotedby � M f � x � y� t  [�Z� j  , is proportionalto:E � W f � x � y� t  [�Z� j  E ∝ � M f � x � y� t  ;�n� j  5�- E � W f � x � y� t  ;� x � j  E 2 � E � W f � x � y� t  ;� y � j  E 2 � E � W f � x � y� t  [� t � j  E 2 �(5.27)

At eachscale j, thelocal modulusmaximaareagainfoundby comparingthepoint � M f � x � y� t  [�Z� j  with its

two neighborsalongthedirectionof thegradientvector. Theangleof thegradientvectoris now determined

by threeplanaranglesat scalej andposition � x � y� t  , denotedby � Af � x � y� t  ;�Z� ab � j  where � ab specifiesthe

directionalplane,givenby: � Af � x � y� t  ;�n� xy � j  i� tan� 1

~ � W f � x � y� t  [� y � j  � W f � x � y� t  [� x � j  � �(5.28) � Af � x � y� t  [�Z� xt � j  i� tan� 1

~ � W f � x � y� t  [� t � j  � W f � x � y� t  [� x � j  � �(5.29) � Af � x � y� t  [�Z� yt � j  i� tan� 1

~ � W f � x � y� t  [� y � j  � W f � x � y� t  [� t � j  � �(5.30)
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5.4 Multir esolutionAnalysis

Multiresolutionanalysis(MRA), introducedby Meyer andMallat [Mal89a], is an algorithmic framework

for representingfunctionsat hierarchicallevelsof scale(or resolution).Thewaveletbasisdescribedabove

analyzestheunderlyingsignalin termsof spatially-localizedfrequency components.Usingthewaveletba-

sis alone,reconstructionof the signalmay be problematic.In orderto reconstructthe original signalfrom

its wavelet representation,the waveletdual gψ is usedasthe reconstructionkernelfunction in the inversion

formula definedby Equation(5.14). In general,however, gψ doesnot exist [Chu92, p.13]. Multiresolution

analysisaddressesthis reconstructionproblemby maintaininga scaledversionof the signalat consecutive

levelsof resolution.Theoriginal signalcanbefaithfully reconstructedby successively combiningthescaled

signalwith thewaveletcoefficientsat eachlevel of resolution.

5.4.1 ScalingFunctions

At the heartof multiresolutionanalysisis the notion of a scaling function, denotedby φ � x . The scaling

functionis verysimilar in natureto thewaveletin thatit alsogeneratesabasisof L2 � R  . Thescalingfunction

is alsoacompactlysupportedfunction,definedas

φa 0 b � x #� 1W a
φ � x � b

a
 � a Y 0 � b 4 R �

whereagaina � b arethedilationandtranslationparameters.As for thewaveletfunction,integralpowersof 2

areusedwherethescalingfunctionis obtainedby a binarydilation (dilationby 2 j ), anda dyadictranslation

(translationof k � 2 j ) of asinglefunctionφ. Thatis, a � b arechosenasfor thewaveletfunction,andthescaling

functionbecomes

φ j 0 k � x *� 2 j , 2φ � 2 jx � k � j � k 4 Z �
5.4.2 ScaleSubspaces

Sincethescalingfunctiongeneratesa basisof L2 � R  , it alsogeneratessubspaces� Vj � , just asthesubspaces� Wj � aregeneratedby ψ above,i.e.,

Vj � closL2 a R b ( φ j 0 k : k 4 Z ) �
with φ generatinga referencesubspaceV0, i.e.,

V0 � closL2 a R b ( φ0 0 k : k 4 Z )%�
In contrastto thesequenceof orthogonalsubspaces� Wj � generatedby anorthogonalψ satisfying(5.20),the

nestedsequenceof closedsubspaces� Vj � generatedby thescalingfunctionpossessthefollowing properties:

1. ���!�h� V� 1 � V0 � V1 ���!� (containment);(5.31)



56

2. � j e ZVj � L2 � R  (completeness);(5.32)

3. � j e Z Vj �}� 0 � (uniqueness);(5.33)

4. f � x �4 Vj � f � 2x ?4 Vj $ 1 � j 4 Z (scalability) �(5.34)

Property(5.31)statesthat the sequenceof subspacesis nested;property(5.32)statesthat every function f

in L2 � R  canbe approximatedascloselyasdesiredby its projectionsin Vj ; property(5.33),on the other

hand,statesthat, by decreasingj, the projectionscould have arbitrarily small energy [Chu92, p.16]; and

property(5.34)is themultiresolutionconditionwhich statesthatas j increases,thespacesVj correspondto

“finer resolution”:if thefunction f is in thebasicmultiresolutionspaceV0, thenthefiner resolutionfunction

f � 2 j �  : x �� f � 2 j x is in the spaceindexed by j [Fou95, p.43]. The scalingfunction is saidto generatea

multiresolutionanalysisif it generatesa nestedsequenceof subspaces� Vj � satisfyingtheabove properties

suchthat � φ0 0 k � formsa basisof V0.

5.4.3 Bi-orthogonal Multir esolution

Givena pair of scalingandwaveletfunctions � φ � ψ  , neitherof which necessarilyformsanorthogonalbasis,

the goal is to specifydual functions � gφ � gψ  so that the original function f in L2 � R  canbe perfectlyrecon-

structed.Recallthatwaveletsarebi-orthogonalif they satisfycondition(5.13)andgenerateduallyorthogonal

subspacesasexpressedby Equations(5.16)and(5.17).Assumingthatthescalingfunctions(φ � gφ) aredualas

per(5.13),andimposingthefollowing intra-scaleorthogonalityconditions:(
φ j 0 k � gψ j 0 l )8� 0 � and

( gφ j 0 k � ψ j 0 l )8� 0 � j � k � l 4 Z �(5.35)

thedoublemultiresolutiongeneratedby � φ � gφ  with two sequencesof subspaces� Vj � � � gVj � thensatisfies

Vj
j gWj and gVj

j
Wj � j 4 Z �

andL2 � R  is decomposedasin (5.18),with

Vj $ 1 � Vj ˙� Wj and gVj $ 1 � gVj ˙� gWj � j 4 Z �
Thepairs � φ � ψ  and � gφ � gψ  areinterchangeablein thesensethatonly oneof thepairsneedsto bespecified.

Thesecondpair is derivedfrom thefirst with φ connectedto gψ andψ connectedto gφ (see
�
5.6.4)[Fou95,

�
II].

5.4.4 Orthogonal Multir esolution

If the scalingfunction φ canbe chosenso that the setof translates� φ0k �_�:� φ � x � k  ;� forms an orthonor-

mal basisandgeneratesa setof multiresolutionsubspaces� Vj � , thenan orthonormalwavelet basiscanbe
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constructedfrom φ [RBC+92]. DefiningWj asV �j , wherethe orthogonalcomplementis taken in Vj $ 1, so

that

Vj $ 1 � Vj m Wj andVj
j

Wj �
L2 � R  isdecomposedasin (5.21).A functionψ is soughtsothat � ψ j 0 k � formsanorthonormalbasisfor L2 � R  ,
andsubsequently� ψ j 0 k � is an orthonormalbasisfor Wj . Assumingthat integer translatesof φ generatean

orthonormalbasisfor V0 andthereexist ck suchthat

φ � x ]� ∑
k e Z ckφ � 2x � k �

thenψ � x is givenby

ψ � x "� ∑
k e Z � � 1 kck$ 1φ � 2x � k  ;�(5.36)

By theaboveconstructionandorthonormalityof φ,(
φ j 0 k � ψ j 0 l )8� 0 � j � k � l 4 Z �

and φ � ψ are eachself-dual,satisfying(5.35). That is, orthogonalmultiresolutionis a specialcaseof bi-

orthogonalmultiresolutionwhereφ � gφ andψ �}gψ.

5.5 WaveletDecompositionand Reconstruction

Given themultiresolutionframework, waveletdecompositionandreconstructionalgorithmscanbederived

for any f in L2 � R  . Sincegφ 4 L2 � R  generates� gVj � and gψ 4 L2 � R  generates� gWj � , andby multiresolution

property(5.32) above, every function f in L2 � R  canbe approximatedby an f N 4 gVN, for someN 4 Z.

ConsidergVN asthe“samplespace”and f N the“data” (or measurement)of f on gVN. SincegVN � gWN � 1 ˙� gVN � 1� gWN � 1 ˙���!��� ˙� gWN � M ˙� gVN � M �
for any positive integerM, f N hasa uniquedecomposition:

f N � x "� f N � 1 � x � gN � 1 � x �
where f N � 1 4 gVN � 1 andgN � 1 4 gWN � 1. Recursively,

f N � x #� gN � 1 � x � gN � 2 � x �/�!����� gN � M � x � f N � M � x �(5.37)

where

f j � x "� ∑
k

c j 0 kgφ � 2 jx � k 54 gVj : c j �}� c j 0 k � � k 4 Z;(5.38)

g j � x "� ∑
k

d j 0 k gψ � 2 jx � k *4 gWj : d j �}� d j 0 k � � k 4 Z;(5.39)
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and

f N � M � x ?4 gVN � M � j � N � M � N � M � 1 � �!��� � N � 1 �
with thenormalizationfactor2 j , 2 foldedinto theseriescoefficientsandM chosensothat f N � M is sufficiently

decomposed.Thedecompositionin (5.37)is uniquelydeterminedby thesequencesc j andd j , in (5.38)and

(5.39)[Chu92, pp.156-157],which arethescaleandwaveletcoefficientsobtainedfrom themultiresolution

projectionof f j ontosubspacesVj �Wj asgeneratedby φ � ψ, respectively:

c j 0 k � ( f j � φ j 0 k ) � d j 0 k � ( f j � ψ j 0 k )%�(5.40)

Note that here,contraryto convention,ψ, not gψ, is usedasthe analyzingwavelet, althoughby the duality

principle [Chu92, p.156], the pairs � φ � ψ  � � gφ � gψ  areinterchangeablefor decompositionandreconstruction

purposes.That is, incorporatingEquations(5.38)and(5.39) into (5.37), the function f j $ 1 canbeobtained

from eithercombinationof dualpairsby thefollowing (bi-orthogonal)inversionformula[GB92, p.634]:

f j $ 1 � x ]� ∑
j 0 k e Z c j 0 kgφ j 0 k � x � ∑

j 0 k e Z d j 0 k gψ j 0 k � x (5.41) � ∑
j 0 k e Z c j 0 kφ j 0 k � x � ∑

j 0 k e Z d j 0 kψ j 0 k � x �(5.42)

with scaleandwaveletcoefficientsy{ | c j 0 k � ( f j � φ j 0 k ) � d j 0 k � ( f j � ψ j 0 k ) in (5.41);

c j 0 k � ( f j � gφ j 0 k ) � d j 0 k � ( f j � gψ j 0 k ) in (5.42)�
In orthogonalMRA, with self-dualφ andψ functions,Equations(5.41)and(5.42)condenseinto one(orthog-

onal)inversionformula:

f j $ 1 � x ]� ∑
j 0 k e Z c j 0 kφ j 0 k � x � ∑

j 0 k e Z d j 0 kψ j 0 k � x �
with coefficientsasgivenby (5.40).

Themostimportantpropertyof thesubspaces� Vj � and � Wj � (or � gVj � and � gWj � , dependingon which dual

pair is usedfor decomposition),and hencemultiresolutionanalysisin general,is that as j � � ∞, more

andmore“variations”of the analyzedfunctionareremovedat each“rate of variation”, or frequency band,

j, andstoredin Wj . The remainingcoarserapproximationsto the function remainin Vj . The crux of the

recursive natureof MRA is the decompositionof the coarsefunction at level j into the function’s coarser

approximationandstripped“variation” at level j � 1, asprojectedontoVj � 1 andWj � 1, respectively.7 The

7Note thatsomeauthorsusea conventionof increasingsubspaces[RBC+92]. Roughlyspeaking,in the
Meyer convention(adoptedhere)the functionsin Vj scalelike 2� j , whereasin the Daubechiesconvention
they scalelike 2 j . That is, in the Meyer convention,the decompositionlevel j is commensuratewith the
resolutionof thefunctionunderstudy, i.e., level j � 0 representsthecoarsestresolution.In theDaubechies
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algorithmicapproachfor decomposingandreconstructingthefunction f j betweenresolutionlevelsis accom-

plishedthroughtheuseof discretesequenceswhichapproximatethescalingandwaveletfunctionsφ, gφ, ψ, gψ.

Sinceboth gφ 4 gV0 and gψ 4 gW0 arein gV1, andsince gV1 is generatedby gφ1 0 k � x ?� 21, 2gφ � 2x � k � k 4 Z, there

exist two sequencesdenotedby � gpk � and � gqk � suchthatgφ � x *� ∑
k
gpk gφ � 2x � k ;(5.43) gψ � x *� ∑

k
gqk gφ � 2x � k �(5.44)

for all x 4 R. Theseare the two-scale, dilation, or refinementrelationsof the scalingand wavelet func-

tions, respectively. Theserelationsimply that gφ � x and gψ � x mustbegeneratedby thefiner scalefunctionsgφ � 2x � k , andleadto thedecompositionalgorithm.

Conversely, sincebothφ � 2x andφ � 2x � 1 arein V1 andV1 � V0 ˙� W0, therearetwo sequencesdenotedby� pk � and � qk � , k in Z, suchthat

φ � 2x � l  &� ∑
k � pl � 2kφ � x � k  � ql � 2kψ � x � k  t� � l 4 Z �(5.45)

This is calledthe decompositionrelation of φ andψ. Mathematically, the decompositionrelationroughly

statesthat the function underanalysisat a given resolutionlevel (scale)canbe decomposedinto a coarser

resolutionapproximationplusthestripped-off detail.Computationally, perhapssomewhatcounterintuitively,

the decompositionleadsto the reconstructionalgorithm. The two pairs of sequences( � gpk � � � gqk � ) and

( � pk � � � qk � ), areuniqueoncethenormalizationof φ is fixed(see[Chu92,
�
1.6] for details).

Representingf j andg j from (5.38)and(5.39)by the“digital” sequencesc j andd j , thefollowinggeneralized

(bi-orthogonal)decompositionandreconstructionalgorithmsemerge:

Decomposition:

c j � 1
k � ∑

l

pl � 2kc
j
l ; d j � 1

k � ∑
l

ql � 2kc
j
l
�(5.46)

Reconstruction:

c j
k � ∑

l � gpk � 2lc
j � 1
l � gqk � 2ld

j � 1
l � �(5.47)

convention,thedecompositionlevel j pertainsto thenumberof decompositionsappliedto thefunctionunder
study, i.e., level j � 0 representsthe finest resolutionsinceno decompositionshave beenappliedto the
function. Both conventionsareequally informative sincein the former the “current” resolutionlevel can
be useddirectly in estimatingthe extent of the function (i.e., the numberof samplespresentin the scaled
signal—thisis particularlyusefulwhendealingwith images).Thelatterconventionprovidesinformationin
termsof numberof decompositionsappliedto thefunction,which canbea valuablemeasurein a recursive
implementation.
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where� pk � and � qk � aredecompositionsequences, while � gpk � and � gqk � arereconstructionsequences. These

sequencescorrespondto digital filters in signalanalysis.8 Notethatin thecaseof orthogonalMRA, thefilters

coincide,i.e., � pk �^�.� gpk � and � qk �`�.� gqk � . The decompositionandreconstructionalgorithmsareshown

schematicallyin Table3.

TABLE 3
Schematicof waveletdecompositionandreconstruction.

WN � 1 WN � M � 1 WN � M

dN � 1 dN � M $ 1 dN � M� � � �
cN � � cN � 1 � � �!��� � � cN � M $ 1 � � cN � M

VN VN � 1 VN � M � 1 VN � M

(a)Decomposition�
WN � M

�
WN � M � 1

�
WN � 1

dN � M dN � M $ 1 dN � 1� � � �
cN � M � � cN � M $ 1 � � �!��� � � cN � 1 � � cN�

VN � M

�
VN � M � 1

�
VN � 1

�
VN

(b) Reconstruction

Thewavelet transformgeneralizesto multiple dimensionsprovidedthescalingfunctionsandwaveletsgen-

eratemultidimensionalbases.In the particulartwo-dimensionalcase,therearetwo waysin which the 1D

transformcanbegeneralized,namelythroughthestandard andnon-standard decompositions.

Thestandarddecompositionof a typical 2D function,i.e.,animage, f � x � y , is obtainedby first applyingthe

1D wavelettransformto eachrow of (pixel) values,giving average(smoothed)valueswith detailcoefficients

for eachrow. Thetransformedrows aretreatedas1D functionsthemselvesandthe1D wavelettransformis

8Someauthorsprefertoconcentrateonreconstructionfiltersasthe“nice” filtersanddenotedecomposition
sequencesby a specialsymbol. Becausethe decompositionis morepertinentto signalanalysis,herethe
oppositeconventionis usedwherethe“nice” filtersareassociatedwith decompositionandthedistinguishing
symbol(g ) denotesreconstructionfilters.
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appliedagainon eachcolumn.Thestandarddecompositiongivescoefficientsfor abasisformedby thestan-

dard constructionof waveletbasisfunctions,consistingof all possibletensorproductsof theone-dimensional

basisfunctions,

φ � x �\ φ � x � φ � x �\ ψ � x � ψ � x �\ φ � x � ψ � x n\ ψ � x �
whereφ � x n\ φ � x is the2D scalingfunctionandtherestarewavelets(see[Fou95, p.20] for detailsandex-

amples).

Thenon-standarddecompositionof a 2D functionalternatesbetweenoperationson rowsandcolumns.That

is, thedecompositionis obtainedby first applyingthe1D wavelet transformto eachrow of (pixel) valuesat

oneresolutionlevel, giving average(smoothed)valueswith detailcoefficientsfor eachrow. Thetransformed

rows are againtreatedas 1D functionsand one level the 1D wavelet transformis appliedagainon each

column.To completethetransform,theprocessis repeatedrecursively on thequadrantcontainingbothrow

andcolumnaverages.The non-standard constructionof a two-dimensionalbasisis similar to the standard

construction,except that the tensorproductsareobtainedusingtransposedversionsof the 1D scalingand

waveletfunctions.Thatis, thetwo-dimensionalscalingfunctionis definedas

φφ � x � y ]� φ � x n\ φT � x �
andthethreewaveletfunctionsare:

φψ � x � y ]� φ � x n\ ψT � x �
ψφ � x � y ]� ψ � x �\ φT � x �
ψψ � x � y "� ψ � x �\ ψT � x [�

Both constructionswill generateorthogonal2D basesgivenorthogonal1D functions[Fou95]. Examplesof

thenon-standarddecompositionandsomeof its propertiesaregivenin
�
5.7.

In threedimensions,thewavelettransformdependsonthree-dimensionalscalingandwaveletbasesfunctions.

Thestandarddecompositionof a typical 3D function,e.g.,a videoframesequence,f � x � y� t  , is obtainedby

first applyingthe 1D wavelet transformon inter-framepixelsbetweentwo successive video framesat each

resolutionlevel. This givesthetemporaldecompositionof thevideoframes,analogousto thewavelettrans-

form of one-dimensionalsignals.The first transformedframecontainsthe overall temporalaveragevalue,

while thelastframecontainstheoverall temporaldifferenceof theoriginal frames.Thetransformedframes

arethentreatedas2D functionsandthestandard2D waveletdecompositionis appliedto all frames.

The non-standarddecompositionis obtainedby first applying the 1D wavelet transformon eachpixel be-

tweeneachof two successivevideoframesin thesequence.Oneof thetwo transformedframescontainsthe
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temporalaveragevalues,while theotherframecontainsthe temporaldifferenceof thetwo original frames.

Thetransformedframesarethentreatedas2D functionsandthenon-standardwaveletdecompositionis ap-

plied to both frames.Provided therewerefour framesto begin with, theprocessis repeatedrecursively on

the two quadrantscontainingboth temporalandspatialaverageswhich arecontainedin the two temporal

averageframes.Thenon-standardconstructionof athree-dimensionalbasisis similar to thetwo-dimensional

caseexceptthatthetemporalbasisis obtainedfirst. Thatis, thethree-dimensionalscalingfunctionis defined

as:

φφφ � x � y� t  ]� φ � x �\ φ � x n\ φT � x �
andthesevenwaveletfunctionsare:

φφψ � x � y� t  ]� φ � x n\ φ � x �\ ψT � x �
φψφ � x � y� t  ]� φ � x n\ ψ � x �\ φT � x �
φψψ � x � y� t  ]� φ � x n\ ψ � x �\ ψT � x �
ψφφ � x � y� t  ]� ψ � x �\ φ � x �\ ψT � x �
ψφψ � x � y� t  ]� φ � x n\ φ � x �\ ψT � x �
ψψφ � x � y� t  ]� φ � x n\ ψ � x �\ φT � x �
ψψψ � x � y� t  ]� φ � x n\ ψ � x �\ ψT � x %�

Theconstructionswill generateorthogonal3D basesgivenorthogonal1D functions.Examplesof thenon-

standarddecompositionaregivenin
�
5.7.

5.6 WaveletFilters

Themultiresolutionwaveletdecompositionandreconstruction,depictedin Table3, canbeimplementedby a

two-bandfilter bank,asshown in Figure15. To maintainconsistency with signalprocessingconvention,the

discretesequences� pk � , � qk � , � gpk � , � gqk � arereplacedby thedigital filtersH � G � gH � gG representedby discrete

sequences� hk � , � gk � , � ghk � , � ggk � , respectively. Figure15 displaysdecompositionandreconstructionof the

signal f at oneresolutionlevel. Thesymbols� 2 and � 2 within circlesrepresentdyadicdownsamplingand

upsampling,respectively.

Multiresolutionanalysisat multiple levelsresemblesa nonuniform,tree-structuredfilter bank. Thenonuni-

form qualificationrefersto theflexible tiling of thespace-frequency grid generatedby waveletanalysis(see�
5.1.5, Figure 14) [Vai93]. Multiresolution decompositionand reconstructionat threelevels is shown in

Figures16. In general,thedigital implementationof multiresolutionanalysis,asdescribedin
�
5.4, is often
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Fig. 15. One-level waveletdecompositionandreconstructionimplementedby a two-bandfilter bank.

referredto astheDiscreteWaveletTransform(DWT).9

In practice,the filters H andG arechosenas lowpassandandhighpass(in general,bandpass)filters, re-

spectively. The lowpassfilter correspondsto thescalingfunctionφ by subsamplingthesignalat decreasing

levels of resolution. The highpass(or bandpass)filter correspondsto the wavelet function ψ decomposing

thesignalby projectionsontoconsecutivefrequency bands.Thedualfilters gH � gG arederivedfrom H � G sub-

ject to desiredorthogonalityconstraintsbetweenfilters. Theseconstraintsaredelineatedby thefour wavelet

classesdiscussedin
�
5.2 resultingin the consonantfamilies of filters, namelyorthogonal, bi-orthogonal,

semi-orthogonal, andnon-orthogonal.

TheDiscreteWaveletTransformcanberepresentedin matrix form [PTVF92]. At a givenscale j, thefinite,

discretefunction f , representedby the sequencec j , is transformedinto the sequencesc j � 1 and d j � 1 by

thesquarematrixM j consistingof null (zero)elements,andelementsof thescalingandwaveletfilters � hk � ,� gk � . Thetransformedsequencesc j � 1, d j � 1 areeachhalf thelengthof c j dueto downsampling.Forexample,

usingscalingandwavelet filters � hk � and � gk � , eachof length4, the decompositionof the sequencec j of

9Strictly speaking,thetermWaveletTransformgenerallyrefersto theIntegral WaveletTransform, relative
to thebasicwaveletψ, definedin Equation(5.7),andDiscreteWaveletTransformrefersto thewaveletseries
expansionof f , relative to ψ. The transformis dyadic when a and b are chosensuchthat the wavelet
basisis obtainedby a binarydilation anddyadictranslationof a singlefunctionψ. In thesignalprocessing
domain,andespeciallyin imageandvideoprocessingapplications,thetermWaveletTransform, or Discrete
WaveletTransform(DWT), hascometo meana multiresolutionanalysisof theunderlyingsignal. Although
not technicallyaccurate,this terminologyis adoptedheremeaningthatDiscreteWaveletTransformandthe
abbreviation DWT shouldbe interpretedas “discrete,dyadic multiresolutionanalysis”. The term Inverse
DiscreteWaveletTransform(IDWT)shouldbeinterpretedas“discrete,dyadicmultiresolutionsynthesis”.
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Fig. 16. DiscreteWaveletTransformimplementedby a nonuniform,tree-structured,two-bandfilter bank.
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length8 is givenby: �            ¡
c j � 1

0

c j � 1
1
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3
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0
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f j � 1 � M j f j(5.48)

where f denotesthe finite, discretefunction f , and null elementsof the matrix M j are shown as empty

spaces.The original function f canbe perfectly reconstructedif the inversematrix � M j  � 1 canbe found

andthedualfilters � ghk � , � ggk � exist. Constructionof thedualfilters dependson thechosenclassof wavelets.

Reconstructionis representedby a similar matrix operationwherethe reconstructionmatrix resemblesM j

exceptthatthereconstructionfilters � ghk � and � ggk � replacethedecompositionfilters � hk � , � gk � , e.g.,

f j � � M j  � 1f j � 1 �
Consideringthefilters � hk � � � gk � asconvolutionkernels,noticethattheabovematrixoperationincorporates

the subsamplingstepby performingdyadic translationsof the kernels. In somesignalprocessingimple-

mentations,convolution is carriedout throughmonadictranslationof the convolution filter, relying on the

subsamplingstepto dropeveryotherelement.In theabovematrix representation,however, thesubsampling

stepis madeimplicit by dyadictranslationprecludingtheneedfor explicit subsamplingandsupersampling.

In thediscussionon filters,below, dyadickerneltranslationis assumed.

5.6.1 Orthogonal Filters

The orthogonalityconditionfor the wavelet ψ, initially given in
�
5.2.2by Equation(5.19), is restatedhere

with respectto the analysisfilter � gk � : if ψ is anorthogonalwavelet, thenthe filter G formsan intra-scale

orthonormalbasisof L2 � R  , (
gk � gm )#� δk 0m � k � m 4 Z �(5.49)

Provided the filter � gk � alsosatisfiesinter-scaleorthogonality, the subspacesof L2 � R  generatedby G are

mutually orthogonalas in Equation(5.20). Condition (5.49) effectively statesthat the translatedwavelet

function ψ, andhencehighpassfilter � gk � , doesnot overlap,or if it does,the overlappedsegmentssumto

zeroin thesenseof theL2 � R  innerproduct.
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As outlinedin
�
5.4, � gk � canbeobtainedfrom theorthonormallowpassfilter � hk � , correspondingto thescal-

ing functionφ, asperEquation(5.36),in which caseH andG arecalledquadraturemirror filters [Mal89a].

Equation(5.36)canberewrittenmorecompactlyin termsof thefilters � hk � � � gk � by:

gk � � � 1 kh1 � k � k 4 Z �(5.50)

sothatthefollowing intra-scaleconditionshold:(
hk � hm )8� ( gk � gm )8� δk 0m � k � m 4 Z (orthonormalfilters);(5.51) (

hk � gm )#� 0 � k � m 4 Z (orthogonalsubspacesVj
j

Wj ) �(5.52)

Underthis construction,the matrix M j is orthogonalin the sensethat the reconstructionmatrix � M j  � 1 is

the transposeof M j , i.e., � M j  � 1 �¦� M j  T , andthe filters � hk � � � gk � areself-dual,i.e., � ghk �§�2� hk � and� ggk �¨�D� gk � .
Referringto theabovematrix decompositionexamplewith filters � hk � and � gk � of length4, thereconstruc-

tion f j �©� M j  � 1f j � 1 is givenby:�            ¡
c j

0

c j
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c j
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c j
3

c j
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c j
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c j
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7
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0
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0
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1
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2

d j � 1
2
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3
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3

¢ ££££££££££££¥(5.53)

Substituting� ghk � by � hk � and � ggk � by � gk � , where � gk � is obtainedasin (5.50),andpermutingrowsof f j � 1

andcolumnsof � M j  � 1, Equation(5.53)is rewrittenas:�            ¡
c j

0

c j
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c j
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c j
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c j
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c j
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c j
6

c j
7
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h2 h1 h0 h3
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h2 h1 h0 h3

h3 � h0 h1 � h2

h2 h1 h0 h3

h3 � h0 h1 � h2
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0

d j � 1
0
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1
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1

c j � 1
2

d j � 1
2

c j � 1
3
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3

¢¤££££££££££££¥(5.54)

In this example, � M j  T is theinverseof M j if andonly if

h2
0 � h2

1 � h2
2 � h2

3 � 1 � and�(5.55)

h0h2 � h1h3 � 0 �(5.56)

Equations(5.55)and(5.56) in combinationexpressthe intra-scaleorthonormalitycondition(5.51). If con-

dition (5.56) is not evident from the invertiblematrix requirement,considerthe intra-scaleorthogonalityof
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thesubspace� Vj � , coveredby thescalingfunction,which canbeexemplifiedby two vectorsformedby the

spatialtranslationof thelowpassfilter, hk � hk $ 1:� ���!� h0 h1 h2 h3 0 0 ����� �� ���!� 0 0 h0 h1 h2 h3 ����� �
wherethe inner product

(
hk � hk $ 1 )P� h0h2 � h1h3. Theseare preciselythe termsrequiredto sum to 0 in

Equation(5.56). In general,for any differenttranslationsk � m� k 3� m, the innerproductmustsumto zero.

In otherwords,
(
hk � hm )5� 0 � k 3� m so that thescalingfunctionφ generatesanorthogonalbasis.Equations

(5.55) and (5.56), along with two additionalrelations,were recognizedandsolved by Daubechies,while

coefficientsfor filters of length2 werefirst givenby Haar. Coefficientsof bothfilters aregivenin Table4.

TABLE 4
Orthonormalfilters.

(a)Haar. (b) Daubechies-4.

k W 2 � hk  W 2 � gk  
0 1 1
1 1 � 1

k 4W 2 � hk  4 W 2 � gk  
0 1 � W 3 1 � W 3
1 3 � W 3 � 3 � W 3
2 3 � W 3 3 � W 3
3 1 � W 3 � 1 � W 3

Orthogonalwaveletsguaranteeperfectreconstructionandgenerallyfacilitate implementation.In practice,

however, orthogonalwaveletsarenot alwayseasilyconstructedandmay lack desirablepropertiessuchas

symmetryor continuity. Filter symmetryis incompatiblewith exactreconstruction,if thesameFIR filtersare

usedfor decompositionandreconstruction.Exceptfor theHaarbasis,all compactlysupported,realorthonor-

mal wavelet basesareasymmetric[Dau92, p.252,p.253,p.259]. The Haarwavelet is the only real-valued

wavelet that is compactlysupported,symmetricandorthogonal[JS94a]. Non-orthogonal,or overlapping

filters, relaxtheorthogonalityconditionandsubsequentlyareconsideredmoreflexible.

5.6.2 Semi-OrthogonalFilters

Recallthata functionψ 4 L2 � R  is semi-orthogonalif thegeneratedbasis� ψ j 0 k � is orthogonal,asexpressed

by (5.22). This conditionsuggeststhat thecorrespondingfilters neednot befully orthonormal,only orthog-

onal,generatingmutuallyorthogonalsubspaces.In effect, the intra-scaleorthonormalitycondition(5.51)is

relaxedsothat (
hk � hm )#� ( gk � gm )#� 0 � k 3� m� k � m 4 Z (orthogonalfilters);

while condition(5.52)remains:(
hk � gm )#� 0 � k � m 4 Z (orthogonalsubspacesVj

j
Wj ) �
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Semi-orthogonalfilterscanproduceorthogonalfilters throughanorthogonalizationprocedure,asmentioned

in
�
5.2.3.

5.6.3 Non-Orthogonal Filters

Non-orthogonalfilters arefilters thatarenot semi-orthogonal.Thatis, non-orthogonalfiltersdo not generate

mutually orthogonalsubspaces.Effectively, they areoverlappingfilters. In general,non-orthogonalfilters

requiretheir dualsto guaranteeperfectreconstruction.

5.6.4 Bi-orthogonal Filters

Following
�
5.4.3,givenapairof lowpassandhighpassfilters � hk � � � gk � , neithernecessarilybeingorthogonal,

dualfilters � ghk � � � ggk � arerequiredto guaranteeperfectreconstruction.In particular, by (5.35),thefollowing

relationsmusthold: (
hk � ggm )"� 0 � k � m 4 Z;(5.57) (
gk � ghm )"� 0 � k � m 4 Z �(5.58)

Note that orthogonalfilters satisfy theserequirementsthrough the stringentcondition of orthonormality

placedon � hk � andsubsequentlyon � gk � . SinceH � gH, andH is orthonormal,i.e.,
(
hk � hm )?� δk 0m, then( ghk � ghm )>� δk 0m alsoholds. Moreover, since � gk � is the quadraturemirror of � hk � , � gk � and � ggk � arealso

orthonormal.The constructionof biorthogonalfilters, on the otherhand,is basedon the relaxationof the

orthonormalitycondition,so that in general,H 3� gH. The requirementof bi-orthogonaldualbasesremains.

That is, theintra-scaleorthonormalitycondition,containedin (5.13),is rewritten in termsof thetwo setsof

filters H � gH � G � gG as: (
hk � ghm )"� δk 0m � k � m 4 Z;(5.59) (
gk � ggm )"� δk 0m � k � m 4 Z �(5.60)

In general,the relaxationof the orthonormalityconditionandthe useof dual filters providesgreaterflex-

ibility in the constructionof filters. Specifically, symmetricfilters canbe constructed.The constructionof

bi-orthogonalwaveletsis typically performedby specifyingthedecomposing(or reconstructing)pairof func-

tions � φ � ψ  , thenderiving theirdualssuchthattheabovebi-orthogonalconditionsaresatisfied.Onemethod,

assuggestedin
�
5.4.3,is to derive � ghk � from � gk � and � ggk � from � hk � by thequadraturemirror construction

(see[Dau92,
�
8.3]): ggk � � � 1 kh1 � k � k 4 Z �ghk � � � 1 kg1 � k � k 4 Z �
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Variousauthorshave constructedsymmetric,bi-orthogonalfilters. Most constructionsrely on filter bank

theory[GB92] or on multiresolutionderivationsusuallyusingthesplinefamily of functionswhich provides

continuityaswell assymmetry. UedaandLodhaprovideanexcellentintroductioninto B-splinewaveletsin-

cludingderivationsof linear, quadratic,andcubicB-splinewaveletfilters [UL95]. Well known bi-orthogonal

filtershavebeendesignedbyCohen,Daubechies,andFeaveau[Bar94]. Chuihasdevelopedafamilyof spline

waveletsbasedon cardinalB-spline functions[Chu92,
�
4]. Barlaudderived near-orthonormaldual spline

waveletsconstructedfrom the popularLaplacianpyramid filter introducedby Burt andAdelson[BA83b],

which itself is a near-orthonormalwavelet filter [ABMD92]. The Laplacianfilters are in turn very simi-

lar to the orthonormalcoiflet basisdevelopedby Coifman. Mallat et al. have developedquadraticspline

waveletswhich areparticularlysuitablefor singularitydetection[MZ92a]. Coefficientsof theMallat, Chui

(multiplicity-2), Barlaud,andBurt andAdelsonfilters aregivenin
�
A.

Unfortunately, althoughonesetof filters maypossessmany desirableproperties,thedualfilters are,in gen-

eral,notcompactlysupported[JS94a]. Thismaycausesignificantimplementationalproblems.For example,

Chui’s (multiplicity-2) decompositionfilters areof length41, while Mallat’s filters requirespecialnormal-

izationoperationsatvariouslevelsof reconstruction.Furthermore,if thefiltersarenot separablethenimple-

mentationof multi-dimensionalwavelettransformsbecomesevenmoreproblematic.

5.7 DiscreteWaveletTransform

Theone-dimensionalDiscreteWaveletTransform(DWT) is characterizedby thedecompositionandrecon-

structionEquations(5.46) and(5.47) describedin
�
5.5. The implementationof the 1D DWT follows the

generaldigital filter representationportrayedby Figures15and16,andanexampleof the1D decomposition

throughconvolutionwasgivenby thematrix representation(5.48)in
�
5.6.

Givenann-lengthdiscretefunctionat the jth level of resolution,

f j � x #� f j
φ � 1 � f j

φ � 2 � �!��� � f j
φ � n �(5.61)

thedecompositionrelationsof thefunctionare:

f j � 1
φ � x ]� ∑

k

hk f j
φ � 2x � k �(5.62)

f j � 1
ψ � x ]� ∑

k

gk f j
φ � 2x � k �(5.63)

where � hk � � � gk � arethe one-dimensionallow- andhigh-passfilters. This givesthe discretewavelet trans-

form: � W f � x ;�Z� j � 1 8� f j � 1
φ � 1 � f j � 1

ψ � 2 � �!��� � f j � 1
φ � n � 1 � f j � 1

ψ � n [�(5.64)
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Permutingthetermssothatthefirst n � 2 elementsarethelow-pass(scale)coefficients,i.e.,� W f � x [�Z� j � 1 8�
f j � 1
φ � 1 � f j � 1

φ � 3 � ����� � f j � 1
φ � n � 1 � f j � 1

ψ � 2 � f j � 1
ψ � 4 � ���!� � f j � 1

ψ � n �(5.65)

andrelabelingtheindices,� W f � x [�Z� j � 1 8� f j � 1
φ � 1 � ���!� � f j � 1

φ � n� 2 � 1 � f j � 1
ψ � n� 2 � ����� � f j � 1

ψ � n (5.66)

thesmooth(or averaged)elements(thefirst n � 2elements)arerecursivelydecomposed.Thefully transformed

functioncontainstheglobalaverageasthefirst element,thenext 2 j elementscontainthedetail(or difference)

informationat eachresolutionlevel j. Exceptfor theaveragevalue,thetransformedelementscomprisethe

so-calledwaveletcoefficientsof thefunction.

To reconstructthefunction,thetermsateachresolutionlevel arerepermutedsothattheaverageandwavelet

coefficientsareinterleaved,asperEquation(5.64). Introducingthe ª operatordenotingelementinterleave,

the j � 1 level coefficientscanbearrangedinto anintermediaterepresentationfor reconstructionat level j:

f j � 1
φ « ψ � 2x � p B� � 1 � p f j � 1 � x � � p f j � 1 � x �

for p 4@� 0 � 1 � . Reconstructionat level j, with p 4�� 0 � 1 � is thenwrittenas:

f j
φ � 2x � p <�.� 1 � p ∑

k

ghk f j � 1
φ « ψ � x � k � � p ∑

k
ggk f j � 1

φ « ψ � x � k 
which givestheoriginal function f j � x in (5.61).Notethatthevariablep is usedasaselectionvariable,that

is, in thedyadicwaveletreconstruction,theelementatposition2x � p is theresultof filtering thelower level

elementswith either � ghk � or � ggk � . This is aconvenientsubstitutefor writing two equations:

f j
φ � 2x 8� ∑

k

ghk f j � 1
φ « ψ � x � k ;

f j
φ � 2x � 1 U� ∑

k
ggk f j � 1

φ « ψ � x � k [�
The permutationfunction f j

φ « ψ servesasan alternatemethodof reconstructionusedinsteadof traditional

supersampling.In contrast,without permutatingthe averageandwavelet coefficients,therewould be two

sequencesf j � 1
φ , f j � 1

ψ , eachof lengthn� 2, wheren is the lengthof the sequenceat level j. In this case,

reconstructionis givenas:

f j
φ � 2x � l  8� ∑

k

ghl � 2k f j � 1
φ � x � k � ∑

k
ggl � 2k f j � 1

ψ � x � k �(5.67)

which follows from the decompositionrelationgiven in (5.45). The reconstructionin (5.67) is equivalent

to theonegivenby (5.67),however its implementationis obviously different. In all following (multidimen-

sional)wavelet transformdiscussionsthe permutationapproachis adopted.This is consistentwith the 1D
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reconstructionexampleof (5.54)correspondingto thedecompositionof (5.48)in
�
5.6.A numericalexample

of orthogonaldecompositionandreconstructionusingHaarfilters is givenin Table5, wherethesymbol ª
denoteselementpermutation.

TABLE 5
Numerical1D DWT example.

Decomposition

f2 � c2: 1 4 0 -2

d1: � 3¬
2

2¬
2

c1: 5¬
2

� 2¬
2

d0: 7
2

c0: 3
2

W f : 3
2

7
2

� 3¬
2

2¬
2

Reconstruction

c0 ª d0: 3
2

7
2

c1: 5¬
2
, � 2¬

2

c1 ª d1: 5¬
2

� 3¬
2

� 2¬
2

2¬
2

c2: 1,4 0,-2

c2 � f2: 1 4 0 -2

Multidimensionalextensionsof theDWT rely ontheuseof multidimensionalbases,describedin
�
5.5,which

are constructedby obtainingthe tensorproductof unidimensionalbases. The matrix tensorproductop-

eration is reviewed in
�
B. The computationalrealizationof the 2D DWT describedhereis an instance

of the well-known pyramidal multiresolutionrepresentationalframework first proposedby Tanimotoand

Pavlidis (see[TK80,
�
2, pp.31-56]and [JR94,p.3]). Thepyramidalmodelstipulatesa hierarchicalprocess-

ing paradigmknownasthecoarse-to-fine(resolution)strategy. Thepyramidalwavelettransformin particular

is relatedto theLaplacianpyramid introducedby Burt andAdelsonfor imagecoding[BA83b]. In two di-

mensions,a log2N level pyramidis constructedfrom anN � N image,wherethebottomlevel of thepyramid
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(level j � log2N � 1) containsthefinestresolution,andthetop level ( j � 0) containsthecoarsest.Notethat

theoriginal imageis consideredthefinestlevel of resolution(level j � log2N), however it is not contained

within thepyramiditself.

Given1D scalingandwaveletfilters H � G associatedwith φ � ψ, respectively, the2D filters correspondingto

the 2D waveletbasesφφ, φψ, ψφ, ψψ, asdescribedin
�
5.5, aregeneratedby the non-standard2D wavelet

basisconstructionusingtensorproducts:

HH � H \ HT �
HG � H \ GT �
GH � G \ HT �
GG � G \ GT �

As an exampleconsiderthe Haar filters given in Table 4. Their two-dimensionalextensionsare derived

below:

HH � φ \ φT � ­ 1¬
2

1¬
2 ® \ � ¡ 1¬

2

1¬
2

¢¤£¥
� � ¡ 1¬

2

� ¡ 1¬
2

1¬
2

¢¤£¥ 1¬
2

� ¡ 1¬
2

1¬
2

¢¤£¥ ¢¤£¥ � �¡ 1
2

1
2

1
2

1
2

¢¥ ;

HG � φ \ ψT � ­ 1¬
2

1¬
2 ® \ � ¡ 1¬

2� 1¬
2

¢¤£¥
� � ¡ 1¬

2

� ¡ 1¬
2� 1¬
2

¢¤£¥ 1¬
2

� ¡ 1¬
2� 1¬
2

¢¤£¥ ¢¤£¥ � �¡ 1
2

1
2� 1

2
� 1

2

¢¥ ;

GH � ψ \ φT � ­ 1¬
2

� 1¬
2 ® \ � ¡ 1¬

2

1¬
2

¢ £¥
� � ¡ 1¬

2

� ¡ 1¬
2

1¬
2

¢¤£¥ � 1¬
2

� ¡ 1¬
2

1¬
2

¢¤£¥ ¢¤£¥ � �¡ 1
2

� 1
2

1
2

� 1
2

¢¥ ;

GG � ψ \ ψT � ­ 1¬
2

� 1¬
2 ® \ � ¡ 1¬

2� 1¬
2

¢¤£¥
� � ¡ 1¬

2

� ¡ 1¬
2� 1¬
2

¢¤£¥ � 1¬
2

� ¡ 1¬
2� 1¬
2

¢¤£¥ ¢¤£¥ � �¡ 1
2

� 1
2� 1

2
1
2

¢¥ �
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Multiplying each2D filter by thedyadicnormalizationfactor2 j , 2 assuggestedby Equations(5.8)and(5.10),

the2D filters become:

HH � � ¡ 1¬
2

1¬
2

1¬
2

1¬
2

¢¤£¥ ; HG � � ¡ 1¬
2

1¬
2� 1¬

2
� 1¬

2

¢¤£¥ ;

GH � � ¡ 1¬
2
� 1¬

2

1¬
2
� 1¬

2

¢¤£¥ ; GG � � ¡ 1¬
2
� 1¬

2� 1¬
2

1¬
2

¢¤£¥ �
At thenext level of resolution,thefilters arederivedby:

HHHH � � φ \ φT  �\�� φ \ φT  ;
HGHH � � φ \ ψT  �\�� φ \ φT  ;
GHHH � � ψ \ φT  �\�� φ \ φT  ;
GGHH � � ψ \ ψT  n\¯� φ \ φT  [�

Taking dyadicfilter translationinto consideration,the 2D filters areclearly mutually orthogonalin x- and

y-directions,andin this exampleorthonormal.In general,multidimensionalorthogonalfilters arealsosepa-

rable, i.e.,satisfying

h � k � m 8� h � k h � m �
dueto their tensorproductconstruction.Notethattheaboveexampleillustratesoneof thedrawbacksof the

DWT, namely, dependingon thechoiceof bases,theDWT is neithernecessarilytranslationallynor rotation-

ally invariant.

Themultidimensionaltensorproductfilters areusefulfor visualizingspatiotemporalpropertiesof themul-

tidimensionalwavelet transform,howeverdirect implementationwith multidimensionalfilters is inefficient.

Instead,relying on the separabilityof the filters, the wavelet transformcanbe implementedby processing

eachdimensionseparately. The decompositionrelationsdescribingthe non-standarddecompositionof the

spatialaverageimageat level j are:

f j � 1
φr
� x � y #� ∑k hk f j

φφ � x � 2y � k  f j � 1
ψr � x � y *� ∑k gk f j

φφ � x � 2y � k 
f j � 1
φφ � x � y #� ∑k hk f j � 1

φr
� 2x � k � y f j � 1

φψ � x � y *� ∑k hk f j � 1
ψr � 2x � k � y 

f j � 1
ψφ � x � y #� ∑k gk f j � 1

φr
� 2x � k � y f j � 1

ψψ � x � y *� ∑k gk f j � 1
ψr � 2x � k � y 

where � hk � � � gk � arethe one-dimensionallow- andhigh-passfilters. The non-standardDWT first involves

subsamplingthe rows of the lower resolutionlevel spatialaverageimage(denotedby f j
φφ) to generatethe

temporaryupperresolutionlevel imagesf j � 1
φr

and f j � 1
ψr . Dueto dyadicdownsamplingof rows,theseimages
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arehalf thewidth of the imageat the lower resolutionlevel. Thecolumnsof thesesubimagesarethensub-

sampledto generatethefour subimagesdenotedby thesubscriptsφφ, φψ, ψφ, andψφ. Theaboveequations

arewrittenverboselyin orderto facilitateimplementation.Rewriting theequationsconcisely,

f j � 1
φφ � x � y ]� ∑

k 0m � hk \ hm f j
φφ � 2x � k � 2y � m (5.68)

f j � 1
ψφ � x � y ]� ∑

k 0m � gk \ hm f j
φφ � 2x � k � 2y � m (5.69)

f j � 1
φψ � x � y ]� ∑

k 0m � hk \ gm f j
φφ � 2x � k � 2y � m (5.70)

f j � 1
ψψ � x � y ]� ∑

k 0m � gk \ gm f j
φφ � 2x � k � 2y � m (5.71)

it is clear that the decompositionalgorithmfollows the two-scalerelations(5.43)and(5.44). The smooth

(or averaged)subimagef j
φφ is recursively subsampledat eachstageof thedecomposition.Thetransformed

imagecontainsthe global averageat the top of the pyramid, the lower layerscontainthe detail (or differ-

ence)informationat eachpyramid level. Theselower layerscomprisethe so-calledwavelet coefficientsof

the transformedimage. Thedecompositionis shown schematicallyin Figure17 wherethe imagematrix f

is subsampledwith low- andhigh-passfilters h � g. The subscriptsr � c representthe subsamplingoperation

H H frc

fG fH fr r

H G frc

G H frc G G frc

Fig. 17. Non-standard2D pyramidaldecomposition.

performedonrowsandcolumns,i.e., f j � 1
φφ � HcHr f j .

In practice,dependingon thelengthof filters � hk � � � gk � , boundaryconditionsrequirespecialconsideration.

Therearegenerallytwo strategiesusedto handlethis problem: extendingthe imageby paddingwith zero
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values,or periodicextensionof theimage(i.e., tiling copiesof theimage).In thepresentimplementationthe

latterstrategy is implementedby applyingmodulor � c to theindicesateachresolutionlevel. Thisgeneratesa

wraparoundat theimageborderswhenthefiltersextendbeyondtheimageboundary. All referencesto image

locations� x � y areextendedbeyondimageboundariesby theindices �!� r � x mod r � � c � y modc wherer � c
arethedimensionsof f j

φφ. This strategy allows theuseof negative indices(requiredduringreconstruction)

and the processingof non-squareimages. An exampleof the 2D DWT appliedto an imageis shown in

Figure18. Thetransformedimagehasbeenprocessedfor displaypurposes.

(a) Original cnn image. Reprintedwith permission
from TurnerBroadcastingSystem,Inc. (see

�
F).

(b) 2-level DWT (processedby histogramequaliza-
tion with subsampledimageinset).

Fig. 18. Non-standard2D DWT.

In traditionalpyramidalapproaches,wherethe pyramid containsonly smoothedmultiscaleversionsof the

original image(e.g.,texture-mappingapplications),subimagesat eachlevel provide thepixel intensityval-

uesfor reconstructionusually involving interpolation(cf.
�
5.10). In the wavelet transform,the imageis

synthesizedby a recursive processof addingdetail informationto theaverage(smoothed)subimagesin or-

der to reconstructthe next level’s averagesubimage.Rows andcolumnsare interleaved prior to filtering

insteadof thetraditionalnull row andcolumnpadding(see[PTVF92] for anexampleof theinterleaveopera-

tion, and[Cas96] for paddingexamples).Generally, row andcolumnpadding(supersampling)is usedunder

monadicconvolution. Dyadicconvolutionprecludestheneedfor padding,but insteadrequiresthatrowsand

columnsbe interleavedprior to reconstructionfiltering. Introducingthe ª r and ª c operatorsdenotingrow

andcolumninterleave,respectively, thereconstructionis obtainedwith theuseof thefollowing intermediate

relations:

f j
φφ « r ψφ � 2x � p � y °� � 1 � p f j � 1

φφ � x � y � � p f j � 1
ψφ � x � y �(5.72)
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f j
φψ « r ψψ � 2x � p � y °� � 1 � p f j � 1

φψ � x � y � � p f j � 1
ψψ � x � y �(5.73)

f j
φr « cψr

� x � 2y � q °� � 1 � q f j
φr
� x � y � � q f j

ψr � x � y �(5.74)

wherep � q 4�� 0 � 1 � � x � y� k 4 Z and

f j
φr
� 2x � p � y B� � 1 � p ∑

k

ghk f j
φφ « r ψφ � 2x � k � y � � p ∑

k
ggk f j

φφ « r ψφ � 2x � k � y �
f j
ψr � 2x � p � y B� � 1 � p ∑

k

ghk f j
φψ « r ψψ � 2x � k � y � � p ∑

k
ggk f j

φψ « r ψψ � 2x � k � y �
sothat

f j
φφ � x � 2y � q B� � 1 � q ∑

k

ghk f j
φr « cψr

� x � 2y � k � � q ∑
k
ggk f j

φr « cψr
� x � 2y � k  [�

Theabovereconstructionrelationsin twodimensionscanberewrittensuccinctlyfollowing thedecomposition

relationgivenin (5.45):

f j
φφ � 2x � p � 2y � q ±� � 1 � q ³²�� 1 � p ∑

k 0m� ghk \ ghm f j � 1
φφ � x � k � y � m �

p∑
k 0m� ghk \ ggm f j � 1

ψφ � x � k � y � m t´ �� q ³²[� 1 � p ∑
k 0m� ggk \ ghm f j � 1

φψ � x � k � y � m �
p∑

k 0m� ggk \ ggm f j � 1
ψψ � x � k � y � m ´ �(5.75)

wherex � y� k � m 4 Z, wraparoundindicesin thereversedirection,written as � x � k  , areassumed,andp � q 4� 0 � 1 � areusedasselectionvariablesanalogouslyasin theone-dimensionalreconstruction.

To show thatEquation(5.75)is derivedfrom theaboverelations,expand f j
φφ � x � 2y � q :

f j
φφ � x � 2y � q B� � 1 � q ∑

k

ghk f j
φr « cψr

� x � 2y � k � � q ∑
k
ggk f j

φr « cψr
� x � 2y � k � � 1 � q ∑

k

ghk ­ � 1 � q f j
φr
� x � y � k � � q f j

ψr � x � y � k ® �� q ∑
k
ggk ­ � 1 � q f j

φr
� x � y � k � � q f j

ψr � x � y � k ® �(5.76)

Sincethe � q � � 1 � q termsaresymbolicfor binaryselection,multiple like termscanbecombinedinto one,

i.e., � 1 � q k �2� 1 � q %� 1 � q ����� � 1 � q *�µ� 1 � q , and � q k �¶� q '� q ���!� � q ?�¶� q for all q 4f� 0 � 1 � � k 4 Z.

Conversely, unlike termscancel,simplifying Equation(5.76)to:

f j
φφ � x � 2y � q B� � 1 � q ∑

k

ghk f j
φr
� x � y � k � � q ∑

k
ggk f j

ψr � x � y � k  [�
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Substitutingappropriatelyfor f j
φr

, f j
ψr by changingthe resolutionof x to 2x � p andtaking careto disam-

biguatesummationindices,

f j
φφ � 2x � p � 2y � q ±� � 1 � q ∑

m

ghm ²;� 1 � p ∑
k

ghk f j
φφ « r ψφ � 2x � k � y � m �� p ∑

k
ggk f j

φφ « r ψφ � 2x � k � y � m ´ �� q ∑
m
ggm ²;� 1 � p ∑

k

ghk f j
φψ « r ψψ � 2x � k � y � m �� p ∑

k
ggk f j

φψ « r ψψ � 2x � k � y � m t´`�(5.77)

Noting that the filter summationtermsapply to rows andcolumnsseparately, i.e., ∑m
ghm∑k ggk refersto the

tensorproductof gH and gG since∑k ggk appliesto the columnsof f j , the doublesummationtermscanbe

collectedandrepresentedby thesinglesummationterm∑k 0m � ghk \ ggm . Equation(5.77)is thenrewrittenas:

f j
φφ � 2x � p � 2y � q ±� � 1 � q ³²�� 1 � p ∑

k 0m� ghk \f·hm f j
φφ « r ψφ � 2x � k � y � m �� p ∑

k 0m � ghk \ ggm f j
φφ « r ψφ � 2x � k � y � m ´ �� q ² � 1 � p ∑

k 0m� ggk \ ghm f j
φψ « r ψψ � 2x � k � y � l  �� p ∑

k 0m � ggk \ ggm f j
φψ « r ψψ � 2x � k � y � m ´ �(5.78)

SubstitutingEquations(5.72)and(5.73)into (5.78)gives:

f j
φφ � 2x � p � 2y � q ¸� � 1 � q w²!� 1 � p ∑

k 0m� ghk \ ghm º¹5� 1 � p f j � 1
φφ � x � k � y � m �� p f j � 1

ψφ � x � k � y � m ¼» �� p ∑
k 0m � ghk \ ggm ½¹?� 1 � p f j � 1

φφ � x � k � y � m �� p f j � 1
ψφ � x � k � y � m » ´ �� q ² � 1 � p ∑

k 0m� ggk \ ghm ¹ � 1 � p f j � 1
φψ � x � k � y � m �� p f j � 1

ψψ � x � k � y � m » �� p ∑
k 0m � ggk \ ggm ¹ � 1 � p f j � 1

φψ � x � k � y � m �(5.79) � p f j � 1
ψψ � x � k � y � m »?´ �
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Usingsimilarargumentsfor like � 1 � p , � p termsin Equation(5.79),thereconstructionalgorithmsimplifies

to:

f j
φφ � 2x � p � 2y � q ±� � 1 � q ³²�� 1 � p ∑

k 0m� ghk \ ghm f j � 1
φφ � x � k � y � m �� p ∑

k 0m � ghk \ ggm f j � 1
ψφ � x � k � y � m ´ �� q ² � 1 � p ∑

k 0m� ggk \ ghm f j � 1
φψ � x � k � y � m �� p ∑

k 0m � ggk \ ggm f j � 1
ψψ � x � k � y � m ´ �(5.80)

which is equivalentto (5.75). Equations(5.75)and(5.80) roughly statethat f j
φφ is reconstructedfrom the

expansionof the f j � 1 functionsat resolutionlevel j � 1 by the dual (bi-orthogonal)filters � ghk � � � ggk � rep-

resentingscaleandwavelet basesgeneratedby gφ, gψ. Since f j
φφ wasoriginally projectedby the 2D bases

functionsφφ, φψ, ψφ, andψψ, representedby thetensorproductsof � hk � and � gk � , producingthefour lower

resolutionlevel functions f j � 1
φφ , f j � 1

φψ , f j � 1
ψφ , and f j � 1

ψψ , f j
φφ is faithfully reconstructedprovided � gφ � gψ  , � φ � ψ  

satisfy (bi-)orthogonalityconditionsasspecifiedin
�
5.2 and

�
5.4.3. Equation(5.75) alsomakes intuitive

sensewhenEquations(5.68)–(5.71)areconsideredin matrix form:

f j � 1
φφ �©� H \ H  f j

φφ � f j � 1
ψφ �.� G \ H  f j

φφ �
f j � 1
φψ �©� H \ G  f j

φφ � f j � 1
ψψ �©� G \ G  f j

φφ �
To reconstructf j , bothsidesof eachequationshouldbeleft-multiplied by sometensorproductcombination

of gH and gG. If thedecompositionmatricesareorthogonal,theneachreconstructionmatrix is thetranspose

of thedecompositionmatrix. Thatis,

f j � 1
φφ �©� gH \ gH  T f j

φφ � f j � 1
φφ �.� gG \ gH  T f j

ψφ �
f j � 1
φφ �.� gH \ gG  T f j

φψ � f j � 1
φφ �©� gG \ gG  T f j

ψψ �
In theorthogonalcase,H � gH andG � gG, and� gH \ gH  T �©� gH \ gH  � � gG \ gH  T �©� gH \ gG  �� gH \ gG  T �©� gG \ gH  � � gG \ gG  T �©� gG \ gG  �
giving

f j
φφ �.� gH \ gH  f j � 1

φφ � f j
φφ �.� gH \ gG  f j � 1

ψφ �
f j
φφ �.� gG \ gH  f j � 1

φψ � f j
φφ �.� gG \ gG  f j � 1

ψψ �
whichcoincideswith theorderof thetensorproducttermsin (5.75).Notethateachtensorproducttranspose

is not the tensorproduct’s inverse. That is, the individual matrix productcomponentsabove do not each
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guaranteeperfectreconstruction.However, theappropriaterow- andcolumn-permutationof thecombination

of thetensorproductcomponentswill createtheappropriateperfect(orthogonal)reconstructionmatrix. To

illustrate,considerthematrix � M j  � 1 definedby:� M j  � 1 �.��� gH \ gH  ^ª r � gG \ gH  � ^ª c �!� gH \ gG  ^ª r � gG \ gG  � [�
Providedtheappropriate(bi-)orthogonalityconditionshold, matrix � M j  � 1 is symmetric-orthogonal,being

the transposeandinverseof the decompositionmatrix M j (cf.
�
5.6). In this case,the reasonfor the tensor

producttermsin thereconstructionEquation(5.75)beingthetransposeof thetensorproductsin thedecom-

positionEquation(5.68)canbeseenasa constrainton theorthogonalityof M j . This is clearlyseenin the

caseof theHaarfilters whereM j is givenbelow:

M j � H HH HG
GH GG

K �
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� 1¬

2

1¬
2
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1¬
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� 1¬
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1¬
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� 1¬
2
� 1¬

2
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2
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� ��� gH \ gH  ^ª r � gG \ gH  ! ^ª c ��� gH \ gG  ^ª r � gG \ gG  � *�©� M j  � 1 �

Thematrix M j is its own inversesave for theresolutionscalefactor2 j . Reconstructionof theimage f , built

by applying reconstructionfilters gh � gg, is shown schematicallyin Figure 19. Row- andcolumn-interleave

G H fr
~
c rcG G f

~

rc
~~

H H f H G f

~

~ ~

H f
~
r rG f

~

c r

~

f

Fig. 19. Non-standard2D pyramidalreconstruction.

operationsaredenotedby dashedarrows.
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The 3D filters correspondingto the 3D wavelet basesdescribedin
�
5.5, aregeneratedby the non-standard

3D waveletbasisconstructionusingtensorproducts:

HHH � H \ H \ HT �
HHG � H \ H \ GT �
HGH � H \ G \ HT �
HGG � H \ G \ GT �
GHH � G \ H \ HT �
GHG � G \ H \ GT �
GGH � G \ G \ HT �
GGG � G \ G \ GT �

For example,thethree-dimensionalHaarfilter GHG is a 2 � 4 filter derivedbelow:

GHG � ψ \ φ \ ψT � ­ 1¬
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Multiplying thefilter by thedyadicnormalizationfactor2 j , 2 in eachdimension,that is by 22 j , 2 or 2 at one

resolutionlevel, thefilter becomes:

GHG � � ¡ 1¬
2

1¬
2

� 1¬
2
� 1¬

2� 1¬
2

� 1¬
2

1¬
2

1¬
2

¢¤£¥ �
Consideringtheapplicationof thefilter on two consecutivevideoframes,thefilter canberepresentedby the

two 2 � 2 spatialtemplates:

GHG � �¡ 1¬
2

�¡ 1
2

1
2� 1

2
� 1
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¾ � ¡ 1¬
2

1¬
2� 1¬

2
� 1¬

2

¢¤£¥
Gt

� � ¡ � 1¬
2

� 1¬
2

1¬
2

1¬
2

¢¤£¥
Gt ¿ 1

�
wherethenormalizationfactoris implicit andthesubscriptsGt � Gt $ 1 denotetheapplicationof theappropriate

temporalelementof G. To helpvisualizethetemporalfilter application,Figure20showsthecorrespondence

betweenfilter elements.This representationis introducedonly for conveniencesinceit facilitatestherepre-

sentationof thethree-dimensionalgradientcomponents.Theremainingsevenfilters arederivedin a similar

manner.

Gt

Gt+1

Fig. 20. Visualizationof temporalfilter elementapplication.

Thedecompositionrelationsdescribingthenon-standarddecompositionof a3D digital signalrepresentedby

a sequenceof 2D imagesare:

f j � 1
φ � x � y� t  *� ∑

k

hk f j
φφφ � x � y� 2t � k f j � 1

ψ � x � y� t  #� ∑
k

gk f j
φφφ � x � y� 2t � k 

f j � 1
φr φ � x � y� t  #� ∑

k

hk f j � 1
φ � x � 2y � k � t  f j � 1

φr ψ � x � y� t  #� ∑
k

hk f j � 1
ψ � x � 2y � k � t  

f j � 1
ψr φ � x � y� t  #� ∑

k

gk f j � 1
φ � x � 2y � k � t  f j � 1

ψr ψ � x � y� t  #� ∑
k

gk f j � 1
ψ � x � 2y � k � t  

f j � 1
φφφ � x � y� t  #� ∑

k

hk f j � 1
φr φ � 2x � k � y� t  f j � 1

φφψ � x � y� t  *� ∑
k

hk f j � 1
φr ψ � 2x � k � y� t  

f j � 1
ψφφ � x � y� t  #� ∑

k

gk f j � 1
φr φ � 2x � k � y� t  f j � 1

ψφψ � x � y� t  *� ∑
k

gk f j � 1
φr ψ � 2x � k � y� t  
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f j � 1
φψφ � x � y� t  #� ∑

k

hk f j � 1
ψr φ � 2x � k � y� t  f j � 1

φψψ � x � y� t  *� ∑
k

hk f j � 1
ψr ψ � 2x � k � y� t  

f j � 1
ψψφ � x � y� t  #� ∑

k

gk f j � 1
ψr φ � 2x � k � y� t  f j � 1

ψψψ � x � y� t  *� ∑
k

gk f j � 1
ψr ψ � 2x � k � y� t  

where � hk � � � gk � aretheone-dimensionallow- andhigh-passfilters. Thenon-standardDWT first temporally

subsamplesthesequenceimagesof thelower (finer) resolutionlevel’s spatialaveragesequence(denotedby

f j
φφφ) to generatethe temporaryupperresolutionlevel imagesf j � 1

φ and f j � 1
ψ . Theseimageswill be of the

samedimensionastheimagesat thelower resolutionlevel, but half of themwill containaveragedtemporal

values,theotherhalf will containtemporaldifferencevalues.Eachtemporalaverageanddifferenceimageis

thendecomposedat onelevel by the2D DWT. Thelower resolutionlevel sequenceis transformedinto n� 2
temporalaverageframesf j � 1À À φ , andn� 2 temporaldifferenceframesf j � 1À À ψ . Theseframesarethenpermutedas

in the1D decompositionusingtheorganizationgivenin (5.65)and(5.66):� W f � x [�Z� j � 1 8� f j � 1À À φ � 1 � ���!� � f j � 1À À ψ � n� 2 � ���!� � f j � 1À À ψ � n (5.81)

Thespatiotemporalsmooth(or averaged)subimagesf j
φφφ arerecursively processedat eachstageof thede-

composition.The transformedimagesequencecontainstheglobalspatiotemporalaverageat the top of the

(volume)pyramid. The decompositionis shown schematicallyin Figure 21, wherethe resultantwavelet

transformvolumeis representedby a segmentedcuberesemblinga nonuniformocttreedatastructure.The

subscriptt representsthetemporalsubsamplingoperationperformedonsequenceimages,i.e., f j � 1
φ � Ht o f j .

A pictorialexampleis shown in Figure22.

Thevideosequenceissynthesizedbyarecursiveprocessof addingdetailinformationto theaverage(smoothed)

subimagesin orderto reconstructthenext level’s temporalaveragesubimages.At eachlevel of reconstruc-

tion, framesmustbeinterleavedin thetemporaldimensionprior to thespatial2D waveletreconstruction:

f j � 1À À φ « À Àψ � x � y� 2t � p B� � 1 � p f j � 1 � x � y� t  � � p f j � 1 � x � y� t  [�
After permutation,eachframeis spatiallyreconstructedby the 2D DWT, following (5.75),giving the two

temporallysubsampledframes f j � 1
φ � x � y� t  and f j � 1

ψ � x � y� t  . Eachsuchpair of framesis thenreconstructed

asin the1D DWT case:

f j
φφφ � x � y� 2t � p 8�.� 1 � p ∑

k

ghk f j � 1
φ « ψ � x � y� 2t � k � � p ∑

k
ggk f j � 1

φ « ψ � x � y� 2t � k  [�
The above descriptionof the DWT assumesthat decompositionin eachdimensionis possibleto the same

extent, i.e., the above multidimensionaltransformis isotropic with respectto spatiotemporaldimensions.

Themaximumlevel of isotropicsignaldecompositioncoincideswith thedimensionof lowestmagnitude.To

illustrate,considera videosequenceof 4 frames,eachframeof size640 � 480. The sequencecanonly be

decomposedisotropicallyto 2 levelssincethereis aninsufficient numberof sequenceframesto decompose

thesignalany further in thetemporaldimension.Conversely, given1024frames,a temporaldecomposition
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Fig. 21. Schematicnon-standard3D pyramidalwaveletdecomposition.
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(a)Decompositionof thefirst four framesof thetennissequence.

(b) Original tennissequenceframes.Obtainedfrom TheCenterfor ImageProcessingResearch(CIPR),
anInternetpublicdomainarchive(ftp://ipl.rpi.edu/pub/image/sequence/tennis/).

Fig. 22. Non-standard3D pyramidaldiscretewaveletdecomposition.

of 10 levels is not possiblesincethereis insufficient informationin thex-dimensionbeyondthe8th level of

decomposition(thex-dimensionis reducedto 1 pixel). Alternatively, it is possibleto decomposethe4-frame

sequenceanisotropically to 2 levels in the temporaldimension,thendecomposeeachframespatially to 8

levelsbut in this casethedecompositionis incompletein termsof partialderivative information(see
�
5.9).

Thecompletespatiotemporaldecompositiongovernedby the dimensionof leastmagnitudegivesat leasta

full first-orderrepresentationof the signal. That is, dependingon the choiceof wavelet, all threepartial

derivatives∂ � ∂x, ∂ � ∂y, ∂ � ∂t areavailable. This enableslocalizationof multiscale,three-dimensionaledges

in video(see
�
5.8). This is a significantlypowerful methodof videoanalysissinceit extendsinspectionof

thetemporaldomainovera longertemporaldurationthanjust two frames.Two-framemotiondetectionhas

beenextensively studiedin the context of motion-compensatedvideoencoding,but temporalanalysisover

many frameshasnot beenwidely utilized. Furthermore,the complete3D DWT offerssecond-orderinfor-

mation,i.e., thepartial derivatives∂ � ∂x∂y, ∂ � ∂x∂t, ∂ � ∂y∂t, and∂ � ∂x∂y∂t areall presentin the transformed

signal,althoughit is not clearat this point how this informationcanbe usedto enhancevideoanalysisap-

plicationsrelyingon first-orderderivative information.For example,three-dimensionaledgescanbelocated

by examiningeitherthesetof first-orderpartials,or thesetof second-orderpartialderivatives(detectionof

zero-crossings),in which casethesetnotusedappearsredundant.
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5.8 Multidimensional Multiscale EdgeDetection

Edges,or sharpvariationpointsin general,canbe locatedin signalsthroughtheuseof Mallat’s multiscale

edgedetectionalgorithm. If ψ is chosensuchthat it approximatesthefirst derivative of a smoothingfunc-

tion θ, as describedin
�
5.3, then the 2D filters HG � GH constitutethe gradientcomponents∂θ � x � y �� ∂x,

∂θ � x � y �� ∂y, respectively. This is dueto thetensorproductconstructionof thefilters. Theelementsof HG are

two rotated(transposed)copiesof G multiplied by scalarelementsof H. Similarly, theelementsof GH are

copiesof G scaledby elementsof H. Consideringthe1D filter G asthe1D vector � ∂θ � ∂x� , thetransposeof G

is thederivativeof θ in they-direction,i.e., � ∂θ � ∂y��� � ∂θ � ∂x� T . Thescalarmultiplier cancelsif theoriginal

filters H � G areorthonormal,andthefilters HG � GH areleft with componentsof thegradient:

HG �Á­ ∂ f
∂x

∂ f
∂x ® ; GH � � ¡ ∂ f

∂y

∂ f
∂y
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Save for scalefactors,theseresemble(directionally, at least)thewell known Sobelor Prewitt gradientoper-

atorsusedin edgedetection(for comparison,seethe discussionson gradientoperatorsin [GW87, pp.336-

338], [Sch89, pp.146-150],and[Jai89, pp.348-349]).The locationsof the gradientcomponentsin the 2D-

DWT of an imageframeareschematicallyshown Figure23(a). Due to the finite samplingof a 2D image

f � x � y , the angledefinedby (5.26)canbe quantizedto octantsspecifying8 possibleneighbors,relative to

thepointatscalej andlocation � x0 � y0  , namely � M f � x0 � ∆x � y0 � ∆y [�Z� j  , where � ∆x � ∆y arearrangedas:

(-1,-1) ( 0,-1) ( 1,-1)
(-1, 0) ( 0, 0) ( 1, 0)
(-1, 1) ( 0, 1) ( 1, 1)

defining4 planardirectionscorrespondingto thecompassdirectionsN-S,NE-SW, E-W, andSE-NW. In the

two-dimensionalcase,Equation(5.26)directly specifiesoneof the4 directionsusedto identify pixel neigh-

bor for determinationof themodulusmaxima.
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ExtendingMallat’s algorithm to threedimensions,gradientcomponents∂θ � x � y� t  !� ∂x, ∂θ � x � y� t  !� ∂y, and

∂θ � x � y� t  �� ∂t, arerepresentedby the3D filtersHHG � HGH andGHH, respectively:
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Theconceptualvolumetricrepresentationof the3D-DWT is shown in Figure23(b).Thelocationsof thegra-

dientcomponentsin thetwo resolutionlevel 3D-DWT of four framesareschematicallyshown in Figure24.

Quantizingtheangledefinedby Equations(5.28)–(5.30),26 possibleneighborsarespecifiedrelative to the

point at scale j and location � x0 � y0 � t0  , namely � M f � x0 � ∆x � y0 � ∆y� t0 � ∆t  ;�n� j  , where � ∆x � ∆y� ∆t  are

arrangedas:

(-1,-1,-1) ( 0,-1,-1) ( 1,-1,-1)
(-1, 0,-1) ( 0, 0,-1) ( 1, 0,-1)
(-1, 1,-1) ( 0, 1,-1) ( 1, 1,-1)

(-1,-1,0) ( 0,-1,0) ( 1,-1,0)
(-1, 0, 0) ( 0, 0, 0) ( 1, 0, 0)
(-1, 1, 0) ( 0, 1, 0) ( 1, 1, 0)

(-1,-1,1) ( 0,-1,1) ( 1,-1,1)
(-1, 0, 1) ( 0, 0, 1) ( 1, 0, 1)
(-1, 1, 1) ( 0, 1, 1) ( 1, 1, 1)

along13 cubic(voxel) directions,depictedin Figure25.

In thethree-dimensionalcase,Equations(5.28)–(5.30)do not readilyspecifythe13 (voxel) neighbordirec-

tions. Instead,thevaluesof thefirst-orderpartialderivativesmustbeexaminedto first determinetherelevant

angularplane.This is accomplishedby inspectingthethreefirst-orderpartialsfor zero(or near-zero)values.

Sincethereareonly threevalues,thereare23 � 8 possibilitiesfor zero-valuecombinations.Labelingnon-

zerovaluesas1 for easeof notation,Table6 lists thepossibledirectionsgiventhe8 possiblegradientvalue

combinations.Referringto eachcaseassociatedby its binaryvalue,the0th caseidentifiesa uniform region.

This is a commonpropertysharedby gradientoperators[Jai89, p.349].Case1 trivially specifiesdirection1.

In the2nd, 4th, and6th cases,Equation(5.26)canbeuseddirectly to determinetherelevantdirectionin the

xy-plane.In case3, only ∂ � ∂x is zerowhich suggeststhegradientis in theyt-plane.Equation(5.30)canbe

usedto determinewhetherthegradientfalls alongdirection4 or 8. Case5 is similar to case3 in thatonly

∂ � ∂y is zerosothatEquation(5.29)canbeusedto determinegradientdirection2 or 6, both in thext-plane.

Case7 is themostcomplicatedsincethegradientdirectionhascomponentsin bothxt- andyt-planes.Oneof

thefour directionsis foundby projectingthegradientontoeachplanein turn.
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(a)2D-DWT (b) 3D-DWT
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Fig. 23. 2D- and3D-DWT multiresolutionquadrantsandoctants,with gradientcomponents.
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Fig. 24. Schematic3D-DWT with gradientcomponents.
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Fig. 25. Modulamaximaplanar(pixel) andcubic(voxel) neighbors.

TABLE 6
Three-dimensionaldirectionidentificationbasedon first-orderpartialderivatives.

∂ � ∂x ∂ � ∂y ∂ � ∂t Direction
0 0 0 �k�
0 0 1 � 1 �
0 1 0 � 12�
0 1 1 � 4 � 8 �
1 0 0 � 10�
1 0 1 � 2 � 6 �
1 1 0 � 10� 11� 12� 13�
1 1 1 � 3 � 5 � 7 � 9 �
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Giventhemodulusvaluesascalculatedby Equations(5.25)and(5.27)in 2D and3D, respectively, alongwith

thedirectionalneighborlocationsdefinedabove,modulusmaximaarelocatedaccordingto Equations(5.23)

and(5.24)in bothtwo- andthree-dimensions.If themodulussatisfiesbothof theseequations,thena record

at thespecificlocationis storedby thevalue � mf �Z� j  setto thevalueof themodulusif themodulusis a local

maxima,or 0. Thatis, in two dimensions,definingmax � M f � x0 � y0  [�Z� j  as:� M f � x0 � ∆l x � y0 � ∆ly ;� M � M f � x0 � y0  [�7=Â� M f � x0 � ∆rx � y0 � ∆ry [� � andy{ | � M f � x0 � y0  ;�7YÂ� M f � x0 � ∆lx � y0 � ∆ly ;� � or� M f � x0 � y0  ;�7YÂ� M f � x0 � ∆rx � y0 � ∆ry ;�Z�
with theresolutionlevel index madeimplicit, then � mf � x � y [�Z� j  is definedas:� mf � x � y ;�n� j  *�µ1 � M f � x � y [�Z� j  if max � M f � x0 � y0  ;�n� j  

0 otherwise�
wheretheleft andright neighbors� M f � x � ∆l x � y � ∆l y [�Z� j  , � M f � x � ∆rx � y � ∆ry [�Z� j  , areidentifiedby one

of thefour directionsasgivenabove. In threedimensions,max � M f � x0 � y0 � t0  ;�n� j  is definedsimilarly with

the left andright neighbors� M f � x � ∆l x � y � ∆l y� t � ∆l t  [�Z� j  , � M f � x � ∆rx � y � ∆ry� t � ∆rt  [�Z� j  , identified

by oneof theabovespecifiedthirteendirections.

Duringmodulusmaximadetection,a2Ddatastructureiscreatedtoholdvalues� M f � x � y ;�Z� j  , � Af � x � y [�Z� j  ;� ,
and � mf � x � y ;�Z� j  , asshown schematicallyin Figure26(a).An exampleof modulamaximadetectionin two

dimensionsis shown in Figures26(b),wheretheimagehasbeenglobally normalizedandgamma-corrected

(γ � 3) to facilitate display. In the 2D case,the unmodified2D wavelet transformis neededfor perfect

(a) 2D-DWT modula maxima information stor-
age.

(b) Modula maximain 2-level decompositionof
cnn image.

{Mf(x,y)}(j)

{Mf(x,y)}(j-1) {mf(x,y)}(j-1)

{Af(x,y)}(j-1)

{mf(x,y)}(j)

{Af(x,y)}(j)

Fig. 26. 2D modulamaximadetection.
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reconstructionof theimage.Theimagecannotbereadilyreconstructedfrom themaximamodulusinforma-

tion, althoughMallat hasdevelopedaniterativealgorithmthatalmostachievesperfectreconstructionin most

cases[MZ92a]. (Meyer givesa counterexampleto Mallat’s conjecturein [Mey93, Ã 8].) Typically a second

imagematrixarrayis allocatedfor thispurpose.

In threedimensions,the 3D datastructureis rearrangedto hold values Ä M f Å x Æ yÇ[ÈZÅ j Ç , Ä Af Å x Æ yÇ;ÈnÅ j Ç[È , andÄ mf Å x Æ yÇ[ÈZÅ j Ç , aswell as∂ É ∂x, ∂ É ∂y, ∂ É ∂t. This organizationis shown schematicallyin Figure27(a). An

exampleof temporalmodulusmaximadetection(in a three-dimensionalvideo sequence)is shown in Fig-

ure27(b),whereindividual frameshave beenglobally normalizedandgamma-corrected(γ Ê 3) to facilitate

display. Analogousto the2D case,unmodified3D wavelet transforminformationis neededfor perfectre-

(a) Schematic3D-DWT modulamaximainformationstorage.

G t+1G tH t+1H t

d
dy

dx
d d

dt

{Mf(x,y,t)}(j)

{Af(x,y,t)}(j)

{mf(x,y,t)}(j)

(b) Modulamaximain 2-level decompositionof thefirst four framesof thetennissequence.

Fig. 27. 3D modulamaximadetection.

construction.Bestresultsareobtainedif wavelettransformcoefficientscanbestoredin memorywith double

precision. It is desirableto storebothmodulusmaximaandwaveletcoefficient informationin memory. In

thecaseof a2D staticimage,acopy of theimage,for thepurposesof modulusmaximainformationstorage,

cangenerallybe madedueto sufficient memoryavailability. Unlike the two-dimensionalimage,duplicat-
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ing an entiresequencein memorymay be problematicdue to memorycapacitylimitations. Fortunately,

second-orderinformationis not neededfor modulamaximadetection.10 This allows the dataquadrantsto

berearrangedsuchthat thevaluesneededfor modulamaximadetectioncanbeaccumulatedin placeof the

second-orderinformation. Note that this organizationpreventsstraightforward reconstructionof the video

sequence,but providesstorageof bothmodulusmaximaandfirst-orderderivative information.

5.9 Anisotropic Multidimensional DiscreteWaveletTransform

TheDiscreteWaveletTransformasdescribedin Ã 5.7performedequalextentdecompositionin eachdimen-

sion.Thatis, theprecedingdiscussioncenteredonan isotropicwaveletdecompositionof amultidimensional

signal.In general,signalsmaybetransformedmaximallyin eachdimensionif eachdimensionis considered

individually. In this sense,the transformationis anisotropic sincethe decompositionvariesalongeachdi-

mension.In thissection,anisotropicdecompositionof videosequencesis discussedwheredecompositionin

thespatialdimensionis dissociatedfrom thetemporaldimension.

In dealingwith video, the sequencemay be consideredas a one-dimensionaltemporalsignal composed

of two-dimensionalelements. Accordingly, the sequencemay first be fully decomposedin the temporal

dimensionona per-pixel basisfollowing Equations(5.62)and(5.63),i.e.,

f j Ë 1
φ Å x Æ yÆ t Ç]Ê ∑

k

hk f j
φ Å x Æ yÆ 2t Ì kÇ[Æ

f j Ë 1
ψ Å x Æ yÆ t Ç]Ê ∑

k

gk f j
φ Å x Æ yÆ 2t Ì kÇ[Æ

giving theDWT in thetemporaldirection:Ä W f Å x Æ yÆ t Ç;È t Å j Í 1Ç8Ê(5.82)

f j Ë 1
φt
Å x Æ yÆ 1Ç[Æ f j Ë 1

ψt Å x Æ yÆ 2Ç[Æ!Î�Î�Î�Æ f j Ë 1
φt
Å x Æ yÆ n Í 1Ç[Æ f j Ë 1

ψt Å x Æ yÆ nÇ%Î
As in the one-dimensionalcase,the sequenceframesarepermutedso that the first nÉ 2 frames,containing

low-passcoefficients,aredecomposedrecursively. Thefully transformedvideosequencecontainstheglobal

10As analternativeto first-orderderivativeedgedetection,directionalinformationof edgescanbeobtained
by searchingzero-crossingsof thesecond-orderderivativealongr for eachdirectionθ, since

∂ f
∂r
Ê ∂ f

∂x
∂x
∂r
Ì ∂ f

∂y
∂y
∂r
Ê fx cosθ Ì fy sinθ Æ

wherer is thegradientdirectionvector, and

∂2 f
∂r2 Ê ∂ fx

∂r
cosθ Ì ∂ fy

∂r
sinθ Ê ∂2 f

∂x2 cos2 θ Ì 2
∂2 f
∂x∂y

sinθcosθ Ì ∂2 f
∂y2 sin2 θ Î

See[Jai89, p.348,p.353].
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averagein the first frame,with the next 2 j framescontainingdetail informationat eachresolutionlevel j.

Note that the first framewill containan imagedisplayingaveragemotion informationover the entirese-

quence.Theframescontainingdifferenceinformationwill containmotiondifferencesoveraspecificinterval

of framestherebyindicatingpresenceof motionoverspecificfrequenciesrelative to thesamplingrateof the

videosequence.For example,considera videosequencerecordedat a samplingrateof 18ms,i.e., 55.5Hz,

or 55.5framespersecond(fps).11 The(dyadic)DWT of sucha videosequencewill containtemporalinfor-

mationof 55.5Hzat 1 level of decomposition(resolutionlevel j Ê 1), 18.5Hzat level j Ê 2, 7.9Hzat level

j Ê 3, etc. In general,at the jth decompositionlevel, thedyadicDWT will containtemporalinformationat

frequency 1ÉTÅ 2 j Í 1Ç sr wheresr is thesamplingrate.In otherwords, Å 2 j Í 1Ç sr givesthetemporaldifference

informationat level j with unitsmatchingthesamplingrate(e.g.,milliseconds).Consideringthesequence

capturedat the 18mssamplingrate, thenat level j Ê 1, the DWT will containinformationover 18ms,at

level j Ê 2 over 54ms,at level j Ê 3 over 126ms,etc. This is dueto the fact that eachtemporal(dyadic)

decompositionobtainsdifferenceinformationover2 j Í 1 frameintervals,whereeachinterval correspondsto

thesamplingrate.Suchtemporalinformationis extremelyvaluablein applicationssuchasmotiondetection.

Having appliedthe1D temporalDWT over a sequenceof frames,thenext naturaltaskis motiondetection.

This involvesdetectionof motionwithin sequenceframescontainingwaveletcoefficientsatspecific(dyadic)

frequenciesof interest.Usingthe55.5Hzvideosequenceasanexample,if fastmotionover18Hzis sought,

thensequenceframescontainingtemporaldifferencesat resolutionlevel j Ê 2 mustbe inspected.Slower

motionartifactsunder18.5Hzwill befoundathigherresolutionlevels.Theproblemof locatingtheseartifacts

is essentiallya two-dimensionalproblem.In this respect,the2D DWT (including2D edgedetection)is well

suitedfor analysis. Temporaldifferenceframesshouldbe treatedas two-dimensionalimageframesand

the 2D DWT is appliedexactly asin Ã 5.7. Two-dimensionaledgedetection(asdescribedin Ã 5.8) is again

applicableonaper-framebasis.Theresultof suchananalysislocatesfeaturesin videoatspecificfrequencies.

Four framesof thetennissequenceareshown under2 levelsof temporaldecompositionin Figure28(a).Note

thattheframeshavebeeninterleavedasdescribedin Ã 5.7sothatthefirst framecontainstheglobaltemporal

average.Figure28(b)shows two-dimensionaledgedetectioncarriedout on eachframeof the transformed

sequence(comparewith Figure27 in Ã 5.8).

Reconstructionof thesequenceis carriedout in thereverseorderwhereeachframeis processedby the2D

IDWT. Theentiresequenceis thentreatedasaone-dimensionalsignalandthe1D IDWT is appliedonaper-

pixel basistakingcareto properlyinterleave whole imageframesasrequired(seeEquation(5.82)). Using

11Thestandard(NTSC)videorateis 30 fps, 30Hz,or in otherwords,videosampledat a rateof 33.3ms.
This shouldnot beconfusedwith theNTSCfield rateof 60Hzwherea field correspondsto only half a given
videoframe, e.g.,evenor oddlinesof a frame.
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(a)Decompositionof thefirst four framesof thetennissequence.

(b) 2D edge(modulusmaxima)detection.

Fig. 28. Anisotropicnon-standard3D pyramidaldiscretewaveletdecompositionand2D edgedetection.

theinterleaveoperatorÏ , imageframesarearrangedfor reconstructionat level j by:

f j Ë 1
φ Ð ψ Å x Æ yÆ 2t Ì pÇ&Ê Å 1 Í pÇ f j Ë 1 Å x Æ yÆ t Ç�Ì�Å pÇ f j Ë 1 Å x Æ yÆ t Ç[Æ

for p Ñ@Ä 0 Æ 1 È . Reconstructionis thenwrittenas:

f j
φ Å x Æ yÆ 2t Ì pÇ<Ê.Å 1 Í pÇ ∑

k Òhk f j Ë 1
φ Ð ψ Å x Æ yÆ t Í kÇ�Ì�Å pÇ ∑

k Ògk f j Ë 1
φ Ð ψ Å x Æ yÆ t Í kÇ%Æ

giving theoriginal function f j Å x Æ yÆ t Ç .
5.10 Wavelet Inter polation

The DiscreteWavelet Transformcan be usedto texture map imagesby selectively scalingwavelet coef-

ficients. Provided appropriatewavelet filters can be found, reconstructionexactly matcheslinear MIP-

mapping. MIP-mappingis a well known texture mappingalgorithmusedextensively in computergraph-

ics [Wil83, WW92, Ã 4.7].12 MIP-mappinginvolvespreprocessinganimageat severalresolutionlevels(de-

composition)in orderto texturemap(reconstruct)animageatvariableresolution.In thissense,MIP-mapping

fallsundertheclassicalpyramidframework for earlyvision[JR94]. In thepresentcontext therelevantfeature

of MIP-mappingis themultiresolutionreconstructionof theimage.Specifically, gaze-contingentvisualrep-

resentationof digital imagery, discussedin Ã IX, relieson waveletcoefficient scalingdevelopedhere.In this

12The acronym MIP, introducedby Williams, is from the Latin phrasemultumin parvomeaning“many
thingsin a smallplace”.
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sectiontheMIP-mappingapproachis briefly described,thena setof filters, termedMIP-wavelets, is derived

to matchthebox filter frequentlyusedin MIP-mapping.Using thesefilters, it is shown that linear interpo-

lation of scaledwaveletcoefficientsis equivalentto linear interpolationunderMIP-mapping.Although the

presentdiscussionis limited to two-dimensionalimages,thewaveletcoefficientscalingmethodis applicable

to multidimensionalsignalsfor multiresolutionrepresentation.

5.10.1 MIP-Mapping

GivenanN Ó N image,assumingN is apowerof 2 with n Ê log2N, theoriginal image f n Å x Æ yÇ is subsampled

andsmoothedinto n Ì 1 subimages(or maps),

f j ÅkÔ x
M Õ ÆZÔ y

M Õ Ç#Ê 1
M2

M Ë 1

∑
kÖ 0

M Ë 1

∑
mÖ 0

f n Å x Ì k Æ y Ì mÇ[Æ 0 × j × n Æ(5.83)

whereM is asmoothingfilter of size2n Ë j , and j is theresolutionlevel. Equation(5.83)generatesprojections

of theoriginal imageonton Ì 1scaledsubspacesequivalentto thesubspacesgeneratedby thescalingfunction

of the DWT. Thesubspacesin this instancearescaledanalogouslyto theDWT with resolutionlevel j Ê 0

correspondingto thecoarsestresolutionlevel.13 Equation(5.83)is aslightly differentrepresentationfrom the

classicalrecursive pyramidalapproachsinceeachsubimageis subsampleddirectly from theoriginal image

f n, not from the imageat the next finer resolutionlevel f j Ø 1. In general,the recursive form of Equation

(5.83)is givenby:

f j Ë 1 Å x Æ yÇ*Ê M

∑
kÖ 0

M

∑
mÖ 0

h Å k Æ mÇ f j Å 2x Ì k Æ 2y Ì mÇ[Æ 0 Ù j Ù n Æ(5.84)

whereM Ì 1 is the (constant)width of the convolution kernel. If h Å k Æ mÇ�Ê 1É�Ú 2 ÆUÛ k Æ m with M Ê 1, thenÄ h Å k Æ mÇ[È is the Haarsmoothingfilter. Equation(5.84)correspondsto the two-scalerelationof the scaling

functionφ, givenby (5.43),andis equivalentto thetwo-dimensionallowpassdecompositionrelation(5.68)

wherethescalingfilter is thetensorproductof theone-dimensionallowpassfilter Ä hk È , i.e.,h Å k Æ mÇºÊ hk Ü hm.

In general,thesmoothingfilter shouldsatisfythefollowing constraints[JR94]:

1. normalization

∑
k

∑
m

h Å k Æ mÇ#Ê 1;

2. symmetry

h Å k Æ mÇ#Ê h Å M Ì 1 Í k Æ mÇÝÊ h Å k Æ M Ì 1 Í mÇÝÊ h Å M Ì 1 Í k Æ M Ì 1 Í mÇ¶Û k Æ m;

13To scalesubspacesin theoppositedirection(e.g.,theDaubechiesconvention),eachsubimageis gener-
atedby

f j ÅkÔ x
M Õ ÆZÔ y

M Õ Ç#Ê 1
M2

M Ë 1

∑
kÖ 0

M Ë 1

∑
mÖ 0

f 0 Å x Ì k Æ y Ì mÇ[Æ 0 × j × n Æ
wherethefilter M is of size2 j andresolutionlevel j Ê 0 correspondsto thehighestresolution.
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3. unimodality

0 × h Å j Æ k Ç�× h Å mÆ nÇ for j × m Ù M
2

andk × n Ù M
2

;

4. equalcontribution(all pixelsof f contributethesametotalweightto eachpixel of f j );

5. separability

h Å k Æ mÇ*Ê h Å k Ç h Å mÇ[Î
Theaveragingboxfilter is oftenchosenasthesmoothingfilter with h Å k Æ mÇ#Ê 1É M2 ÆVÛ k Æ m, whereM Ê 2n Ë j

definesthe filter sizeaswell as the filter coefficients. For example,the following subimagesareobtained

from a 4 Ó 4 image:

f 1 Å x
2
Æ y
2
Ç#Ê 1

∑
kÖ 0

1

∑
mÖ 0

f 2 Å x Ì k Æ y Ì mÇ
4

Æ f 0 Å x
4
Æ y
4
Ç8Ê 3

∑
kÖ 0

3

∑
mÖ 0

f 2 Å x Ì k Æ y Ì mÇ
16

Æ
where f 2 Å x Æ yÇ is theoriginal image.Usingthenormalizedboxfilter, examplesubsampledimagesareshown

in Figure29. TheMIP-mappingpyramidis formedby theunionof theoriginal imageandthesetof subsam-

pledimages.

Fig. 29. MIP-mapsubimages,processedby normalizedbox filter. Obtainedfrom The Centerfor Image
ProcessingResearch(CIPR),anInternetpublicdomainarchive(ftp://ipl.rpi.edu/pub/image/still/usc/bgr/-
baboon).

Reconstructionof the imageat a given pixel location Å x Æ yÇ dependson the desiredresolutionof the pixel.

The desiredresolutionlevel is bandlimitedto the numberof decomposedresolutionlevels (typically the

decompositionis dyadicin nature)boundedby thetwo closestresolutionsubimagesf j Ë 1 and f j . Thefinal

pixel valueat location Å x Æ yÇ is calculatedasa linearcombinationof pixel intensitiesin thepyramid:

f Å x Æ yÇ#Ê.Å 1 Í pÇ f j Ë 1 ÅkÔ x

2n Ë<Þ j Ë 1ß Õ ÆZÔ y

2n ËUÞ j Ë 1ß Õ Ç�Ì�Å pÇ f j Å�Ô x
2n Ë j Õ ÆZÔ y

2n Ë j Õ Ç[Î(5.85)

Equation(5.85) representslinear inter-map interpolation,shown schematicallyfor an 8 Ó 8 imagein Fig-

ure30. In caseswheretheimageis notbeingmappedontoaflat surface,intra-mapinterpolationmayalsobe

usedto preventaliasingartifacts(see[WW92, Ã 4.7.1]).Thecombinationof inter- andintra-mapinterpolation
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Fig. 30. Depictionof MIP-mappingalgorithm.
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is calledbi-linear interpolation.Thewavelet techniqueequivalentto Equation(5.85)discussedbelow does

not considerbi-linearinterpolation.

5.10.2 MIP-W avelets

To generatewaveletmultiscalerepresentationsof agivenimagematchingtheMIP-mapdecompositionusing

the normalizedbox filter, the lowpasswavelet filter Ä hk È is set to Ä 1É 2 Æ 1É 2 È . The detail filter is thenthe

quadraturemirror of Ä hk È , i.e., Ä gk È³ÊDÄ 1 É 2 Æ�Í 1É 2 È . To guaranteeperfectreconstruction,MIP-waveletdual

filtersarerequiredsothatconditions(5.58)and(5.59)aresimultaneouslysatisfied.For filtersof length2, the

following equationsmusthold:

h0Òh0 Ì h1Òh1 Ê 1(5.86)

g0Òh0 Ì g1Òh1 Ê 0 Î(5.87)

Given( Ä hk È�Æ�Ä gk È ), Ä Òhk È is derivedwith:

1
2 Òh0 Ì 1

2 Òh1 Ê 1 Æ from (5.86),andÆ(5.88)

1
2 Òh0 Í 1

2 Òh1 Ê 0 Æ from (5.87)Î(5.89)

From(5.89),Òh0 Ê Òh1, andsubstitutinginto (5.88),Òh0 Ê Òh1 Ê 1 Î
Thedualdetailfilter coefficientsarederivedfrom conditions(5.57)and(5.60),which generateequations:

g0 Òg0 Ì g1 Òg1 Ê 1(5.90)

h0 Òg0 Ì h1 Òg1 Ê 0 Î(5.91)

Usingderivedfilters ( Ä hk È�Æ�Ä gk È ), Ä Ògk È is foundby:

1
2 Òg0 Ì 1

2 Òg1 Ê 0 Æ from (5.91),andÆ(5.92)

1
2 Òg0 Í 1

2 Òg1 Ê 1 Æ from (5.90)Î(5.93)

From(5.92), Òg0 ÊDÍ Òg1, andsubstitutinginto (5.93),Òg0 Ê}Í Òg1 Ê 1 Î
MIP-wavelets,with coefficients given in Table 7, are unnormalizedversionsof the Haar filters. That is,

MIP-waveletsaresemi-orthogonalHaarwavelets(or pre-wavelets).In fact,normalizedHaarfilterswill gen-

eratethesametexturemappingatdyadicresolutionboundaries,but will loseluminanceinformationbetween
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TABLE 7
MIP-waveletfilters.

k 2 Å hk Ç 2 Å gk Ç 2 Å Òhk Ç 2 Å Ògk Ç
0 1 1 2 2
1 1 -1 2 -2

boundarieswherelinear interpolationis required.The benefitof the semi-orthogonalMIP-waveletsis that

correctluminancevalueswill begeneratedat any desiredresolutionlevel. Notethat thefilter coefficientsof

thelowpassfilter Ä hk È matchtheaveragingbox filter aboveexactly. This caneasilybeverifiedby obtaining

thetensorproductof thescalingfilter at any resolutionlevel. For example,at onelevel of resolution Å j Ê 1Ç
theeffective samplingfilter is a 2 Ó 2 filter with cellsequalto 1 É 4. At level j Ê 0, thefilter is a 4 Ó 4 filter

with cells equalto 1É 16. Note that underthe DWT, the zeroth Å j Ê 2Ç resolutionlevel (i.e., the original

image)is not presentin thepyramidaltransformation.BecauseMIP-waveletsgenerateidenticalsubsampled

lowpassimagesto subimagesgeneratedby averagedbox filters, in termsof resolution,bothdecompositions

areidentical. That is, in the caseof monochromaticimages,the sameluminanceresolutioninformationis

presentin thescaledsubimagesof bothapproaches.In otherwords,theMIP-waveletsderivedaboveserveas

thebasisfunctionsfor themultiresolutionaveragedboxfilter.

5.10.3 Variable ResolutionReconstructionwith MIP-wavelets

Reconstructionwith MIP-waveletsis losslessdueto theorthogonalityof thefilters. To obtaininterpolation

resultsidenticalto MIP-mapping,anintuitiveapproachwouldbeto maintainreconstructedscaledsubimages

producedby successivestepsof theIDWT, thento performtheinterpolationstepasgivenby Equation(5.85).

Although this approachwould yield identicalresultsdueto the equivalenceof subsamplingfilters andthe

DWT’s perfectreconstruction(dueto theorthogonalityof theMIP-wavelets),it is memory-intensive. What

is perhapsnot obvious is that identicalinterpolationresultscanbe obtainedby scalingwaveletcoefficients

prior to reconstruction.Scalingof the waveletcoefficientsprior to reconstructionresultsin the attenuation

of the signalwith respectto the average(low-pass)signal. Full decimationof the coefficients(scalingby

0) resultsin a lossy, subsampledreproductionof theoriginal. Conversely, scalingwaveletcoefficientsby 1

preservesall detail informationproducinglosslessreconstruction.Selectively scalingthe coefficientsby a

valuein the range à 0 Æ 1á at appropriatelevels of the wavelet pyramid producesa variableresolutionimage

uponreconstruction.This approachis equivalentto MIP-mappingreconstructionwith linearinterpolationof

pixel values.

In MIP-mapping,thevalueof theinterpolantp is determinedby somemappingfunctionwhich specifiesthe

desiredresolutionlevel l . Thetwo closestpyramidresolutionlevelsarethendeterminedby roundingdown
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andup to find subimagelevels j Í 1 and j. Theinterpolantvalueis obtainedby therelation:

p Ê l Í}â l ã5Î
Notethattheslopeof themappingfunctionshouldmatchtheresolutionhierarchyof thepyramid,i.e., if res-

olutiondecreaseseccentricallyfrom somereferencepoint,theparameterl shouldalsodecreaseeccentrically.

If it doesnot, its valuemaybereversedby subtractingfrom the numberof resolutionlevels, i.e., n Í l . To

scalewaveletcoefficients,p is setto either0, 1, or the interpolantvalueat particularsubbandsaccordingto

thefollowing relationsdependenton l :

p Ê äå æ 1 Æ j ×µâ l ã ;
l Í}â l ã�Æ j Êèç l é ;
0 Æ j êµç l é�Î(5.94)

For example,if at someparticularpixel location Å x Æ yÇ , l Ê 1 Î 5, thenwaveletcoefficientswould bepreserved

(scaledby 1) at levels j × 1, scaledby .5 at level j Ê 2, anddecimated(scaledby 0) at levels j ê 2 at the

appropriatepixel locationin thesubimages.

Theorem1 Waveletcoefficientscalingis equivalentto linear pixel interpolationunderMIP mapping.

Proof: Considertheinterpolationstepin thelatter,

f Ê.Å 1 Í pÇ f j Ë 1 Ì�Å pÇ f j Æ
which is equivalentto Equation(5.85)with implicit pixel coordinates.Whenthereis no needfor interpo-

lation, i.e., the desiredresolutionlevel at a pixel falls on a mappedresolutionboundary, l Í©â l ã§Ê 0, and

j Êèç l é³Ê l , then

f Ê ë f j Ë 1 Ê f l Ë 1 if p Ê 0;
f j Ê f l if p Ê 1;

or simply f Ê f l meaningthattheresolutionat thegivenpixel will matchtheresolutionlevel of thesubimage

at the l th pyramidlevel. Simplifying theIDWT reconstructionEquation(5.75)andexpanding,

f j
φφ Ê©Å pf j Ë 1

ψ Ì�Î�Î�Î�Ì¯Å pf 2
ψ Ì¯Å pf 1

ψ Ì�Å pf 0
ψ Ì f 0

φφ Ç!Ç�ÇnÎ!Î�ÎìÇ[Æ(5.95)

where f j
ψ collectively representssubimagescontainingwaveletcoefficient, f j

ψφ, f j
φψ, f j

ψψ, with implied pixel

coordinates.Note that in Equation(5.95) the symbol p is now the interpolantandnot the binary selection

variableasusedin Equation(5.75).In thecasewhenl Í}â l ã¨Ê 0,

f Ê.Å 0 Î�Î�Î!Ì¯Å f l
ψ Î�Î!Î!Ì�Å f 2

ψ Ì¯Å f 1
ψ Ì�Å f 0

ψ Ì f 0
φφ Ç�Ç!ÇnÎ�Î!Î¤ÇnÎ�Î!ÎìÇ[Î

Since f j Ø 1
φφ Ê f j

ψ Ì f j
φφ at eachlevel of reconstruction,the resultantimagewill containresolutionmatching

thecontentsof subimagef l Ø 1. Thesubimagef l Ø 1 containstheaverage(lowpass)componentat level l Ì 1,

or equivalently, it containstheentirereproducedimageat level l . In this case,the reconstructedimagewill
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containresolutionno finer thanthatfoundin subimagef l , i.e., f Ê f l , aswith MIP-mapping.

When l Í©â l ãîíÊ 0, i.e., interpolationis requireddueto the mappingfalling betweenresolutionboundaries,

MIP mappingreproducesresolutionat eachpixel locationaccordingto Equation(5.85). In theIDWT, withâ l ã^Ù l Ù2ç l é ,
f Ê.Å 0 Î!Î�Î!Ì¯Å 0 Ì�Å pf ï l ðψ Ì¯Å f ñ l òψ Î�Î!Î!Ì�Å f 2

ψ Ì�Å f 1
ψ Ì¯Å f 0

ψ Ì f 0
φφ Ç!Ç�ÇnÎ!Î�ÎìÇ�Ç!ÇnÎ�Î!Î¤Ç[Î

Thatis, resolutionat thegivenpixel locationis no finer thanwhatis reproducedat subimagef ï l ðóØ 1
φφ , since

f ï l ðóØ 1
φφ Ê pf ï l ðψ Ì f ñ l òôØ 1

φφÊ pf j
ψ Ì f j

φφÊ f j Ø 1
φφÊ f j Æ(5.96)

where â l ã5Ì 1 ÊÁç l é , and j ÊSç l é from Equation(5.94). Equation(5.96)shows that the reconstructedreso-

lution will be no finer thanthe resolutioncontainedin f l matchingthe finestresolutionlevel producedby

MIP-mappingasspecifiedby Equation(5.85).

What remainsto beshown is that theresolutiongainobtainedby scalingwaveletcoefficients(at level j) is

equivalentto thegainobtainedby the MIP-mappinginterpolation.That is, the scalingoperationpf j
ψ Ì f j

φφ

is equivalent(in termsof resolutiongain)to the interpolation Å 1 Í pÇ f j Ë 1 Ì¯Å pÇ f j . To prove this, recall the

reconstructionrelation,

f j
φφ Ê f j Ë 1

ψ Ì f j Ë 1
φφ or Æ

f j Ø 1
φφ Ê f j

ψ Ì f j
φφ giving Æ

f j
ψ Ê f j Ø 1

φφ Í f j
φφ Î(5.97)

SubstitutingEquation(5.97)into thewaveletscalingequation,

pf j
ψ Ì f j

φφ Ê f j
φφ Ì pf j

ψÊ f j
φφ Ì p Å f j Ø 1

φφ Í f j
φφ ÇÊ f j

φφ Í pf j
φφ Ì pf j Ø 1

φφÊ Å 1 Í pÇ f j
φφ Ì pf j Ø 1

φφÊ Å 1 Í pÇ f j Ë 1
φφ Ì pf j

φφÊ Å 1 Í pÇ f j Ë 1 Ì pf j

completestheproofshowing thatscalingwaveletcoefficientsby p atpyramidlevel j is equivalentto linearly

interpolatingpixel valuesof scaledsubimagesf j Ë 1, f j throughMIP-mapping. õ
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CHAPTER VI

TIME SERIES ANALYSIS

Timeseriesanalysisis apowerful framework for modelingautoregressivetemporaldata,thatis, asignalthat

is to someextent dependenton its historicalcomponent.Time seriesanalysis(TSA) hasbeenusedin the

socialsciencesfor modelingtemporallyperiodicdatasuchasmonthlystockquotes,airline passengerdata,

andbehavioral patterns,althoughin general,TSA techniquesarerelatedto analysiswith digital filters and

even to wavelet theory. TSA differs from traditionalstatisticalapproachesin onesignificantaspect:time

seriesanalysisassumesdependenceof observedtime seriesvalueson previousvaluesin theserieswhereas

traditionalordinaryleastsquares(OLS) techniquesassumesampleindependence.It is this aspectof TSA

thatis particularlysuitablefor modelingsignalswheretemporalsamplesat timet arecorrelatedwith samples

at t Í k, at leastfor somedurationk.

This sectionstartswith a brief review of linear systemstheory, closely following Robinsonand Silvia’s

presentation[RS79], including feedbackandfeedforwardsystems.Thediscussioncontinueswith theBox-

Jenkinstimeseriesmodelsof randomprocesses,includingconceptsof stationarityandinvertibility pertinent

to modelingautoregressiveintegratedmoving average(ARIMA) processes.Thesectionconcludesby thein-

troductionof piecewiseautoregressiveintegratedmoving average(PARIMA) processesandwaveletmethods

suitablefor detectionof PARIMA demarcations(interventions).

6.1 Fundamentals

Timeseriesanalysisof astochastic(random)processis in generalbasedontherepresentationof thestochas-

tic processby alinearsystem.Feedbackandfeedforwardcomponentsof thesystemmodeltheautoregressive

characteristicsof the process.A simplified view of a stochastictime series,for example,is that the series

is the outputof a linear (feedback/feedforward)systemwith a purerandomsignal(e.g.,white noise)asits

input. The prevalentmethodof time seriesmodeling(the Box-Jenkinsmethod),in essence,is concerned

with findinganappropriatelinearfilter sothatagiventimeseriesst passedthroughthefilter resembleswhite

noisext on output. If sucha filter canbefoundthenthereversefilter will generatetheobservedtime series

givenwhite noiseasits input (the Slutzky effect). In this casethe filter completelydescribesthe observed

time series.In this sectionthe fundamentalpropertiesof a linearfilter arereviewed, including the relevant

conceptsof convolutionandthez-transform.
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6.1.1 Classificationof DiscreteTime Series

A discretetimeseriesis representedby asequenceof observationsxt whichareassumedto beequallyspaced

in time (for convenience∆t Ê 1). In this section,the discussionis restrictedto deterministictime series,

i.e., theobservationsxt arefixedquantities,andnot randomvariables.Thesimplesttime seriesis thedelta

functionδt (not to beconfusedwith theKroneckerdelta,δ j ö l ) definedby:

δt Ê2ë 1 Æ t Ê 0 Æ
0 Æ t íÊ 0 Æ t Ñ Z Î

The deltafunction is often referredto asthe unit impulseor unit spike. Any arbitrary, deterministic,time

seriesxt canberepresentedby asumof scaleddelayedandadvancedunit impulsesby theexpression[RS79,Ã 4.1]:

xt Ê ÷�÷!÷!Ì xË 2δt Ø 2 Ì xË 1δt Ø 1 Ì x0δt Ì x1δt Ë 1 Ì x2δt Ë 2 Ì/÷!÷�÷Ê ∞

∑
k Ö<Ë ∞

xkδt Ë k k Ñ Z Î
A finite-lengthtime seriesis classifiedby nonzerovalueslying in somefinite interval, i.e., xt íÊ 0 for t in

someinterval àα Æ β á . The total energyof a timeseriesis definedby:

E Ê ∞

∑
t ÖUË ∞

xtxt Ê ∞

∑
t ÖUË ∞ ø xt ø 2 Æ

wherethesymbol( ÷ ) denotescomplex conjugation.Definingtheaverage power, Ṗ, of a finite-lengthtime

seriesas:

Ṗ Ê 1
2t Ì 1

k

∑
t ÖUË k ø xt ø 2 Æ

a transienttime seriesis oneof finite energy, whereasa continuallyoscillatory time seriesis classifiedas

non-transientsatisfyingthecondition:

0 Ù lim
t ù ∞

Ṗ Ê lim
t ù ∞ ú 1

2t Ì 1

k

∑
t ÖUË k ø xt ø 2 û Ù ∞ Î

The unit impulseis an exampleof a transienttime series,while a sinusoidaltime seriesis an exampleof

a non-transienttime series.A transienttime serieshaszeropower while a non-transientserieshasinfinite

energy. Discretetime seriescanin generalbeclassifiedasoneor theotheror neither, but not both. Dueto

its finite energy, a waveletis a transienttimeseries.If thewaveletsatisfiestheconditionthatxt Ê 0 for t Ù 0

thenit is alsocausal. It is importantto notethattime series(andwavelets)neednot beof finite lengthto be

transient,only thatthey areof finite energy.

6.1.2 Linear Systems

In practice,discretetime seriesmay be recordedthroughobservation of somenaturalprocess.A central

problemin time seriesanalysisis modelingthe responseof a systemto a specifiedinput or time series.
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Therearevariousmethodsin which suchamodelcanbebuilt includingtheformal solutionof thedifference

equationcharacterizingthe system,useof transformtechniques,andanalysisbasedon the responseof a

systemto anelementarytime seriesusingtheprincipleof superposition(convolution). The latterapproach

is limited to linearsystems.A linear systemwhich definesa filter prescribinga transformationof the input

seriesst into theoutputseriesxt , is oftendepictedasa “black box” with st asthe input andxt astheoutput

generatedby the black box, i.e., st üý xt . The systemis linear if andonly if it possessesthe sameformal

propertiesasa (linear)vectorspacein linearalgebra,i.e.,

1. if ut üý vt andwt üý xt thenut Ì wt üý vt Ì xt (closureundersum);(6.1)

2. if st üý xt thencst üý cxt (closureunderscalarmultiplication) Î(6.2)

A systemwhichdoesnot satisfybothproperties(6.1)and(6.2) is callednon-linear. A linearsystemor filter

is alsotermedtime-invariantif thetransformationof st to xt is independentof a timeorigin, i.e.,

if st üý xt thenst Ë k üý xt Ë k Î
Theoutputof alinearsystemor filter is expressedin termsof theinputandthesystem’sunit impulseresponse.

This conceptis known asconvolution. The impulseresponseof the systemis definedasthe responseof a

linear, time-invariantsystemto theunit impulse,δt . Thesystemresponseis oftendenotedby ht , i.e.,δt üý ht .

Convolutionof a time seriesst with ht generatestheoutputxt by theconvolutionsumequation:

xt Ê ∞

∑
k Ö<Ë ∞

skht Ë k Æ k Ñ Z Î(6.3)

Equation(6.3) is derivedfrom thepropertiesof thelinearsystem,i.e.,giventhatthelinearsystemtransforms

theunit impulse,

δt üý ht

andsincethesystemis time-invariant,

δt Ë k üý ht Ë k Æ
thenby themultiplicativeproperty(6.2),

skδt Ë k üý skht Ë k Æ
andby theadditiveproperty(6.1),

∞

∑
kÖ<Ë ∞

skδt Ë k üý ∞

∑
kÖUË ∞

skht Ë k Æ k Ñ Z Î
Sinceany arbitrarytime seriescanberesolvedinto a sumof unit impulses,i.e.,

st Ê ∞

∑
kÖ<Ë ∞

skδt Ë k Ê©÷�÷!÷!Ì sË 2δt Ø 2 Ì sË 1δt Ø 1 Ì s0δt Ì s1δt Ë 1 Ì s2δt Ë 2 Ì�÷�÷�÷!Æ
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it follows that

st Ê ∞

∑
kÖUË ∞

skδt Ë k üý ∞

∑
kÖ<Ë ∞

skht Ë k Ê xt Æ
or simply,

st üý xt

wherext denotestheoutputof thelinearsystemexpressedby Equation(6.3) [RS79, pp.172-173].Equation

(6.3) is oftenabbreviatedas

xt Ê sk þ ht Ë k Æ
wheretheasteriskdenotestheconvolutionoperation.

A particularlyusefultransformationof adeterministicdiscretetimeseries,commonto digital filter design,is

thez-transformdefinedby:

X Å zÇ8Ê ∞

∑
t Ö<Ë ∞

xtz
t Æ

wherethecoefficientfor zt is thevalueof xt of thetimeseriesat time t. Givenacausaltimeseries(i.e.,xt Ê 0

for t Ù 0), thez-transformbecomesthepowerseries:

X Å zÇ#Ê ∞

∑
t Ö 0

xtz
t Æ

andin the caseof a finite-lengthtime seriesof lengthn, the z-transformbecomesan n-degreepolynomial

X Å zÇ#Ê x0 Ì x1z Ì�÷�÷!÷�Ì xnzn. Giventwo z-transforms

SÅ zÇ8Ê ∞

∑
t Ö<Ë ∞

stz
t Æ H Å zÇ#Ê ∞

∑
t ÖUË ∞

htz
t Æ

themultiplicationof SÅ zÇ H Å zÇ resultsin thez-transformX Å Z Ç :
X Å zÇ#Ê SÅ zÇ H Å zÇ#Ê ∞

∑
t ÖUË ∞

xtz
t Æ(6.4)

wherethecoefficientsxt of X Å zÇ arerelatedto thecoefficientsst andht by:

xt Ê ∞

∑
kÖUË ∞

skht Ë k Æ k Ñ Z Æ
which is recognizedas the convolution of st with ht . Convolution in time domain(6.3) is equivalent to

multiplicationof z-transforms(6.4) [RS79, p.177].Convolution is commutativeandassociativeundermulti-

plication,i.e.,

SÅ zÇ H Å zÇ#Ê H Å zÇ SÅ zÇ[Æ SÅ zÇ'àH Å zÇ X Å zÇôá�Ê.àSÅ zÇ H Å zÇôá X Å zÇ[Æ
anddistributiveunderaddition,i.e.,

SÅ zÇ%àH Å zÇnÌ X Å zÇôánÊ SÅ zÇ H Å zÇ�Ì SÅ zÇ X Å zÇ[Î
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6.1.3 Autoregressive-Moving Average(ARMA) Linear Systems

Theinput-outputrelationshipof acausallineartime-invariantfilter mayberepresentedin anumberof ways.

Theconvolutionsumis onerepresentation,from (6.3),

xt Ê ∞

∑
k Ö 0

hkst Ë k Æ k Ñ Z Æ(6.5)

wherest is the input andxt is theoutputof a causalfilter with impulseresponseht Ê¶Å h0 Æ h1 Æ!Î�Î!ÎÿÇ . Another

representationis thedifferenceequation:

xt Ì a1xt Ë 1 Ì�÷�÷!÷�Ì apxt Ë p Ê b0st Ì b1st Ë 1 Ì�÷�÷!÷�Ì bqst Ë q Æ(6.6)

wherethe outputtime seriesxt at time t is dependentonly on the presentandpastvaluesst , st Ë 1, Î�Î!Î , st Ë q

of the input time seriesand pastvaluesxt Ë 1, xt Ë 2, Î�Î!Î , xt Ë p of the output time series. The coefficientsÄ a0 Ê 1 Æ a1 Æ a2 Æ!Î�Î�Î�Æ ap È areknown asthe feedback or autoregressive(AR) coefficientsandthe coefficientsÄ b0 Æ b1 Æ!Î�Î�Î�Æ bq È areknown asthe feedforward or moving average (MA) coefficients. The representationin

(6.6) is commonlyreferredto asanautoregressive-moving average(ARMA) digital filter. Both representa-

tionsyield identicalresults[RS79, p.201,p.202].Rewriting (6.6)as

p

∑
kÖ 0

akxt Ë k Ê q

∑
k Ö 0

bkst Ë k Æ a0 Ê 1 Æ k Ñ Z Æ
underthez-transformbecomes

A Å zÇ X Å zÇ#Ê B Å zÇ SÅ zÇ[Î(6.7)

Equation(6.5)is obtainedif theinfinite linearfilter Ä hk È canbereplacedby arationalfunctionin zcomposed

of thefinite filters Ä ak È and Ä bk È ,
H Å zÇ#Ê B Å zÇ

A Å zÇ Ê b0 Ì b1z Ì b2z2 Ì/÷!÷�÷�Ì bqzq

a0 Ì a1z Ì a2z2 Ì�÷�÷�÷�Ì apzp Ê h0 Ì h1z Ì h2z2 Ì�÷�÷�÷!Î
The impulseresponsecoefficientsarerelatedto the feedbackandfeedforward coefficientsby the relation

A Å zÇ H Å Z Ç#Ê B Å zÇ , or in thetimedomain,

p

∑
kÖ 0

akht Ë k Êµë bt Æ 0 × t × q Æ
0 Æ t ê q Æ k Ñ Z Î(6.8)

Thecausalfilter with impulseresponseht is completelydescribedby thez-transform

H Å zÇ*Ê ∞

∑
t Ö 0

htz
t Æ

definedasthe transferfunctionof thecausalfilter. In (6.5), thecausalfilter is describedby the impulsere-

sponseht Ê.Å h0 Æ h1 Æ!Î�Î!ÎÿÇ or thetransferfunction;whereasin (6.6),thecausalfilter is characterizedby a finite

numberof feedbackandfeedforwardcoefficients. Sincethe samelinear systemcanbe describedby both
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representations,thefact that theARMA representationrequiresa finite setof p Ì q Ì 1 coefficients(assum-

ing a0 Ê 1), insteadof the infinite numberrequiredby the impulseresponseht representation,is the chief

advantageof the ARMA model. The generallysmallernumberof parametersrequiredby ARMA models

waspopularizedby Box andJenkins[BJ76]whoreferredto thisefficiency asparsimony. ARMA modelsde-

scribesystemswith aninfinitely longimpulseresponseby afinite-parametermodel,denotedby ARMA( p Æ q).

6.1.4 Moving Average(MA) and Autoregressive(AR) Linear Systems

ConsideringthecasewhenA Å zÇ#Ê 1, thetransferfunctionof thelinearsystemis

H Å zÇ*Ê B Å zÇ#Ê b0 Ì b1z Ì b2z2 Ì/÷!÷�÷�Ì bqzq Î
The linear systemis commonlyreferredto asa feedforward systemcharacterizedby the moving average

modelof orderq, or MA(q) [RS79,p.257].From(6.7),theMA(q) modelis writtenas

X Å zÇ*Ê B Å zÇ SÅ zÇ[Æ
or in thetime domain,

xt Ê b0st Ì b1st Ë 1 Ì�÷�÷!÷�Ì bqst Ë q Î
ConsideringthecasewhenB Å zÇ#Ê 1, thetransferfunctionof thelinearsystemis

H Å zÇ#Ê 1
A Å zÇ Ê 1

a0 Ì a1z Ì a2z2 Ì�÷�÷�÷�Ì apzp Î
The linear systemis referredto asa (pure) feedbacksystemcharacterizedby the autoregressive modelof

orderp, or AR(p). From(6.7),theAR(p) modelis writtenas

A Å zÇ X Å zÇ#Ê SÅ zÇ[Æ
or in thetime domain,

a0xt Ì a1xt Ë 1 Ì/÷!÷�÷�Ì apxt Ë p Ê st Î(6.9)

A simplefeedbacksystemis shown in Figure31 where,assuminga0 Ê 1, thesummationtermis

st Í p

∑
kÖ 1

atxt Ë k Ê xt Æ
which coincideswith Equation(6.9) [RS79, p.210].

In general,MA(q) coefficientsspecifya Finite ImpulseResponse(FIR) filter providedthenumberof coef-

ficientsis finite. TheAR(p) coefficientsspecifyan Infinite ImpulseResponse(IIR) filter sincethe transfer

functionA Å zÇ Ë 1 is, in general,composedof aninfinite numberof coefficients[GW94, pp.12-13].Evenwith

aninitially finite numberof autoregressivecoefficients Ä a0 Æ a1 Æ!Î�Î!Î!Æ ap È , thiscanbeverifiedby performingthe

longdivision 1ÉTÅ a0 Ì a1z Ì/÷!÷�÷�Ì apzp Ç .



107

-

+

st xts  - Σ ta  xt-k     =  xtt

t-ktΣa x tx
a

filter
k

delay

output

linear feedback system

input

convolution

Fig. 31. Block diagramof a linearfeedbacksystem.

6.2 Nondeterministic (Stochastic)Time SeriesModels

Theabovediscussionof linearsystemsdealtwith deterministictimeseries.In thefollowing section,stochas-

tic timeserieswill beconsideredwhereobservationsareassumedto containa randomcomponent.

A stochasticor randomprocessis characterizedby its meanµ, varianceσ2, autocovariancesÄ γk È , autocorre-

lations Ä ζk È , andpartialautocorrelationsÄ ρk ö k È . Themeanrepresentstheexpectedvalueof anobservationat

time t,

µt Ê E à xt áóÆ
whereE à ÷ á denotesexpectation.Thevarianceσ2 refersto thesquareddeviationof eachobservationfrom its

expectedvalue,i.e.,

σ2
t Ê E à Å xt Í E à xt áVÇ 2 áóÎ

In general,E à Å xt Í E à xt áuÇ n á is definedasthenth momentof xt aboutits mean,wherethevarianceis known as

thesecondmoment.Theautocovariancefunction,

γk Ê E à Å xt Í E à xt áuÇ%Å xt Ø k Í E à xt Ø k áuÇtátÆ
measuresthe deviation of two observationsfrom their means.The prefix auto refersto both observations

comingfrom thesametimeseriesseparatedby temporallag k. Theautocorrelationfunctionis definedas

ζk Ê E àrÅ xt Í E à xt áuÇ%Å xt Ø k Í E à xt Ø k áVÇôá
E à Å xt Í E à xt áuÇ%Å xt Í E à xt áVÇôá Ê E àrÅ xt Í E à xt áVÇ'Å xt Ø k Í E à xt Ø k áVÇôá

E àrÅ xt Í E à xt áuÇ 2 á Æ
which, for xt , xt Ø k of strictly stationaryprocesseswith first two momentsfinite, dependsonly on thetime lag

k. In thespecialcaseof a zeromean,theautocorrelationfunctionis theautocovariancefunctionnormalized

sothatζ0 Ê 1. Theautocorrelationfunctionis anevenfunction,whereζk Ê ζ Ë k, meaningthatit is symmetric

abouttheorigin k Ê 0. Thepartialautocorrelationfunctionρk ö k measuresthecorrelationbetweenxt andxt Ø k
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whenthek Í 1 interveningvaluesxt Ø 1 Æ xt Ø 2 Æ�Î!Î�Î�Æ xt Ø k Ë 1 arefixed[RS79, p.280].

Stochastictime seriesaretime serieswhereany observationxt of a time seriesis a randomvariablewith a

probabilitydistribution generallydependenton time t. Time seriesmodelspopularizedby Box andJenkins

(referredto asBox-Jenkinstime seriesmodels)assumethat the time seriesis generatedfrom a seriesof

uncorrelatedrandomvariableswith zeromeanandconstantvariance,e.g.,white noiseεt
� N Å 0 Æ σ2 Ç . The

observedtime seriesxt is generallymodeledastheoutputof a causallinearfilter with white noise(innova-

tions or randomshocks)εt asinput. With the filter impulseresponseht Ê2Å h0 Æ h1 Æ�Î!Î�ÎìÇ , the time seriesxt is

representedas

xt Ê µt Ì ht þ εtÊ µt Ì ∞

∑
kÖ 0

hkεt Ë k Æ k Ñ Z Æ or Æ(6.10)

xt Ê µt Ì ηt Æ
whereηt Ê ∑∞

kÖ 0hkεt Ë k isazeromeanrandomprocess[RS79,p.275].In thisview, thetimeseriesis generally

composedof of two parts,namelythedeterministiccomponentµt andtherandomor stochasticcomponentηt .

The stochastictime seriesxt is a linear transformationof the white noiseseriesεt . This canbe shown by

borrowing zandfor themomentusingit asa backwardshift operatordefinedby

zxt Ê xt Ë 1 Æ
which delaysthetimeseriesxt by onetimeunit. In general,

zkxt Ê xt Ë k Æ
wherek Ñ Z representsa delayof k timeunits.Rewriting Equation(6.10)in termsof z,

xt Ê µt Ì h0εt Ì h1εt Ë 1 Ì h2εt Ë 2 Ì/÷�÷!÷Ê µt Ì h0εt Ì h1zεt Ì h2z
2εt Ì/÷!÷�÷(6.11) Ê µt Ì�Å h0 Ì h1z Ì h2z2 Ì�÷�÷�÷ÿÇ εt Î

Reclaimingthedefinitionof z asdefinedby thez-transform,thequantityinsidetheparenthesesin (6.11) is

thez-transformof the impulseresponseht Ê:Å h0 Æ h1 Æ h2 Æ!Î�Î!ÎÿÇ . SinceH Å zÇ5Ê h0 Ì h1z Ì h2z2 Ì¯÷�÷!÷ definesthe

transferfunctionof thelinearfilter ht , Equation(6.11)is rewrittenas

xt Ê µt Ì H Å zÇ εt(6.12)

showing thatthetimeseriesxt is a lineartransformationof thewhite noiseseriesεt .
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6.2.1 Stationarity of StochasticTime Series

Theconceptof stationarityof timeseriesrefersto thestatisticalbehavior of timeseriesandis relevantto the

choiceof appropriatemodelingstrategy. In general,ARMA modelsarerestrictedto stationarytimeseries.A

timeseriesis stationary(covariance-stationaryor second-orderstationary)if bothof thefollowing conditions

aresatisfied:

E à xt á Ê µt Ê µ constantmeanfor all t Æ(6.13)

E à xt Æ xt Ø k á Ê E àrÅ xt Í E à xt áuÇ%Å xt Ø k Í E à xt Ø k áuÇtátÆ for E à xt ánÊ 0 Æ(6.14) Ê γk Ê cov(xt Æ xt Ø k) dependentonly on timedifferencek Î
If eithercondition (6.13) or (6.14) is not satisfied,the time seriesis non-stationary[RS79, p.277]. With

respectto thecausallinearfilter model(6.12),thetimeseriesxt is stationaryprovidedthat:

µt Ê µ (constantmeanfor all t) Æ
E Ê ∞

∑
t Ö 0

htht Ê ∞

∑
t Ö 0 ø ht ø 2 Ù ∞ (impulseresponsefinite energy) Î

Thewhite noiseseries,εt , is a fundamentalexampleof a stationarytime series.Thewhite noiseseriesis a

sequenceof randomvariableseachwith zeromeanandconstantvariance,i.e.,

E à εt ánÊ 0 Æ E à ε2
t á�Ê σ2 Æ:Û t Æ t Ñ Z Æ

andsuchthatany two differentvariablesareuncorrelated,i.e.,

E à εt Æ εt Ø k á�Ê E à εtεt Ø k á�Ê 0 Æ k íÊ 0 Æ k Ñ Z Æ
giving covariance

γk Å εt Ç8Ê ë E à ε2
t á�Ê σ2 Æ k Ê 0;

E à εtεt Ø k átÆ k íÊ 0 Æ k Ñ Z Î(6.15)

For stationaryprocessesin general,wherethe meanis constantfor eachobservation, the autocorrelation

function ζk is the autocovariancefunctionnormalizedso thatζ0 Ê 1. Theautocorrelationandpartialauto-

correlationfunctions(ACF, PACF) areinstrumentalin determininga suitablestochastictimeseriesmodel.

6.2.2 Autoregressive-Moving Average(ARMA) Processes

Section6.1.3discusseddeterministicARMA linearsystems.Givenwhite noiseasthe input to the ARMA

linear system,the output is a signal with a randomcomponent. Deterministicand stochasticsignalsare

distinguishedby referringto thedeterministicARMA systemasa modelof thestochasticARMA process.

Equation(6.10)representsthe time seriesxt astheoutputof theARMA linearfilter with impulseresponse

ht andtransferfunctionH Å zÇ . Thefilter is usuallyoneof infinite length. If thefilter canbereplacedby one
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whosetransferfunction is a rationalfunction in z, thenthestochasticARMA processcanberepresentedby

thefollowing finite-parametermodel:

xt Ê µt Ì ∞

∑
kÖ 0

hkεt Ë kÊ µt Ì�Å h0 Ì h1z Ì h2z
2 Ì/÷�÷!÷ Ç εtÊ µt Ì H Å zÇ εtÊ µt Ì B Å zÇ

A Å zÇ εtÊ µt Ì �
b0 Ì b1z Ì b2z2 Ì�÷�÷�÷�Ì bqzq

a0 Ì a1z Ì a2z2 Ì�÷�÷!÷�Ì apzp � εt Î(6.16)

Transposingtermsandexpanding,

A Å zÇ%Å xt Í µt Ç"Ê B Å zÇ εt
p

∑
k Ö 0

ak Å xt Ë k Í µt Ë k Ç"Ê q

∑
kÖ 0

bkεt Ë k Î
Defining the time seriesin termsof deviationsfrom the deterministicmean,µt , by x̃ Ê xt Í µt , the ARMA

processis modeledby

A Å zÇ x̃t Ê B Å zÇ εt
p

∑
k Ö 0

akx̃t Ë k Ê q

∑
kÖ 0

bkεt Ë k(6.17)

a0x̃t Ì a1x̃t Ë 1 Ì a2x̃t Ë 2 Ì�÷�÷�÷�Ì apx̃t Ë p Ê b0εt Ì b1εt Ë 1 Ì b2εt Ë 2 Ì�÷�÷�÷�Ì bpεt Ë q Î
Equation(6.17)is thetime-domainrepresentationof Equations(6.12)and(6.16).

If the time seriesis stationarythenits statisticalpropertiesaretime-invariant,i.e., unaffectedby a shift of

the time origin [RS79,p.277]. That is, thestatisticalpropertiesof theseriesxt areidenticalto thoseof the

delayedtimeseriesxt Ë k, with mean

E à xt á Ê E à µ Ì H Å zÇ εt áÊ E à µá Ì E à ∞

∑
k Ö 0

htεt Ë k áÊ µ Æ
sinceE à εt áTÊ 0 Û t, andvariance

E à Å xt Í x̄Ç 2 á Ê E àrÅ xt Í E à xt áuÇ 2 áÊ E àrÅ xt Í µÇ 2 á�Ê E àrÅ µt Ì ∞

∑
kÖ 0

hkεt Ë k Í µt Ç 2 áÊ E àrÅ ∞

∑
kÖ 0

hkεt Ë k Ç 2 átÎ(6.18)
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Expanding(6.18),

E àrÅ ∞

∑
kÖ 0

hkεt Ë k Ç 2 á Ê E àrÅ h0εt Ì h1εt Ë 1 Ì�÷�÷�÷ Ç%Å h0εt Ì h1εt Ë 1 Ì/÷!÷�÷ ÇtáÊ E à h0εth0εt Ì h0εth1εt Ë 1 Ì h0εth2εt Ë 2 Ì ÷!÷�÷
h1εt Ë 1h0εt Ì h1εt Ë 1h1εt Ë 1 Ì h1εt Ë 1h2εt Ë 2 Ì ÷!÷�÷
h2εt Ë 2h0εt Ì h2εt Ë 2h1εt Ë 1 Ì h2εt Ë 2h2εt Ë 2 Ì ÷!÷�÷RáÊ E à h2

0ε2
t Ì h0εth1εt Ë 1 Ì h0εth2εt Ë 2 Ì ÷!÷�÷

h1εt Ë 1h0εt Ì h2
1ε2

t Ë 1 Ì h1εt Ë 1h2εt Ë 2 Ì ÷!÷�÷
h2εt Ë 2h0εt Ì h2εt Ë 2h1εt Ë 1 Ì h2

2ε2
t Ë 2 Ì ÷!÷�÷RáÊ E à ∞

∑
kÖ 0

h2
kε2

t Ë k Ì ∞

∑
j Ö 0

∞

∑
kÖ 0

h jεt Ë j hkεt Ë k átÆ j íÊ kÊ E à ∞

∑
kÖ 0

h2
kε2

t Ë k Ì ∞

∑
j Ö 0

∞

∑
kÖ 0

h jhkεt Ë j εt Ë k átÆ j íÊ kÊ E à ∞

∑
kÖ 0

h2
kε2

t Ë k á Ì E à ∞

∑
j Ö 0

∞

∑
kÖ 0

h jhkεt Ë j εt Ë k áóÆ j íÊ kÊ ∞

∑
kÖ 0

h2
kE à ε2

t Ë k á Ì ∞

∑
j Ö 0

∞

∑
kÖ 0

h jhkE à εt Ë j εt Ë k áóÆ j íÊ kÊ σ2
∞

∑
kÖ 0

h2
k Æ

sinceE à ε2
k á�Ê σ2 Û k, andE à ε jεk á�Ê 0 Û j Æ k Æ j íÊ k. Notethatthevarianceof thetime seriesexistsif andonly

if ∑∞
kÖ 0 ø hk ø 2 Ù ∞, i.e., thelinearfilter Ä hk È hasfinite energy.

Theautocovarianceof xt at lagk is definedas

γk Å xt Ç"Ê E àrÅ xt Í x̄Ç'Å xt Ø k Í x̄ÇôáÊ E àrÅ xt Í E à xt áuÇ%Å xt Ø k Í E à xt áuÇtáÊ E àrÅ µt Ì ∞

∑
l Ö 0

hl εt Ë l Í µt Ç%Å µt Ø k Ì ∞

∑
j Ö 0

h jεt Ø k Ë j Í µt Ø k ÇôáÊ E àrÅ ∞

∑
l Ö 0

hl εt Ë l Ç%Å ∞

∑
j Ö 0

h jεt Ø k Ë j Çtá(6.19) Ê E àrÅ h0εt Ì h1εt Ë 1 Ì�÷�÷!÷ Ç%Å h0εt Ø k Ì h1εt Ø k Ë 1 Ì/÷�÷!÷ ÇôáÊ E à h0εth0εt Ø k Ì h0εth1εt Ø k Ë 1 Ì h0εth2εt Ø k Ë 2 Ì ÷�÷!÷
h1εt Ë 1h0εt Ø k Ì h1εt Ë 1h1εt Ø k Ë 1 Ì h1εt Ë 1h2εt Ø k Ë 2 Ì ÷�÷!÷
h2εt Ë 2h0εt Ø k Ì h2εt Ë 2h1εt Ø k Ë 1 Ì h2εt Ë 2h2εt Ø k Ë 2 Ì ÷�÷!÷RáÊ E à h0h0εt εt Ø k Ì h0h1εtεt Ø k Ë 1 Ì h0h2εtεt Ø k Ë 2 Ì ÷�÷!÷
h1h0εt Ë 1εt Ø k Ì h1h1εt Ë 1εt Ø k Ë 1 Ì h1h2εt Ë 1εt Ø k Ë 2 Ì ÷�÷!÷
h2h0εt Ë 2εt Ø k Ì h2h1εt Ë 2εt Ø k Ë 1 Ì h2h2εt Ë 2εt Ø k Ë 2 Ì ÷�÷!÷RátÎ(6.20)

Thesummationtermof thestationarytimeseriescovariancegivenby Equation(6.20)is representedin matrix

topologywherethematrixcanbethoughtof asbeingtheresultof vectormultiplicationwherethesummation

multiplicandsof (6.19)areseenasvectors. Sincethe autocovarianceof the white noiseprocess,given by
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relation(6.15),is suchthatE à εt Ø j εt Ø k áTÊ 0 for j íÊ k, only diagonaltermsin the“matrix” in (6.20)arenon-

zerofor any givenk. Thatis, for k Ê 0, only themaindiagonalentriesarenon-zero.For k Ê 1, thefirst upper

diagonalcontainsnon-zeroentries,for k Ê©Í 1, it is thethefirst lower diagonal,for k Ê 2, thesecondupper

diagonal,andsoon. Thesepositiveandnegativekth matrix diagonals(w.r.t. themaindiagonalwherek Ê 0)

aredenotedby the jth row and Å j Ì kÇ th columnelementsfor any row j. Correspondingly, thestationarytime

seriescovarianceis rewrittenas

γk Å xt Ç"Ê E à ∞

∑
j Ö 0

h jh j Ø kεt Ë j εt Ø k Ë<Þ j Ø kß áÊ E à ∞

∑
j Ö 0

h jh j Ø kεt Ë j εt Ë j áóÆ:Û k Î
SinceE à εt Ø j εt Ø k áTÊ σ2 for j Ê k,

γk Å xt Ç"Ê ∞

∑
j Ö 0

h jh j Ø kE à εt Ë j εt Ë j á(6.21) Ê σ2
∞

∑
j Ö 0

h jh j Ø k Æ¶Û k Î
Equation(6.21)statesthat the autocovarianceof the time seriesxt is proportionalto the autocorrelationof

theimpulseresponseht [RS79,pp.278-280].In fact,Equation(6.21)canberepresentedby theconvolution

of theautocovariancesof theimpulseresponseandthewhite noiseseries,i.e.,γk Å xt Ç8Ê γk Å ht Ç þ γk Å εt Ç .
As discussedin Ã 6.2,theautocorrelationfunctionof thetimeseriesxt at lagk is definedas

ζk Ê E àrÅ xt Í E à xt áuÇ%Å xt Ø k Í E à xt Ø k áVÇôá
E à Å xt Í E à xt áuÇ 2 á Î

For thestationarytime series,theautocorrelationbecomes

ζk Ê γk

γ0
Æ

which refersto the correlationbetweenany two observationsxt andxt Ø k anddoesnot dependon the units

of measurement[RS79,p.279].Theautocorrelationfunctionis thenormalizedautocovariancefunction,i.e.,

ζ0 Ê 1 and Í 1 × ζk × 1 for k Ñ Z.

6.2.3 The Autoregressive(AR) Process

TheautoregressiveprocessAR(p) of orderp is modeledastheoutputof a linearfilter with transferfunction

A Å zÇ Ë 1 whoseinput is thewhite noisetime seriesεt . TheAR(p) processis theoutputof a feedbacksystem

modeledby

A Å zÇ x̃t Ê εt
p

∑
k Ö 0

akx̃t Ë k Ê εt Î(6.22)
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wherex̃t Ê xt Í µt . Expanding(6.22)gives:

a0x̃t Ì a1x̃t Ë 1 Ì a2x̃t Ë 2 Ì/÷�÷!÷�Ì apx̃t Ë p Ê εt Æ(6.23)

which is thestandardtime-domainrepresentationof theAR(p) process.TheAR(p) processis characterized

by theexpectedautocorrelationfunction.Lettingαk ÊXÍ ak andassuminga0 Ê 1, Equation(6.23)is rewritten

as

x̃t Ê α1x̃t Ë 1 Ì α2x̃t Ë 2 Ì/÷�÷!÷�Ì αpx̃t Ë p Ì εt Î(6.24)

In orderto first obtaintheautocovariancefunction,γk Å x̃t Ç*Ê E à x̃kx̃t Ë k á , Equation(6.24)is multiplied by x̃t Ë k

on bothsidesproducing:

x̃t x̃t Ë k Ê α1x̃t Ë 1x̃t Ë k Ì α2x̃t Ë 2x̃t Ë k Ì�÷�÷�÷�Ì αpx̃t Ë px̃t Ë k Ì εt x̃t Ë k Î
Takingexpectedvaluesgives

E à x̃t x̃t Ë k á�Ê(6.25)

E àα1x̃t Ë 1x̃t Ë k á Ì E àα2x̃t Ë 2x̃t Ë k á Ì�÷�÷�÷�Ì E àαpx̃t Ë px̃t Ë k á Ì E à εt x̃t Ë k átÎ
Noting thatfor stationaryprocessesE à εt x̃t Ë k ánÊ 0 for k ê 0 andthattheautocovarianceis dependentonly on

thetime differencek, i.e.,

γk Å x̃t ÇiÊ E à xtxt Ë k á
γk Ë 1 Å x̃t ÇiÊ E à xtxt Ë k Ë 1 ánÊ E à xt Ë 1xt Ë k á
γk Ë 2 Å x̃t ÇiÊ E à xtxt Ë k Ë 2 ánÊ E à xt Ë 2xt Ë k áÎ�Î!Î
γk Ë p Å x̃t ÇiÊ E à xtxt Ë k Ë p áTÊ E à xt Ë pxt Ë k átÆ(6.26)

Equation(6.25)becomes:

γk Å x̃t Ç"Ê α1γk Ë 1 Å x̃t Ç�Ì α2γk Ë 2 Å x̃t Ç�Ì�÷�÷�÷�Ì αpγk Ë p Å x̃t Ç�Ì 0 Æ k ê 0 Î
Dividing throughby γ0 Å x̃t Ç givestherecursiverepresentationof theautocorrelationfunctionζk:

ζk Ê α1ζk Ë 1 Ì α2ζk Ë 2 Ì α3ζk Ë 3 Ì�÷�÷!÷�Ì αpζk Ë p Æ k ê 0 Î(6.27)

Usingzonceagainasthebackwardshift operator, i.e.,

ζk Ê α1zζk Ì α2z2ζk Ì/÷!÷�÷�Ì αpzpζk Æ
theautocorrelationfunctionis determinedby thefollowing differenceequationfor k ê 0:Å 1 Í α1z Í α2z2 Í ÷�÷�÷;Í αpzp Ç ζk Ê 0 Î(6.28)
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Equation(6.28) is known astheautocorrelationgenerating function[Got81, p.159]. Sinceany polynomial

canbe expressedasa productof its (possiblycomplex) roots,the polynomialin z of degreep in Equation

(6.28)canbefactoredinto

m

∏
j Ö 1
Å 1 Í r jzÇ d j Ê©Å 1 Í r1zÇ d1 Å 1 Í r2zÇ d2 Å 1 Í r3zÇ d3 ÷!÷�÷;Å 1 Í rmzÇ dm Æ(6.29)

where Å 1 Í r jzÇ d j is a(possiblycomplex) rootof multiplicity d j suchthat∑m
j Ö 1d j Ê p [Wei90,pp.44-46].For

theprocessto bestationary, ø r Ë 1
j ø ê 1 and ø r j ø Ù 1 in (6.29)musthold. As aconsequence,theautocorrelation

function(ACF)tailsoff asamixtureof exponentialdecaysand/ordampedsinewavesdependingontheroots

of (6.29)(dampedsinewaveswill appearif someof therootsarecomplex). Furthermore,by its construction

anddependenceontheautocorrelationfunction,thepartialautocorrelationfunction(PACF)vanishesafterlag

p. Thesepropertiesprovideameansof estimatingtheorderof theAR(p) processby examiningthestructure

of thesampleautocorrelationandpartialautocorrelationfunctions.

6.2.4 The Moving Average(MA) Process

Themoving averageMA(q) processesof orderq is a time seriesx̃t linearly dependenton a finite numberof

previouswhite noisesamples(randomshocks).1 TheMA(q) processis theoutputof a feedforwardsystem

with input εt andtransferfunctionB Å zÇ#Ê©Å b0 Ì b1z Ì b2z2 Ì/÷!÷�÷�Ì bqzq Ç andis modeledby

x̃t Ê B Å zÇ εt

x̃t Ê q

∑
kÖ 0

bkεt Ë k Æ(6.30)

wherex̃t Ê xt Í µt . Expanding(6.30)gives:

x̃t Ê b0εt Ì b1εt Ë 1 Ì b2εt Ë 2 Ì�÷�÷�÷�Ì bpεt Ë q Æ(6.31)

which is the standardtime-domainrepresentationof the MA(q) process.Becausethe linear filter Ä bk È is

composedof afinite numberof coefficients,theimpulseresponseof thelinearfilter Å b0 Æ b1 Æ�Î!Î�Î�Æ bq Ç hasfinite

energy, i.e.,

∞

∑
kÖ 0 ø bk ø 2 Ê q

∑
kÖ 0 ø bk ø 2 Ù ∞ Î

The finite propertyof the MA(q) filter guaranteesthe stationarityof the MA(q) process.Noting that the

autocovariancefunction doesnot dependon absolutetime t, E à x̃t á#Ê 0 with finite and constantvariance

γ0 Ê E àrÅ x̃t Í E à x̃t áuÇ 2 á . Sincetheautocovarianceof any linearfilter timeseriesmodelcanbeexpressedin terms

1Thenamemovingaverage is somewhatmisleadingsincetheweights Ä bk È neednotbepositiveandneed
not sumto unity.
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of theimpulseresponseÅ h0 Æ h1 Æ�Î!Î�ÎìÇ of thefilter, asshown by Equation(6.21)in Ã 6.2.2,theautocovarianceof

theMA(q) processat lagk is givenby

γk Å x̃t Ç#Ê σ2
∞

∑
j Ö 0

b jb j Ø k Ê σ2
q

∑
j Ö 0

b jb j Ø k Î(6.32)

Becauseb j Ê 0 for j ê q, the summationin (6.32) needonly collect the first Å 0 Æ 1 Æ 2 Æ�Î!Î�Î�Æ q Í k Í 1 Æ q Í k Ç
termsfor givenlag k. Also sinceγk Å x̃t Ç?Ê γ Ë k Å x̃t Ç , theautocovariancefunctioncanberewritten astheeven

function:

γk Å x̃t Ç8Ê ä�å �æ σ2
q Ë�� k �
∑
j Ö 0

b jb j Ø�� k � for k Ê 0 Æ	� 1 Æ	� 2 Æ!Î�Î!Î�Æ	� q;

0 otherwiseÎ
Theautocorrelationof theMA(q) processthenbecomes

ζk Å x̃t Ç#Ê γk Å x̃t Ç
γ0 Å x̃t Ç Ê ä�å �æ ∑q Ë�� k �

j Ö 0 b jb j Ø�� k �
∑q

j Ö 0b2
j

for k Ê 0 Æ	� 1 Æ	� 2 Æ�Î�Î!Î�Æ	� q;

0 otherwiseÆ
which cutsoff after lag q [Wei90, p.53]. Thepartialautocorrelationfunction(PACF) of theMA(q) process,

on theotherhand,tails off asa mixtureof exponentialdecaysand/ordampedsinewavesdependingon the

rootsof equation Å 1 Í β1z Í β2z
2 Í�÷!÷�÷;Í βqz

q Ç8Ê 0 Æ(6.33)

whichis thetransferfunctionof theMA(q) filter with βk Ê}Í bk andb0 Ê 1. As with theautocorrelationfunc-

tion (ACF) of theAR(p) process,dampedsinewaveswill appearif someof therootsof Equation(6.33)are

complex. As with theAR(p) process,thesepropertiesprovidea meansof estimatingtheorderof theMA(q)

processby examiningthestructureof thesampleautocorrelationandpartialautocorrelationfunctions.

6.2.5 Autoregressive(AR) Moving Average(MA) ProcessDuality

In general,afinite orderstationaryAR(p) processcorrespondsto aninfinite orderMA process.Theconverse

is alsotrue if the finite MA(q) processis invertible. This AR/MA duality canbe expressedin termsof the

z-transformsof thecorresponding(finite) filters. From(6.23),theAR(p) processmaybewrittenas:Å 1 Ì a1z Ì a2z
2 Ì/÷�÷!÷�Ì apz

p Ç x̃t Ê εt Æ(6.34)

with a0 Ê 1. Rewriting (6.34)with αk ÊDÍ ak for k Ê 1 Æ 2 Æ�Î�Î!Î�Æ p gives

x̃t Ê 1Å 1 Í α1z Í α2z2 Í�÷!÷�÷;Í αpzp Ç εt Î(6.35)

Using(6.29)to representtherootsof Å 1 Í α1z Í α2z2 Í ÷�÷�÷[Í αpzp Ç , if theAR(p) processis stationary, thenø r Ë 1
j ø ê 1 and ø r j ø Ù 1 andby long division,Equation(6.35)becomes

x̃t Ê©Å 1 Ì b1z Ì b2z
2 Ì/÷!÷�÷ Ç εt Æ
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which is an infinite-ordermoving averageprocess,or MA(∞). In this casethe AR(p) processis saidto be

bothstationaryandinvertible.Conversely, from (6.31),theMA(q) processmaybewrittenas:

x̃t Ê©Å 1 Ì b1z Ì b2z2 Ì/÷!÷�÷�Ì bqzq Ç εt Æ(6.36)

with b0 Ê 1. Rewriting (6.36)with βk Ê©Í bk for k Ê 1 Æ 2 Æ!Î�Î!Î�Æ q gives

1Å 1 Í β1z Í β2z2 Í�÷!÷�÷;Í βqzq Ç x̃t Ê εt Î(6.37)

Using (6.29)againto this time representthe rootsof Å 1 Í β1z Í β2z2 Í ÷�÷�÷¼Í βqzq Ç , if theMA(q) processis

invertible,then ø r Ë 1
j ø ê 1 and ø r j ø Ù 1 andby long division,Equation(6.37)becomesÅ 1 Ì a1z Ì a2z

2 Ì/÷�÷!÷ Ç x̃t Ê εt Æ
which is an infinite-orderautoregressive process,or AR(∞). In this casethe MA( p) processis said to be

invertible(it is alsoinherentlystationarydueto its finite-lengthfilter).

The AR/MA processduality is exhibited in the structuresof the ACF andPACF of the AR(p) andMA(q)

processesasmentionedin Ã 6.2.3and Ã 6.2.4.This relationshipis summarizedin Table8.

TABLE 8
AR(p)/MA(q) duality.

ACF PACF
AR(p) decays vanishesafterlag p
MA(q) vanishesafterlag q decays

6.2.6 The Mixed AutoregressiveMoving Average(ARMA) Process

As seenin Ã 6.2.2,themixedautoregressivemoving averageprocesscanbemodeledby (6.17),repeatedhere

for convenience,

A Å zÇ x̃t Ê B Å zÇ εt
p

∑
k Ö 0

akx̃t Ë k Ê q

∑
kÖ 0

bkεt Ë k(6.38)

a0x̃t Ì a1x̃t Ë 1 Ì a2x̃t Ë 2 Ì�÷�÷�÷�Ì apx̃t Ë p Ê b0εt Ì b1εt Ë 1 Ì b2εt Ë 2 Ì�÷�÷�÷�Ì bpεt Ë q Î
In Ã 6.2.2thestatisticalpropertiesof theprocesswereconsideredin termsof theinfinite filter ht whichimplic-

itly modeledtheARMA process.In thissectionthecharacterizingautocorrelationandpartialautocorrelation

functionsare derived explicitly in termsof the finite-parameterautoregressive moving averagemodel, or
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ARMA( p Æ q).

In orderto first obtaintheautocovariancefunction,γk Å x̃t Ç*Ê E à x̃kx̃t Ë k á , Equation(6.38)is multiplied by x̃t Ë k

on bothsidesproducing:

a0x̃t x̃t Ë k Ì a1x̃t Ë 1x̃t Ë k Ì apx̃t Ë px̃t Ë k Ê b0εt x̃t Ë k Ì b1εt Ë 1x̃t Ë k Ì bpεt Ë qx̃t Ë k Î
Takingexpectedvaluesgives

E à a0x̃t x̃t Ë k á Ì E à a1x̃t Ë 1x̃t Ë k á Ì E à apx̃t Ë px̃t Ë k áTÊ(6.39)

E à b0εt x̃t Ë k á Ì E à b1εt Ë 1x̃t Ë k á Ì E à bpεt Ë qx̃t Ë k átÎ
Noting that for stationaryprocessestheautocovarianceis dependentonly on thetime differencek, asshown

in (6.26),Equation(6.39)becomes:

a0γk Å x̃t Ç�Ì a1γk Ë 1 Å x̃t Ç�Ì a2γk Ë 2 Å x̃t ÇnÌ�÷�÷!÷�Ì apγk Ë p Å x̃t Ç"Ê
q

∑
j Ö 0

b jE à εt Ë j x̃t Ë k átÆ(6.40)

To evaluate∑q
j Ö 0b jE à εt Ë j x̃t Ë k á , E à εt Ë j x̃t Ë k á is derived by first consideringE à εt x̃t Ë k á , noting that x̃t canbe

representedusing(6.16)with x̃t Ê xt Í µt , i.e.,

x̃t Ê ∞

∑
j Ö 0

h jεt Ë j Ê h0εt Ì h1εt Ë 1 Ì h2εt Ë 2 Ì/÷!÷�÷!Æ(6.41)

whereimpulseresponsecoefficientsht arerelatedto thefeedbackandfeedforwardcoefficientsby therelation

A Å zÇ H Å Z Ç*Ê B Å zÇ asshown in thetime domainby (6.8),repeatedherefor convenienceusingindex j instead

of k,

p

∑
j Ö 0

a jht Ë j Ê2ë bt Æ 0 × t × q Æ
0 Æ t ê q Î(6.42)

Dueto thetime-invariantpropertyof thelinearsystem,from (6.41),

x̃t Ë k Ê ∞

∑
j Ö 0

h jεt Ë k Ë j Ê h0εt Ë k Ì h1εt Ë k Ë 1 Ì h2εt Ë k Ë 2 Ì/÷!÷�÷!Î(6.43)

Multiplying bothsidesof (6.43)by εt andtakingexpectationsgives

E à εt x̃t Ë k á�Ê E à ∞

∑
j Ö 0

h jεtεt Ë k Ë j ánÊ(6.44)

E à h0εtεt Ë k á Ì E à h1εt εt Ë k Ë 1 á Ì E à h2εtεt Ë k Ë 2 á Ì�÷�÷�÷�Î
SinceE à εtεt Ë k á�Ê σ2 for k ê 0 andE à εtεt Ë k á�Ê 0 for k íÊ 0, Equation(6.44)becomes

E à εt x̃t Ë k ánÊ ë σ2h Ë k k × 0
0 k ê 0 Î(6.45)
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To evaluateE à εt Ë j x̃t Ë k á , the index variablesin (6.45)arechangedby letting s Ê t Í j andsubstitutingk Í j

for k, giving

E à εt Ë j x̃t Ë k ánÊ E à εsx̃sË<Þ k Ë j ß ánÊ ë σ2h j Ë k k × j
0 k ê j Î(6.46)

Substituting(6.46)into (6.40)yields

a0γk Å x̃t Ç�Ì a1γk Ë 1 Å x̃t Ç�Ì a2γk Ë 2 Å x̃t ÇnÌ�÷�÷!÷�Ì apγk Ë p Å x̃t Ç#Êë σ2 ∑q
j Ö 0b jh j Ë k for k × q

0 for k ê q Æ(6.47)

wheretheimpulseresponsecoefficientsht arerelatedto thefeedbackandfeedforwardcoefficientsat andbt

by (6.42). Equation(6.47)and(6.42)completelydescribetheautocovarianceof anARMA( p Æ q) processin

termsof thefeedbackandfeedforwardcoefficientsat , bt [RS79,p.308].Dividing throughby γ0 Å x̃t Ç givesthe

recursiverepresentationof theautocorrelationfunctionζk:

ζk Ì a1ζk Ë 1 Ì a2ζk Ë 2 Ì�÷�÷!÷�Ì apζk Ë p Ê2ë σ2 ∑q
j Ö 0b jh j Ë k for k × q

0 for k ê q Æ(6.48)

wherea0 Ê 1. Equation(6.48)statesthattheACFof anARMA( p Æ q) modeltailsoff afterlagq (likeanAR(p)

process)sinceafterlagq themoving average(feedforward)componenthasnoeffect. Thefirst q autocorrela-

tions,however, dependon bothautoregressiveandmoving averageparameters[Wei90, p.57]. ThePACF of

theARMA( p Æ q) processwill alsocontainamixtureof exponentialand/ordampedsinewavesdueto theMA

component.That is, for identificationpurposes,the fact thatbothACF andPACF tail off (insteadof either

of themcuttingoff) suggestsa mixedARMA model[Wei90, p.59]. In general,thenumberof “anomalous”

termsin theACF (termsthatdo not follow thedecaypattern)equalsÅ p Í qÇ , andthenumberof anomalous

termsin thePACFequalsÅ q Í pÇ . TheACFfor anARMA( p Æ q) processis amixtureof decayingexponentials

anddampedsinewavesafter thefirst Å q Í pÇ lags,andthePACF is a mixtureof decayingexponentialsand

dampedsinewavesafterthefirst Å p Í qÇ lags[Got81, p.258].

6.3 StochasticProcessSampleStatistics

Timeseriesmodelingrelieson thecalculationof thesampleautocorrelationandpartialautocorrelationfunc-

tions. As discussedin Ã 6.2, a stochasticor randomprocessis characterizedby its meanµ, varianceσ2,

autocovariancesÄ γk È , autocorrelationsÄ ζk È , andpartial autocorrelationsÄ ρk ö k È . Theoretically, calculation

of the the exact valuesof theseparametersrequiresan ensembleof all possiblerealizationsof the random

events. In mostapplicationsavailableobservationsconstituteonly a singlerealizationmakingthe calcula-

tion of theensembleaverageimpossible.Thetheoreticalstatisticalparametersareinsteadapproximatedby

sampleparameters̄x, s2, γ̂, ζ̂, andρ̂k ö k, respectively. Formulationsfor eachparameteraregivenbelow with

the understandingthat the formulationsareapproximationsbasedon measurementsof the sample,not the
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population.

Thesamplemean,usedto approximateE à xt á , is definedas:

x̄ Ê 1
n

n

∑
t Ö 1

xt Æ
which is theaverageof n observations.Thevarianceof n measurements,approximatingE àrÅ xt Í x̄Ç 2 á , is:

s2 Ê 1
n Í 1

n

∑
t Ö 1

à xt Í x̄á 2 Æ
which is thesumof thesquareddeviationsof eachobservationdividedby n Í 1 to giveanunbiasedestimator

of σ2 (in somecasesthedenominatorn is usedbut for largesampleswould leadto anunderestimationof σ2).

In general,thenth momentof xt , approximatingE àrÅ xt Í x̄Ç n á , is obtainedby

sn Ê 1
n Í 1

n

∑
t Ö 1

à xt Í x̄á n Î
Thesampleautocovarianceandautocorrelationfunctions,approximatingE à Å xt Í x̄Ç%Å xt Ø k Í x̄Çôá , E àrÅ xt Í x̄Ç'Å xt Ø k Í
x̄ÇôáuÉ E àrÅ xt Í x̄Ç 2 á , respectively, aredefinedas:

γ̂k Ê 1
n

n Ë k

∑
t Ö 1

à xt Í x̄áôà xt Ø k Í x̄áóÆ
ζ̂k Ê γ̂k

γ̂0
Ê ∑n Ë k

t Ö 1 à xt Í x̄átà xt Ø k Í x̄á
∑n

t Ö 1 à xt Í x̄á 2 Æ k Ê 0 Æ 1 Æ 2 Æ�Î�Î!Î�Æ
which, for stationaryprocesses,dependsonly on the time differencek. For a zeromeanprocess,the auto-

correlationfunctionis theautocovariancefunctionnormalizedsothat ζ̂0 Ê 1. A plot of ζ̂ vs. k is sometimes

calledasamplecorrelogram.Thesampleautocorrelationfunction(ACF)is anevenfunction,whereζ̂k Ê ζ̂ Ë k,

andis symmetricabouttheorigin k Ê 0 with

ζ̂0 Ê γ̂0

γ̂0
Ê ∑n

t Ö 1 à xt Í x̄áôà xt Í x̄á
∑n

t Ö 1 à xt Í x̄á 2 Ê 1 Æ
which is the (trivial) caseof lag 0 whereeachxt is perfectly correlatedwith itself. The samplepartial

autocorrelationfunction(PACF) ρ̂k ö k is givenby theiterative formulas:

ρ̂kØ 1 ö kØ 1 Ê ζ̂kØ 1 Í ∑k
j Ö 1 ρ̂k ö j ζ̂k Ø 1 Ë j

1 Í ∑k
j Ö 1 ρ̂k ö j ζ̂ j

(6.49)

and

ρ̂kØ 1 ö j Ê ρ̂k ö j Í ρ̂k Ø 1 ö kØ 1ρ̂k ö kØ 1 Ë j Æ j Ê 1 Æ!Î�Î�Î�Æ k Æ(6.50)

with ρ̂0 ö 0 Ê ζ̂0 Ê 1, andρ̂1 ö 1 Ê ζ̂1. Notethattheonly PACF termsof interestareρ̂k ö k, sometimesabbreviated

to ρ̂k. To calculateρ̂k ö k, obtainρ̂kØ 1 ö k Ø 1 for k Ê©Í 1 Æ 0 Æ 1 Æ�Î!Î�Î�Æ n. Startingat k Ê©Í 1 Equation(6.49)gives:

ρ̂0 ö 0 Ê ζ̂0 Í ∑ Ë 1
j Ö 1 ρ̂ Ë 1 ö j ζ̂ Ë j

1 Í ∑ Ë 1
j Ö 1 ρ̂ Ë 1 ö j ζ̂ j
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which simplifiesto

ρ̂0 ö 0 Ê ζ̂0 Ê 1

sincethesummationtermsarenot involved.For k Ê 0,

ρ̂1 ö 1 Ê ζ̂1 Í ∑0
j Ö 1 ρ̂0 ö j ζ̂1 Ë j

1 Í ∑0
j Ö 1 ρ̂0 ö j ζ̂ j

againthesummationtermsareignoredleaving

ρ̂1 ö 1 Ê ζ̂1 Î
For k ê 0, Equations(6.49)and(6.50)areusedwhereEquation(6.50)calculatestheintermediatevaluesof

ρ̂k ö j for 1 × j × k. Thesevaluesareusedin the next iterative calculationof ρ̂kØ 1 ö k Ø 1. At the endof the

calculation,the intermediatevaluesmaybediscardedsinceusuallyonly thevaluesof ρ̂k ö k areusedin time

seriesanalysis.

6.4 Stationary Time SeriesModeling

Developinga time seriesmodelof anunknown stochasticprocessinvolvesan iterative sequenceof process

identification,modelspecification,estimationof modelparameters,andperformanceof consistency (diag-

nostic)checks.Someof thesestepsmayinvolve repetition,asdepictedin Figure32. Theidentificationstep

is crucialto building anadequatemodelof thestochasticprocess.Unfortunately, a fair amountof guesswork,

intuition andluck mayberequiredsincethetruenatureof theprocessis usuallyunknown. A priori knowl-

edgeof thesystemunderinvestigationis often invaluable.Onceanadequatemodelhasbeenidentifiedand

tested,predictionscanbeattemptedin aneffort to forecastfuturetrends.

6.4.1 ProcessIdentification

Thefirst identificationstep(first blockin Figure32)in modelingtimeseriesrequiresatestfor stationarity. By

definitionof stationarity, thesamplemeanandvariancesarecalculatedandcheckedfor trends.If themean

andvariancesareconstantthentheprocessunderinvestigationsatisfiesthestationarycriteria. Notethatthis

doesnot meanthattheprocessis stationary, only thattheobservationsexhibit stationarycharacteristics.

If theobserveddatais stationary, thentheACFandPACFareexamined.If theplotsof theACF/PACFexhibit

characteristicsassuggestedin Table8, thenit maybepossibleto modelthetimeseriesby eitheranAR(p) or

MA(q) model.If not,a mixedARMA( p Æ q) modelmayberequired.
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Fig. 32. Timeseriesmodelingapproach.Adoptedfrom [CHLT94, p.2(Fig. 1.1)].

6.4.2 Model Specification

Model specificationinvolvesthe determinationof the orderof the identifiedprocess.For example,if the

observed datais found to be stationary, thenan ARMA( p Æ q) modelmay be suitable. Specificationof the

modelrequiresthechoiceof theorderof themodel,i.e., specifyingthemodelparametersp andq. Oncea

candidatemodelhasbeenspecified,themodelparameters(coefficients)canbecalculatedandtested.

6.4.3 Parameter Estimation

Coefficientsof the AR(p) modelcanbe estimatedfrom the sampleautocorrelationfunction. Noting that

ζk Ê ζ Ë k andsubstitutingk Ê 1 Æ 2 Æ!Î�Î�Î�Æ p in (6.27)gives

ζ1 Ê α1 Ì α2ζ1 Ì α3ζ2 Ì ÷�÷�÷xÌ αpζp Ë 1

ζ2 Ê α1ζ1 Ì α2 Ì α3ζ1 Ì ÷�÷�÷xÌ αpζp Ë 2

ζ3 Ê α1ζ2 Ì α2ζ1 Ì α3 Ì ÷�÷�÷xÌ αpζp Ë 3
...
ζp Ê α1ζp Ë 1 Ì α2ζp Ë 2 Ì α3ζp Ë 3 Ì ÷�÷�÷xÌ αp Î

(6.51)

The linear systemof Equations(6.51) is known asthe setof Yule-Walker equationswhosesolutionwith ζ̂

replacingζ givesestimateŝαk for the parametersαk. The Yule-Walker equationscanbe usedin a similar

mannerto estimateparametersβk of theMA(q) model.
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6.4.4 DiagnosticChecks

Diagnosticchecksinvolve measuringdeviationsof estimatedmodelparametersfrom observeddata. In this

sense,time seriesanalysisis similar to traditionalordinary least-squares(OLS) methods.Among various

diagnosticchecks,a prevalentapproach,identical to the popularOLD method,is checkingresiduals.If a

giventimeseriescanbetransformedto aseriesresemblingwhitenoise,thenthefilter(s)usedin thetransfor-

mationprovide a sufficient modelof thestochasticprocess.This is dueto theSlutzky effect, namedafter its

discoverer, which statesthatwhite noiseis a seriesfrom which any otherseriescanbeconstructed[Got81,

p.29]. Consequently, if the specifiedfilter cantransforma given seriesinto white noise,it shouldalsobe

reversibleandgeneratethegivenseriesby filtering whitenoise.Thisreverseprocesswasdiscoveredby Yule.

If thefilteredseries’residualsindicateapatternotherthanwhitenoise,themodel(filter) is inappropriateand

theoneor moreof themodelingstepsshouldberepeated.

6.5 Non-stationary (Linear) Time SeriesModeling

In general,stationarytime seriescan be modeledasmixed autoregressive moving-average(ARMA) pro-

cesses.Non-stationaryserieswith non-constantmeanand/orvariancecannot.Although thegeneralmodel

building strategy asshown in Figure32 is alsousedfor modelingnon-stationarytime series,the specified

modelmustaccountfor thenon-stationarycharacteristicsof theprocess.2 Oftenthenon-stationarymodelis

composedof sometransformationof thetime serieswherethetransformedseriesis adequatelydescribedby

thestationaryARMA model. In this way thenon-stationarymodelis composedof a stationarycomponent

(e.g.,anARMA model)andsometransformation.A popularexampleof sucha modelis theautoregressive

integratedmoving-average(ARIMA) system.

Autoregressive integratedmoving-averagemodelsrely on a variable-degreedifferencingtransformationof

thedata,popularizedby Box andJenkins,in orderto transforma non-stationarytime seriesinto a stationary

one[CLT94, BJ76, p.10]. Thedifferenceddataandtheprocessxt is referredto asan integratedprocessof

orderd whered refersto thenumberof levelsof differencingrequiredto achieve stationarity. TheARIMA

modelincorporatesthethreemodelcomponentsof auto-regression,integration,andmoving averages,eachof

orderp Æ d Æ q, respectively. Thecompletemodelis denotedasARIMA( p Æ d Æ q) andis specifiedby therelation

A Å zÇ'Å 1 Í zÇ dxt Ê µ0 Ì B Å zÇ εt Æ d 
 0 Æ(6.52)

wherefor d ê 0, µ0 is calledthe deterministictrendcomponentand is usuallyassumedto be 0. For d Ê
2The non-stationarymodelsdiscussedhereinare restrictedto linear functionsof pastobservationsal-

thoughit shouldbe notedthat it is also possibleto specify non-linearmodelsof pastobservations,e.g.,
exponentialautoregressive models.Non-linearmodelsareoutsidethescopeof thepresentcontext of linear
systems.
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0, the original processis stationarywith µ0 relatedto the meanof the process,i.e., µ0 Ê Å 1 Ì a1z Ì7÷�÷!÷;Ì
apzp Ç µ [Wei90, Ã 4.1.2].Rewriting (6.52)in thetimedomainwith µ0 Ê 0 andb0 Ê 1,Å 1 Í zÇ d Å xt Ì a1xt Ë 1 Ì/÷!÷�÷�Ì apxt Ë p ÇiÊ εt Ì b1εt Ë 1 Ì/÷�÷!÷�Ì bqεt Ë q Î(6.53)

With d Ê 1, for example,(6.53)becomes:Å!Å 1 Í zÇ xt Ì a1 Å 1 Í zÇ xt Ë 1 Ì/÷!÷�÷�Ì ap Å 1 Í zÇ xt Ë p Ç"Ê εt Ì b1εt Ë 1 Ì/÷!÷�÷�Ì bqεt Ë qÅ!Å xt Í xt Ë 1 Ç�Ì a1 Å xt Ë 1 Í xt Ë 2 ÇnÌ�÷�÷!÷�Ì ap Å xt Ë p Í xt Ë p Ë 1 Ç�Ç"Ê εt Ì b1εt Ë 1 Ì/÷!÷�÷�Ì bqεt Ë q Î
The autoregressive transferfunction A Å zÇ in (6.52) modelsstationaryautoregressive processesandso the

ARIMA modelrepresentsa non-stationaryprocessby reducingit to a stationaryonethroughthedifference

operation Å 1 Í zÇ d. This can be seenby assumingthat the dth backward differenceof the non-stationary

processxt givesa stationaryprocesswt definedby

wt Ê.Å 1 Í zÇ dxt Ê w̃t Ì µ Æ(6.54)

whereµ is theconstantmeanof wt andw̃t Ê wt Í µ, Û t. Thestationary, zero-meanprocessw̃t is now modeled

by theARMA( p Æ q) system,

A Å zÇ w̃t Ê B Å zÇ εt Î(6.55)

From(6.54),w̃t Ê.Å 1 Í zÇ dxt Í µ, andsubstitutinginto (6.55)gives

A Å zÇ%Å 1 Í zÇ dxt Ê µ0 Ì B Å zÇ εt Æ
whereµ0 Ê A Å zÇ µ Ê©Å 1 Ì a1z Ì/÷�÷!÷�Ì apzp Ç µ is aconstant[RS79, pp.314-315].

TheARIMA( p Æ d Æ q) modelis adequatefor modelingprocessesthatarenon-stationaryin boththemeanand

variance.For processesthatexhibit non-stationarityonly in thevariance,power transformationson thetime

seriesmaygeneratea transformedserieswith constantvariance.For example,the logarithmictransforma-

tion of a series,lnxt (thebaseis irrelevant),will give a serieswith constantvariance[Wei90, p.83]. Other

transformationssuchas the squareroot transformationÚ xt arepossible,and in generalthe classof such

transformationsarereferredto asvariance-stabilizingtransformations.

In summary, thegoalbehindtime seriesanalysisis the derivationof a suitable(oftenparsimonious)model

which adequatelyexplainsthestochasticnatureof thetime seriesobservations.Theprimaryapplicationof

sucha modelis forecasting,or prediction,of futurebehavior of thesystemunderinvestigation.To this end

the taskof time seriesanalysisattemptsto model the processwhich generatesthe entireseriesover some

interval in time.
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6.6 Interrupted Time SeriesExperiments

Apart from prediction,anotherimportantapplicationof timeseriesanalysisis within theframework of Inter-

ruptedTimeSeriesExperiments(ITSE).Interruptedtimeseriesexperimentsinvolvemeasuringsomequantity

over time (hencegeneratinga time series).At somepoint in time an interventionis introduced.Thegoalof

the analysisis to determinewhetherthe observedmeasurementsdiffer beforeandafter the intervention. If

thepre-andpost-interventiontime seriesdiffer significantly, thenit maybepossibleto concludethat thein-

terventionhadsomeeffect. An exampleof this approachis oftentakenwhentestingtheeffectivenessof new

drugs.Patientsaregivenaplacebofor somelengthof time,afterwhich thedrugis introduced.With thedrug

actingasthe intervention,the pre andpost-interventiontime seriesarecompared.If the post-intervention

timeseriesdifferssignificantly, it maybeconcludedthatthedrughadsomesignificanteffect.

Interventionsessentiallyappearasedgesof variousforms in a time series.Tendifferentformsof interven-

tionsareshown in Figure33, wherethedottedvertical line representstheonsetof the intervention[Got81,

p.50]. Interventionscanin generalbe modeledby linear transferfunctions. It is commonto chosean ap-

propriatetransferfunction basedon an a priori expectationof the hypothesizedeffect [CC79, p.265]. Pre-
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Fig. 33. Modelsof interruptedtimeseriesexperimentsinterventions.Adoptedfrom [Got81, p.50(Fig. 6.6)].

andpost-interventiontime seriesaregenerallymodeledasARIMA systemsallowing representationof non-

stationaryprocesses.In thefollowing sectionthenotionof apiecewise-ARIMA processis introducedandan

automaticinterventiondetectionmethodis presentedbasedon waveletmultiscaleedgedetection.Interven-

tionsareassumedto beabrupt,time-limitedchangesin themeanof piecewise-ARIMA timeseries.

6.7 PiecewiseAutoregressiveIntegrated Moving AverageTime Series

Stochasticprocessescanin generalbe representedby autoregressive integratedmoving average(ARIMA)

models.In thecontext of interruptedtimeseriesexperiments(ITSE),empiricalobservationsaremodeledby
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juxtaposedARIMA modelsseparatedby anexpectedintervention.Theinterventionis typically modeledby a

transferfunctionbasedonapriori expectations.In thissection,amodelis developedfor stochasticprocesses

composedof multiple ARIMA processesdemarked by compactlysupportedinterventions. EachARIMA

segmentis modeledby a boundedARIMA process,while theinterventionsaremodeledby anabrupt,time-

limited changein the mean. The overall time seriesis thus composedof ARIMA “pieces” delimited by

sharpinterventionsandis referredto asapiecewise-ARIMA timeseries,or PARIMA. Themotivationbehind

PARIMA modelingis theautomatic(computational)detectionof thebandlimitedinterventions.In contrast

to generalARIMA andITSE modeling,thePARIMA modelis characterizedby the expectedinterventions

andnot by theARIMA segmentsthemselves. That is, if the interventionscanbe located,it is assumedthat

thetime seriessegmentsbetweeninterventionsareARIMA sequences.

6.7.1 The Time-BoundedPARIMA Process

In this sectionthenatureof thestochasticPARIMA modelsegmentsexpectedbetweeninterventionsis pre-

sented.Thesesegmentsaremodeledby ARIMA systemswithin agiventime interval. Formally,Å 1 Í zÇ dl xtl Ê µtl Ì ∞

∑
kÖ 0

hkεtl Ë kÊ µtl Ì¯Å h0 Ì h1z Ì h2z
2 Ì�÷�÷�÷ Ç εtlÊ µtl Ì H Å zÇ εtlÊ µtl Ì B Å zÇ

A Å zÇ εtlÊ µtl Ì �
b0 Ì b1z Ì b2z2 Ì/÷!÷�÷�Ì bql z

ql

a0 Ì a1z Ì a2z2 Ì/÷!÷�÷�Ì apl z
pl � εtl Æ

for sometime interval tl Ñ�à a Æ bá with dl 
 0. That is, eachPARIMA segment,within the l th interval, is

modeledby the finite-parameterARIMA( pl Æ dl Æ ql ) model. Eachsegmentis characterizedby the familiar

statisticalpropertiesof ARIMA processes,namelywith interval mean,

E à xtl ánÊ x̄l Ê µtl Ê µl Æ a × tl × b Æ
variance,

E àrÅ xtl Í x̄l Ç 2 ánÊ σ2
l

∞

∑
kÖ 0

h2
k Æ a × tl × b Æ

autocovariance,

γk Å xtl Ç#Ê σ2
l

∞

∑
j Ö 0

h jh j Ø k Æ¶Û k Æ a × tl × b Æ
andautocorrelation,

ζk Å xtl Ç8Ê γk Å xtl Ç
γ0 Å xtl Ç Û k Æ a × tl × b Æ



126

where the linear filter ht is (possibly) unique within eachinterval. If the meanµl and varianceσ2
l of

the l th PARIMA segmentare constant,then the segmentcan be representedby the ARIMA( pl Æ 0 Æ ql ), or

ARMA( pl Æ ql ), modelof stationaryprocesses.3 ThePARIMA( pl Æ dl Æ ql ) processis schematicallydepictedin

Figure34.

t2 tl

p  ,d  ,q
1 1 1

p  ,d  ,q
2 2 2

p  ,d  ,q
l l l

t1

...ARIMA(                ) ARIMA(                ) ARIMA(                )

Fig. 34. Schematicdepictionof PARIMA( pl Æ dl Æ ql ) model.

6.7.2 Automatic Inter vention Detection

InterventionsdemarkingARIMA segmentsin the PARIMA modelareassumedto occurwithin a bounded

time interval. If thelimited durationof interventionsis known apriori, thentheinterventionscanbemodeled

asmultiscaleedgesandhencereadilydetectableby thewavelettransform.Thespecificationof theinterven-

tionsandtheir detectionis describedhere.

LetSl denotetheARIMA( pl Æ dl Æ ql ) sequencein theintervala × tl × b, andletSm denotetheARIMA( pm Æ dm Æ qm)

sequencein theinterval c × tm × d wherea Ù b Ù c Ù d. Let I l öm(T) denotetheinterventionoccurringin the

interval b Ù tl öm Ù c, sothatI l öm(T) demarksthesequencesSl , Sm whereSl precedessequenceSm in time,as

depictedin Figure35. Thedurationof the interventionis denotedby T andis assumedto bebounded,i.e.,

Tmin × T × Tmax.

3To beconsistentwith acceptedmodelingpractice,it is assumedthateachPARIMA time seriessegment
containsat least50 observations.
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Fig. 35. Schematicdepictionof PARIMA interventionmodel.

Theorem2 AssumingtheobservedPARIMAsequenceis measuredwith a uniformsamplingperiodsp, and

givenlength-2 scalingandwaveletfunctionsφ, ψ, where ψ approximatesthefirst derivativeof a smoothing

functionθ, interventionsof boundedduration T canbefoundin thewavelettransformat j ê log2 Å sp
Tmin
ÇnÌ 1

levelsof thedyadicwaveletdecomposition.

Proof: The first part of Theorem2 wasprovenby Mallat whereit wasshown that singularitiesof a func-

tion canbe detectedfrom the wavelet transformmodulusmaxima[MH92]. Mallat’s result is basedon the

fundamentaldefinitionof thederivative,i.e.,

d
dx

xt Ê lim
kù 0

xt Ø k Í xt

k
Æ

wheregiven the appropriatewavelet, the local wavelet modulusmaximacorrespondsto regionsof highest

slope,i.e.,edges.By detectinglocalderivativemaxima,in thelimit, themostpronouncedmaximacorrespond

to singularitieswhich areregionsof infinite slope,i.e., stepedges.Thesecondpartof theproof is basedon

samplingraterequirements.In orderto samplea signalwithout aliasingartifacts,thesampleratemustbeat

leasttwice the signalfrequency. This is the well known Nyquist samplingfrequency. For interventionsof

periodT, this implies

sr ê 2
1
T
Æ(6.56)

wheresr Ê 1 É sp denotesthesamplingrate.Rewriting (6.56)in termsof thesamplingperiod,

sp Ù 1
2

T Î(6.57)
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Multiplying bothsidesof (6.57)by 2 gives

T ê 2sp Æ
indicatingthattheinterventionperiodmustbegreaterthantwicethesampleperiod.Underthedyadicwavelet

transform,thesignalis subsampledby theaveragingscalingfunctionφ at successive scalesproportionalto

2 j , i.e.,

2 jT ê 2sp Î(6.58)

Equation(6.58)representstherelationshipbetweenthescaledsignalfrequency andthesamplingrate,show-

ing resolutionlevels at which the signal is subsampledenoughto eliminatealiasingartifacts. Solving for

j,

2 j Ë 1T ê sp

j ê log2 Å sp

T
Ç�Ì 1

givesthe decompositionlevels wherethe signal is subsampledat frequenciesgreaterthanthe Nyquist fre-

quency. SinceTmin Ù Tmax, in orderto detectinterventionsof periodT, thesignalmustbedecomposedto at

least j ê log2 Å sp
Tmin
ÇnÌ 1 level by thedyadicwavelettransformwith samplingratesr Ê 1É sp. õ

As anexampleof thepracticalimplicationof Theorem2, consideran interventiondurationthat is twice as

long asthesamplingperiod,i.e.,T Ê 2sp. In this casej ê log2 Å 12 Ç�Ì 1 Ê 0 which statesthatthefirst level of

decompositionis sufficient for aliasing-freesignalanalysis.SinceT Ê 2sp, thesamplingfrequency is twice

thesignalfrequency, sr Ê 2 Å 1É T Ç , i.e., theinterventionis sampledat theNyquist frequency sosubsampling

beyondthefirst level is not required.If, on theotherhand,T Ê 1
2sp, then j ê log2 Å 2Ç�Ì 1 Ê 2, which shows

thatmorethantwo decompositionlevelsarerequiredin orderto eliminatealiasing.Referringto frequency,

in this case1
2 Å 1

T ÇPÊ sr which statesthat the samplingfrequency is half the signal frequency andmustbe

increasedby a factorof 4 to eliminatealiasing.In thecasewhenT Ê sp, to eliminatealiasing,thesampling

frequency mustbe increasedby a factorof 2, or equivalently, thesignalmustbesubsampledby a factorof

2. In the context of PARIMA modeling,implicationsof Theorem2 arebestrealizedin the casewhereall

interventionscanbeassumedto beof thesameduration. In this casethewavelet transformprovidesa uni-

form partitioningmethodof thePARIMA sequenceinto multipleARIMA sequences,with Theorem2 giving

the minimum numberof decompositionsrequiredfor interventiondetection. If the expectedintervention

durationis short,only a few waveletdecompositionlevelswill berequiredeasingthecomputationalburden.

NotethatTheorem2 doesnot guaranteethatall interventionswill bedetected.

As anexampleof aPARIMA process,considerthesequencegeneratedby thefeedbackARMA sequence

xtl Ê µtl Ì xtl Ë 1 Ì εtl Æ a × tl × b Æ
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whereεtl
� N Å 0 Æ!Å 5É 4Ç 2 Ç waschosenarbitrarily with the intentionof generatingsmall perturbationsabout

the meanfor a given interval. Sampleswere generateduniformly every 18ms,with eachconstant-mean

interval lastinganaverageof 375mswith a Poissondistribution. That is, interventionsweredistributedwith

an averageinter-arrival time of 375ms.An interventionwasinducedby the instantaneouschangeof mean

µtl , distributedby thefeedbackrelation

µtl Ê µtl � 1 Ì εµ Æ
whereεµ

� N Å 0 Æ 1282 Ç waschosenarbitrarily with the intentionof generatinglargeperturbations.Thusfor

a giveninterval a × tl × b, thesequencextl is ARMA(1 Æ 0) with constantmeanµtl andconstantvarianceεtl .

Interventionsaremodeledby instantaneouschangesin themeanfor a new interventionarrival. Theduration

of theinterventionis onesampleperiodlong, i.e.,T Ê 18ms.Theoriginal time seriesis plottedin Figure36

with overlayeddetectedinterventions(dashedlines) at two decompositionlevels (after thresholding—see

below). Note thatdueto the inherentspatialdecimationof thewavelet transformthemodulusmaximaplot

hasbeenscaledin theabscissaby a factorof 2 j . Noticealsothatnot all interventionsweredetectedat this

scale( j Ê 2). This is dueto aliasingsinceinterventionandsamplingperiodscoincide.
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Fig. 36. PARIMA-modeledtimeserieswith modulamaxima.

6.7.3 PARIMA SequencePartitioning

Oncethe modulusmaximapointscorrespondingto interventionshave beendetectedin the wavelet trans-

form, theARIMA segmentscanbeisolatedby waveletcoefficient thresholdingprior to reconstruction.The
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intentis to substitutedatapointsoriginally correspondingto interventionswith easilydistinguishablevalues,

e.g.,zero.This is accomplishedby decimatingwaveletandscalingcoefficientsthatcorrespondto significant

maximalocations.Uponreconstruction,decimatedtransformcoefficientswill generatenear-zerovalueswith

negligible noisepossiblybeingintroduceddueto neighboringregions.

Wavelet coefficient thresholdingmethodsin the context of statisticalanalysiswererecentlypopularizedby

DonohoeandJohnstone.Theseauthorsintroducedtwo generalthresholdingrules,namely

Thard Å w; t ÇiÊ wI Å øw ø ê t Ç
Tsof t Å w; t ÇiÊ sgnÅ wÇ'Å øw ø Í t Ç wI Å øw ø ê t Ç

wherew refersto a waveletcoefficient andt ê 0 is thegiventhresholdvalue.Hard-thresholdingis a ‘keep-

or-kill’ strategy, while soft-thresholdingis considered‘shrink-or-kill’ [Nas94]. A particularlypopularchoice

of thresholdvalueis theuniversal thresholdgivenby

tuv Ê σ̂ j � 2log Å nÇ[Æ
wheren is theoverall samplesizeandσ̂ j is thesamplewaveletdeviation at scale j [JS94b]. In mostthresh-

oldingapplicationsthedesignof thresholdingmultipliersis aimedat reducingnoise(see[DJKP96, CM95]).

In thecontext of PARIMA models,thewaveletthresholdingrule is basedonexistenceof significantmodulus

maximaat thecorrespondingspatiallocation.Modulusmaximavaluesarethemselvesfirst subjectto thresh-

olding in orderto eliminatenoisyedgeartifactsfrom theeventualreconstruction.

Modulusmaximavaluesmaycontaininsignificantmaxima,i.e.,modulusmaximapointspertainingto small

spatiallylocalperturbations,presumablydueto noise.For thisreason,amaximathresholdingfilter is required

prior to wavelet thresholding.This is accomplishedby trimming (removing) insignificantmaximavaluesat

eachscaleof resolution.An interestingapproachis prescribedby Carmona[Car93]. Within eachresolution

level j, a level of significanceα is chosenin theinterval Å 0 Æ 1Ç . The100Å 1 Í α Ç percentile,denotedby h j Å α Ç ,
is computedfrom thehistogram
 j of maximavaluesat resolutionlevel j. If theabsolutevalueof a wavelet

maxima,denotedby øM Ä xt ÈnÅ j Ç ø , is smallerthanh j Å α Ç , the maximaat the currentlocationis suspectedof

beingtheresultof thenoisecomponentof thegivensignalandis decimated.Theproblemof thehistogram

approachis in thespecificationof thewidth of thehistogramintervals.Furthermore,any statisticalmeasureof

themodulamaximavaluesis usuallydependentonanassumptionof thevalues’distribution(with thenormal

distribution beinga frequentcandidate).In the caseof the modulamaxima,the distribution is not known.

It is known, however, thatdueto theselectionof maximamostof theenergy in themodulusmaximasignal

is devotedto singularities(edges)in theoriginal signal. Therefore,a pragmaticalternative to thehistogram

approachis thedecimationof maximavaluesof smallamplitude.This is readilyaccomplishedby thehard
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thresholding

Thard àM Ä xt ÈnÅ j Çôá�Ê M Ä xt ÈZÅ j Ç I Å øM Ä xt ÈZÅ j Ç ø ê αM̈ Ä xt ÈZÅ j Ç�Ç%Æ
whereM̈ Ä xt ÈZÅ j Ç denotestherangeof maximavaluesat level j. Sinceonly low-amplitudevaluesneedto be

decimated,α shouldbesmall. With α Ê 0 Î 05 for example,100Å 1 Í α Ç % of therangeof valuesis preserved.

Denotingthethresholdparameterby tM Ê αM̈ Ä xt ÈZÅ j Ç , addsanotherparameterto thePARIMA model. The

trimmedmaximavaluesareusedwithin the indicatorfunction for wavelet coefficient thresholdingprior to

reconstruction.

Giventrimmedmodulusmaximainformation,waveletcoefficientsarehard-thresholdedsothatthetransform

reconstructionyields zero valuesin placeof interventions. Soft-thresholdingof the coefficients (wavelet

shrinkage)would resultin waveletinterpolationyielding smoothedinterventionregions.Sincethegoal is to

isolateARIMA sequencesbetweeninterventions,wavelet coefficientsarehard-thresholded(decimated)by

thefollowing rule

Thard àW Ä xt ÈnÅ j Çôá�Ê W Ä xt ÈnÅ j Ç I Å øM Ä xt ÈnÅ j Ç ø ê 0Ç%Æ
where,at locationt andscalej, W Ä xt ÈnÅ j Ç andM Ä xt ÈnÅ j Ç denotethewaveletcoefficientandmodulusmaxima,

respectively. Thresholdingis alsoappliedto the scalecoefficientsensuringthat thresholdedregionsyield

near-zerovaluesuponreconstruction.Reconstructiongeneratesnoisedue to the influenceof neighboring

wavelet coefficients. The level of resultantnoiseis dependenton the lengthof the reconstructionkernels.

Thatis, morenoisewill begeneratedby waveletandscalingfilters of longerlength.

Thereconstructedtime series,from scale j Ê 2 modulamaximadetection,is plottedin Figure37. Isolated

segmentsarepresumedto be ARIMA sequencesandaresubjectto individual ARIMA modelspecification

asdiscussedin Ã 6.5and Ã 6.4.

6.7.4 PARIMA Model Parameters

The proposedPARIMA modelis characterizedby compactly-supportedinterventionsbetweenARIMA se-

quences.ThePARIMA modelis describedby thefollowing modelparameters:� T: average(expected)interventionduration;only oneparameteris requiredfor homogeneousinter-

ventions,requiringa searchfor all interventionsat a constantnumberof resolutionsof the wavelet

transform. Inhomogeneousinterventionsincreasethe complexity of the PARIMA modeldrastically

andmustbe modeledby a variabledurationdescribingeachinterventionnecessitatingdetectionof

interventionsat variouslevelsof thewavelet transform.The interventiondurationparameterT deter-

minesthewavelettransformdecompositionlevel j.
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Fig. 37. PartitionedPARIMA-modeledtimeseries.� Ä pl Æ dl Æ ql ÈZÆ l Ñ�à 1 Æ ná : ARIMA parametersdescribingeachsegmentbetweenthen Ì 1 detectedinter-

ventions. Theseare implicit parametersin the PARIMA model. Eachtriple must be estimatedby

traditionalARIMA modelingtechniques(e.g.,Box-Jenkins). In all, 3n ARIMA parametersare re-

quiredto modeltheentireobservedPARIMA sequence.If certainARIMA subsequencesareassumed

to begeneratedby asingleprocess,thePARIMA modelcomplexity maybereduced.For example,if it

is assumedthatthePARIMA systemis acombinationof two competingARIMA processesinterrupted

by an interveningprocess,thenthePARIMA modelwill requireonly 6 ARIMA parameters,namely

thetwo setsÄ p1 Æ d1 Æ q1 È , and Ä p2 Æ d2 Æ q2 È .� tM: modulamaximathresholdingparameter. Thethresholdvalueis determinedby fixing thevalueof

thesignificancelevel α. Thisvalueis requiredto besmall.� φ Æ ψ: scalingandwavelet functions,respectively. The choiceof thesefunctionsinfluencesthe inter-

ventiondetectionmechanism.The wavelet ψ must approximatethe first derivative of a smoothing

function,andis recommendedto belength-2.For thesereasonstheHaarwaveletis asuitablechoice.
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CHAPTER VII

EYE MOVEMENT MODELING

In thedevelopmentof a gaze-contingentsystem,a modelof eye movementsis necessaryfor theexploration

of vision andits underlyingvisual stimuli. The needhereis to confidentlyclassifyeye movementswithin

naturalhumanviewing patterns.Assumingeyemovementscomposedof dynamicfixations(i.e.,properfixa-

tionsandsmoothpursuitmovements)denoteovert locationsof visualattention,localizationof thesefeatures

is crucialto a gaze-contingentanalysisandsynthesisof visualinformation.

Due to its simplicity andeaseof implementation,a particularlyattractive strategy for eye movementmod-

eling involveslinear time-invariant(LTI) filtering. Previouseye movementclassificationstrategiesutilizing

linearfilters arebriefly discussedin this section.A conceptualPiecewiseAuto-Regressive IntegratedMov-

ing Average(PARIMA) model of conjugateeye movementsis then proposed. The PARIMA model is a

piecewise-LTI representationof stochasticsignals.Theanalyticalframework of thePARIMA modelfeatures

awavelet-basedstrategy for eyemovementsegmentation.Implementationalissuesarediscussed,andavideo

frame-basedtechniqueis offeredfor classificationof eyemovementsinto smoothpursuits,fixations,andsac-

cades.

7.1 Linear Filtering Approachto Eye MovementClassification

Classificationof eye movementdatathroughlinearfiltering hasbeenextensively studied,andis not without

controversy. Simplified linear modelsof eye movementsareattractive for eye movementdatapartitioning

dueto theavailability andeaseof useof linearfilters. Theprimaryobjective is to identify eyemovementsin

termsof their signalcharacteristics.

In contrastto the linear modelsof the oculomotorsystemdescribedin Ã IV, herethe goal is to specifyfil-

tersdescribingtheobserved(external)signalcharacteristicsof eye movements.Theapproachtakenfor the

specificationof thesefilter modelsfollowstimeseriesmodeling,wherethegoalis to specifyafilter suchthat

givenaninput signal,st , theoutput,xt , resembleswhite noise.1 Dueto theSlutzky effect (see Ã VI), if such

a filter canbefound,thentheinverse(sometimescalledreverse)filter will generatetheobservedtime series

givenwhite noiseasits input. In this casethe filter (or its inverse)completelydescribesthe observedtime

series.Hence,thegoalof eye movementsignalmethodologypresentedhereis to modeltheobservedsignal

1Notethat in Ã IV thesesymbolswerereversedsothatst denotednoise(input to theoculomotorsystem)
andxt symbolizedtheoutputof thesystem(eyemovements).
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by aninverseof thefilters usedto representtheoculomotorsystem.Thismodelingstrategy is representedin

Figure38(notethedualuseof symbolsst andxt ).

xt xtts ts
LTI system

Oculomotor model

LTI system
Inverse

PARIMA model

input (noise) input (signal)output (signal) output (noise)

Fig. 38. Linearfilter modelingstrategy.

A majorcontroversysurroundingeye movementmodelingthroughlinearfiltering centerson theinadequate

representationof thenonlinearnatureof theoculomotorsystem(seeÃ 7.6.1below). Contemporaryoculomo-

tor modelsattemptto explain theinherentnonlinearitiesof theneuralsubstrate,althoughlinearmethodsfor

eye movementidentificationarestill in usetoday[Car96]. In spiteof their simplistic representationof the

theunderlyingprocesses,linearfiltering strategiesprovideagoodfirst approximationof theneuralcontroller

signal[WNS84].

BuizzaandAvanzinirejectfrequency domainanalysisin favor of thetimedomain[BA83a]. Theauthorsare

primarily interestedin smoothpursuitsignalsandremove thesaccadiccomponentby linearly interpolating

betweensaccadeonsetandtermination.

Cabiatiet al. presenta real-timesaccadedetectionalgorithmthroughlinear high-passfiltering [CPSZ83].

Denotingtheobservedeyemovementsignalby theinputst , andtheLTI filter outputby xt , thehighpassfilter

is definedas

xt Ê 1
n

k

∑Ë k

gkst Ë k Æ
wherek Ñ à¤Í 3 Æ 3á with coefficients Ä�Í 3 Æ�Í 2 Æ 1 Æ 0 Æ 1 Æ 2 Æ 3 È andn Ê 2k Ì 1.

KarshandBreitenbachconcentrateon fixationsby partitioningraw eyemovementdata[KB83]. Thecritical

stepin their implementationconcernsthedatasamplingrateandthechoiceof numberof datapoints(cluster

size)neededfor fixationclassification.Theonsetof fixation is determinedthroughanaveragingprocess.Us-

ing a 60Hzsamplingrate,theauthorsshow varyingscanpathinterpretationswith clustersizesof 2–8points

andsuggest6 datapointsassuitable.

Shebilske andFisherwarnof thedangersof choosinganinappropriateclustersizein thecontext of reading

studies[SF83]. A clustersizeof 2, for example,tendsto overestimatethenumberof wordsfixatedandun-
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derestimatesfixation durations.Shebilske andFishermake a point of differentiatingbetweenglobaleffects

(e.g.,statisticsover thewholepage)andlocaleffects(e.g.,statisticsovera singlesentence)whenevaluating

readingperformance.

A specificaim of thepresentinvestigationis theevaluationof thewaveletapproachfor eye movementclas-

sification.Dueto theinherentlinearnatureof thewavelet transform,it is undoubtedlyanoversimplification

of the underlyingprocess.Nevertheless,Gyaw andRay suggestthe feasibility of usingwavelet transform

zero-crossingsasa tool for classificationof biosignalpatterns[GR94]. TheauthorsuseDWT zerocrossings

asstudiedby Mallat (seeÃ 5.3)to characterizeElectro-Cardiogram(ECG)signals.Thepresentwavelet-based

techniquefor saccadelocalizationis basedon Mallat’s strategy for detectionof modulusmaximainsteadof

zerocrossings.Similar to thehigh-passfiltering saccadedetectionof Cabiatiet al., thepresentmodeluses

a linearfiltering approachfor saccadelocalization,utilizing theHaarwavelet is usedat multiple scales(see

below).

In contrastto BuizzaandAvanzini’smodel,thepresentmodelingstrategy operatespartially in thefrequency

domainthroughwaveletanalysis.Themainadvantageof waveletsover traditionalfrequency domainmeth-

ods(e.g.,Fourier transform)is the spatiallocalizationpropertyof the compactlysupportedwavelet filters

(see Ã V). Similar to BuizzaandAvanzini’s model,datacorrespondingto saccadesis removed. Unlike their

model,interpolationbetweensaccadeonsetandterminationis not performedin theanalysis.2

Thepresentwavelet-basedPARIMA modelidentifies(dynamic)fixationsby assumingthesepatternsarede-

lineatedby saccades.In a sense,fixation identificationfollows a deductive argument,i.e., with thesaccadic

componentremoved,theremainingsignalis assumedto becomposedof all othertypeskindsof eye move-

ments,e.g., fixations (definedby noise-like miniaturemovements),smoothpursuits,or the slow phaseof

nystagmus.This deductive strategy alleviatestheconcernsraisedby Shebilske andFisherregardingcluster

sizeallocationfor fixation detection. Clustersizedeterminationis insteadrelegatedto saccadedetection,

wheresignalidentificationis dependenton thechosentemporalinterval.

Thegoalof theproposedmodelis to detectdynamicfixationsin eye movementdata.As such,themodel’s

purposeis oneof patternrecognition.Althoughcriteria for eye movementpatternsarederivedfrom known

characteristicsof theoculomotorsystem,the objective is not a modelof the neuralsubstrateitself. Rather,

theproposedmodelis a (dynamic)fixation algorithmbasedon thedetectionof saccades.

2Interpolationis performed,however, in the Volume Of Interestvisualizationof eye movements(seeÃ VIII), andin thepreattentiveVOI strategy for videoprocessing(seeÃ XIII and Ã 13.1.1).Inter-saccadesignal
interpolationis not directly relatedto thepresentdescriptionof themodel.
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7.2 ConceptualSpecificationof the PARIMA Model

In theproposedPARIMA eye movementmodel,thethreeprincipaltypesof eye movements(saccades,fixa-

tions,andsmoothpursuits)areidentifiedthroughthedetectionof saccades.Saccadesaremodeledastime-

limited meandiscontinuitiesof thetime serieswith interventiondurationE à T áTÊ:à 10Æ 100á ms. Theexpected

saccadedurationof 10–100ms is basedon reportedsaccadecharacteristics[Fin92]. Fixationsandsmooth

pursuitsaremodeledastwo competingARIMA processesdenotedby theparametersÄ pf Æ 0 Æ qf È , Ä ps Æ ds Æ qs È ,
respectively. Note thatfixationsaremodeledasARMA sequences.All othertypesof eye movements,e.g.,

microsaccades,tremorsandshifts, areassumedto be noisecontainedwithin the threeprincipal movement

typesandarenot explicitly recognizedby theproposedmodel.

Consideringthefeedbacknatureof theoculomotorsystem,andusingthe linearity assumptionfor observed

eye movementsignals,the proposedPARIMA linear filter modelsconjugateeye movementsasshown in

Figure39. The outputof the PARIMA modelxt is symbolizedby a circuit switch representingthe neural

neural
switcher

hs

hf

input output

-

+

+

-

xtts

fixations

smooth pursuits

saccades

filter
g

filter

filter

Fig. 39. Block diagramof asimplelinearsystemmodelingconjugatemovements.

integrator. Modeling the oculomotorsystem,the neural switch selectsthe requiredtype of eye movement

resultingin a temporallyintegratedmulti-componentsignal. From a signalprocessingperspective, at any

given time, the active filter describingthe currentsignalsegmentis the onegeneratingwhite noise. In the

oculomotorsystem,the input signalst is characterizedby white noise,andthe filter generatingthe signal

xt is driven by an internalcopy of the visual environment. In the signalmodel,st representsthe observed

signal. Provided the appropriatefilter representingthe inverseof the oculomotorcounterpartis active, the

generatedoutputxt will resemblenoise.Conjugatemovements,suchasvestibularor optokineticnystagmus,

aretemporallyrepresentedby “switching” the systembetweensaccadesandsmoothpursuits.This type of
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saccadicbypassof thepursuitfeedbackcoincideswith proposedmechanismsof neuralintegrationbasedon

thesimplifiedassumptionof linearsummation(seefor example[Car77, p.288]).

7.2.1 Fixations

Fixationsarecharacterizedby theminiatureeyemovementstremor, drift, andmicrosaccades.In thePARIMA

modelrepresentation,thestochasticsignalcorrespondingto fixationsis describedby thelineartime-invariant

filter hf . Miniatureeye movementscorrespondto thevarianceof thesystem.Specifically, theoutputof the

systemxt is assumedto bewhitenoise.In thetime domain,fixationsaremodeledby thefollowing equation

xt Ê ∞

∑
kÖ 0

hf k Å st Ë k Í xt Ë k ÇÊ hf 0 Å st Í xt ÇnÌ hf 1 Å st Ë 1 Í xt Ë 1 Ç�Ì hf 2 Å st Ë 2 Í xt Ë 2 Ç�Ì/÷!÷�÷!Æ(7.1)

or in thez-domain,

X Å zÇ#Ê H f Å zÇ%Å SÅ zÇ½Í X Å zÇ�Ç[Î
Supposingthatthefilter H f representsastableandcausalsystem,e.g.,

H f Å zÇ#Ê hf 0 Ì hf 1z Ì hf 2z2 Ì�÷�÷!÷�Æ
thenthefilter H f Å zÇ canberepresentedby arationalfunctionin zor ARMA modelof theform

H f Å zÇiÊ Bf Å zÇ
Af Å zÇÊ bf 0 Ì bf 1z Ì bf 2z2 Ì�÷�÷�÷�Ì bf qzq

af 0 Ì af 1z Ì af 2z2 Ì�÷�÷�÷�Ì af pzp Î(7.2)

The ARMA coefficients Ä af È and Ä bf È can be obtainedthroughPad́e approximation(see[RS79, Ã 4.11]

for the derivation andsubsequentalgorithm). Substitutingthe rationalapproximationof Equation(7.2) in

Equation(7.1)gives

X Å zÇ"Ê H f Å zÇ'Å SÅ zÇ½Í X Å zÇ!ÇÊ Bf Å zÇ
Af Å zÇ Å SÅ zÇ½Í X Å zÇ�Ç%Î(7.3)

ExpandingEquation(7.3) in thetime domain,

af 0xt Ì af 1xt Ë 1 Ì�÷�÷!÷�Ì af pxt Ë p Ê
bf 0 Å st Í xt Ç�Ì bf 1 Å st Ë 1 Í xt Ë 1 Ç�Ì/÷�÷!÷�Ì bf q Å st Ë q Í xt Ë q Ç[Æ

gives

af 0xt Ì af 1xt Ë 1 Ì�÷�÷!÷�Ì af pxt Ë p Ì bf 0xt Ì bf 1xt Ë 1 Ì/÷!÷�÷�Ì bf qxt Ë q Ê
bf 0 Å st ÇnÌ bf 1 Å st Ë 1 Ç�Ì/÷!÷�÷�Ì bf q Å st Ë q Ç%Æ
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which is succinctlywritten in summationform as

p

∑
k Ö 0

af kxt Ë k Ì q

∑
k Ö 0

bf kxt Ë k Ê q

∑
kÖ 0

bf kst Ë k Æ(7.4)

resultingin the generalARMA model of fixations in termsof the autoregressive (AR) coefficients Ä af È ,
and the moving average(MA) coefficients Ä bf È . This model is succinctly representedby the notation

ARMA( pf ,qf ) wherepf andqf denotethenumberof AR andMA coefficients,respectively, for eachidenti-

fiedfixation segment.Thatis, eachfixation is representedby a (possibly)differentnumberof coefficients.

Therationalapproximationof H Å zÇ andhencetheARMA( pf ,qf ) modelis a parsimonioussimplificationof

the inversesimplelinearfixation modeldescribedin Ã IV. Recallthatfixationstherearemodeledby anes-

sentiallyidenticallinearfeedbacksystemasthatusedfor smoothpursuits,exceptfor theimplicit assumption

of stationarityof fixations. Save for this constraint,thesmoothpursuitfeedbacksystemis derivedfrom the

ARMA( pf ,qf ) fixationmodelby examiningEquation(7.4) in thez-domain

p

∑
kÖ 0

af kxt Ë k Ì q

∑
kÖ 0

bf kxt Ë k Ê q

∑
kÖ 0

bf kst Ë k

A Å zÇ X Å zÇ�Ì B Å zÇ X Å zÇ"Ê B Å zÇ SÅ zÇ(7.5)

X Å zÇ%Å A Å zÇ�Ì B Å zÇ�Ç"Ê B Å zÇ SÅ zÇ
X Å zÇ
SÅ zÇ Ê B Å zÇ

A Å zÇnÌ B Å zÇ Î(7.6)

Thecollectionof termsin Equation(7.5) is performedby appropriatelypaddingsummationtermsif p íÊ q.

For example,if p Ù q thenthesummationinvolving the Ä af k È coefficientsis paddedwith q Í p zeroterms.

Theanalogousoperationis usedfor thesummationinvolving the Ä bf k È coefficientsif q Ù p. Multiplying by

1É A Å zÇ boththenumeratoranddenominatorof theright handsideof Equation(7.6)gives

X Å zÇ
SÅ zÇ Ê B Þ zß

A Þ zß
1 Ì B Þ zß

A Þ zßÊ H Å zÇ
1 Ì H Å zÇ Æ(7.7)

which representsthe noise-to-signal(X Å zÇ�É SÅ zÇ ) ratio of the system.This is the inversefilter of the linear

feedbackmodelof smoothpursuitsdiscussedin Ã IV whereX Å zÇ!É SÅ zÇ representedsignal-to-noise.

TheARMA( pf ,qf ) modeltacitly assumesmeanstationarityof thesignal.Thestationarityassumptioncanbe

denotedexplicitly by extendingtheARMA( pf ,qf ) modelto ARIMA notation,with thenumeral0 standing

in for the parameterdf , i.e., ARIMA( pf Æ 0 Æ qf ). Theassumptionof a stationarymeanreflectsthe expected

temporalclusteringof observedmeasurementsof truefixationsaboutthepointof regard.
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7.2.2 SmoothPursuits

Thestationarityassumptioninvokedin theARMA( pf ,qf ) modelof fixationsis relaxedin modelingsmooth

pursuitmovements.Thefeedbackmodelis derivedasfor thefixationmodel,with coefficients Ä as È and Ä bs È
distinguishedby subscripts. The numberof coefficients is alsodistinct from the fixation modeldenoted

by parametersps Æ qs. Sincestationaritycannotbe assumedfor smoothpursuits,the parameterds is made

explicit, giving the full ARIMA( ps Æ ds Æ qs) modeldesignation.The resultingsimple linear feedbackfilter’s

transferfunctionis identicalto theonegivenin Equation(7.7).

Theonly differencebetweenthefixation andsmoothpursuitmodels(apartfrom distinctmodelparameters)

is the imposedconditionof stationarityon the fixation signal. This expectationis reflectedby settingthe

implicit df parameterto zero.For smoothpursuits,thisparameteris necessarilynon-zerosincea trendin the

signalmeanis expected.Theparameterds specifiesthenumberof “dif ferencing”operationsrequiredon the

signalin orderto eliminatethis trend.In theBox-Jenkinsapproach,asignalshowing a trendin themean(an

ARIMA process)is differentiatedenoughtimesso that it canbeadequatelydescribedby anARMA model

(seeÃ VI).

In applyingthe above model to the analysisof eye movements,the parametersÄ pf Æ 0 Æ qf È and Ä ps Æ ds Æ qs È
for fixationsandsmoothpursuits,respectively, neednot ever be explicitly determined.Sinceobservedeye

movementdatais anexpectedconjugatesignalcomposedof fixations,smoothpursuits,andsaccades,thefull

analysisof thesignalrequiresidentificationof thethreesignalcomponentsfollowedby thedeterminationof

parametersfor eachcomponent.With respectto the5 parametersÄ pf Æ 0 Æ qf È and Ä ps Æ ds Æ qs È , thecomplex-

ity of a full analysisincreasesr-fold with r Ê m Ì n wherem, n arethe numberof classifiedfixationsand

smoothpursuits,respectively. That is, eachfixation instancerequiresthe determinationof a distinct setof

coefficients. Althoughall fixationsmaybeapproximatedby thesamelinearfilter system,it is unlikely that

thesamefilter coefficientscanbeusedfor eachfixation segment.Thus,if in agivenfinite eyemovementse-

quencemfixation instancesareidentified,msetsof coefficientswill berequired,onefor eachsignalsegment

correspondingto afixation. Similarly for smoothpursuitsequences.For this reason,thefixationandsmooth

pursuitparametersÄ pf Æ 0 Æ qf È and Ä ps Æ ds Æ qs È arenever calculated.Theseparametertuplesareonly used

to conceptuallydistinguishfixations from smoothpursuits. In practice,smoothpursuitsaresimplistically

regardedasdynamicfixations,i.e.,non-stationaryvs. stationary.

For temporalvisualizationof eye movementsandhencevisualizationof overt visual attention,the goal of

theanalysisis the localizationof thedynamiccourseof fovealvision. Identificationof (dynamic)fixations

followsadeductiveargument.Sinceeyemovementsareassumedto begeneratedby a“switchedcircuit” de-

pictedin Figure39, it follows thateliminationof oneof thecircuit pathswill resultin a signalcharacterized
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solely by the remainingcomponents.In essence,the goalof identificationof dynamicfixationsreducesto

thelocalizationof saccades.

7.2.3 Saccades

TheARMA modelof saccadesis alinearfilter designedto detectshort-termtimeseriesinterventions.Specif-

ically, the filter is designedto detectedges,or stepfunctions,in time. The ARMA linear systemis fully

specifiedby thefilter g in thetime domain,

xt Ê ∞

∑
kÖ 0

gkst Ë kÊ g0st Ì g1st Ë 1 Ì g2st Ë 2 Ì/÷�÷!÷�Æ(7.8)

or in thez-domain,

X Å zÇ#Ê G Å zÇ SÅ zÇ%Æ
with transferfunctiongivenasthenoise-to-signalratio,

X Å zÇ
SÅ zÇ Ê G Å zÇÊ g0 Ì g1z Ì g2z

2 Ì/÷�÷!÷�Î
By choosingtheHaarwaveletwith coefficients Ä 1É Ú 2 Æ�Í 1É Ú 2 È , thetransferfunctionbecomes

X Å zÇ
SÅ zÇ Ê G Å zÇÊ 1Ú 2

Í 1Ú 2
zÆ

which is a scaledinverseof the filter modelingsaccadesin the oculomotorplant (see Ã IV). In the time

domain,thefilter modelingtheobservedsignalis specifiedby thelinearmoving average(MA) model,

xt Ê g0st Ì g1st Ë 1Ê 1Ú 2
st Í 1Ú 2

st Ë 1 Æ(7.9)

or anARMA(0,0,1) sequence.In practice,Equation(7.9) is appliedat a diminishedtemporalscaleover the

subsampledsignal.Thetemporalscaleis governedby theexpecteddurationof saccades(10-100ms)andon

thedatasamplingrate.

7.2.4 WaveletModel of Temporal Time Series

Theproposedframework for temporalanalysisof eye movementtime seriesis theDiscreteWaveletTrans-

form (DWT), describedin Ã V and Ã VI andspecificallyin Ã 5.3, Ã 6.7 and Ã 6.7.2. The DWT is chosenfor
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its spatiotemporallocalizationproperty. In this section,a generalwavelet-basedtechniqueis presentedfor

temporalsaccadedetectionwithin a time seriessignal representationof eye movements. Implementation

strategiesarerecommendedin thefollowing section.

Recallthewavelettransformof st atscalej andposition(time) t is theconvolutionproductÄ Wψst ÈZÅ j Ç#Ê st þ ψ j Å t Ç%Æ
with wavelet ψ andimplicit translationparameterk. Saccadescorrespondingto sharpvariationpointsare

detectedby finding thelocal maximaof themodulus ø Ä Wψst ÈnÅ j Ç ø , assumingthewaveletψ approximatesthe

first derivative of a smoothingfunction (see Ã 5.3). This criterion is satisfiedwith the choiceof the Haar

wavelet.At eachscalej, localmodulusmaximaarelocatedby finding thepointswhere ø Ä Wψst ÈnÅ j Ç ø is larger

thanits two closestneighborvalues,andstrictly largerthanat leastoneof them[MH92]. Thatis, a modulus

maximaM Ä st ÈZÅ j Ç is locatedat scalej andlocationt if:ø Ä Wψst Ë 1 ÈnÅ j Ç ø × ø Ä Wψst ÈZÅ j Ç ø 
 ø Ä Wψst Ø 1 ÈZÅ j Ç ø Æ andäå æ ø Ä Wψst ÈnÅ j Ç ø ê ø Ä Wψst Ë 1 ÈZÅ j Ç ø Æ orø Ä Wψst ÈnÅ j Ç ø ê ø Ä Wψst Ø 1 ÈZÅ j Ç ø Î
Modulusmaximavaluesaresubjectto thehardthresholdingrule,

Thard àM Ä st ÈnÅ j Çôá�Ê M Ä st ÈZÅ j Ç I Å øM Ä st ÈZÅ j Ç ø ê αM̈ Ä st ÈZÅ j Ç!Ç[Æ
whereM̈ Ä st ÈZÅ j Ç denotesthe rangeof maximavaluesat level j, with modulusmaximathresholdparameter

α Ê 0 Î 05. To yield zerovaluesin thetime seriesat thelocationof interventionsuponreconstruction,i.e., to

isolatetheARIMA sequencesbetweeninterventions,waveletcoefficientsarehard-thresholded(decimated)

by thefollowing rule

Thard à¤Ä Wψst ÈZÅ j ÇtáTÊ}Ä Wψst ÈnÅ j Ç I Å øM Ä st ÈnÅ j Ç ø ê 0Ç%Æ
where,at locationt andscalej, Ä Wψst ÈZÅ j Ç andM Ä st ÈnÅ j Ç denotethewaveletcoefficientandmodulusmaxima,

respectively.

To completethespecificationof thesaccadedetectionmodel,theHaarscalingfunctionis usedfor temporal

decomposition,andthewavelettransformdecompositionlevel j is derivedfrom theeyemovementsampling

rate.Thecurrentexperimentalapparatusoperateswith anaverageeyemovementsampleperiodof sp Ê 18ms,

giving a temporaldecompositionlevel of

j ê log2 Å sp

Tmin
ÇZÌ 1



142ê 1
 2 Î
7.3 Implementation Recommendations

Thegoalof theproposedmodelis to detectdynamicfixationsin eye movementdata.As such,themodel’s

purposeis oneof patternrecognition.Althoughcriteria for eye movementpatternsarederivedfrom known

characteristicsof theoculomotorsystem,the objective is not a modelof the neuralsubstrateitself. Rather,

theproposedmodelis a (dynamic)fixation algorithmbasedon thedetectionof saccades.

A numberof computationalstrategiesareavailablefor saccadedetection,eachdependenton anappropriate

representationof the raw eye movementdata.Definingraw PointOf Regard(POR)eye movementdataby

tuplespi Ê¶Å xi Æ yi Æ ti Ç , for i Ñ�à 1 Æ ná , the setof datasamplesÄ pn È definesa three-dimensionaleye movement

trajectoryin space-time.Thechoiceof anappropriatestrategy for trajectorypartitioning(e.g.,throughsac-

cadedetection)dependson the trajectory’s mathematicalrepresentation.Differentmethodologiesmay be

suitablefor this task.For example,thesamplesmaybeapproximatedby B-Splinessubjectto aregularization

constraint,whereeithertime is usedastheparametricvariable,e.g.,

x Ê sx Å t Ç[Æ y Ê sy Å t Ç%Æ
or thecurve is parameterizedby anarbitraryvariableu, e.g.,

x Ê sx Å uÇ%Æ y Ê sy Å uÇ[Æ t Ê st Å uÇ[Æ
wheres representsthe spline. The former strategy emphasizesthe dynamicform of the three-dimensional

curve,wheresaccadeonsetsandterminationsarerepresentedby aclusterof controlknotsproportionalto the

degreeof saccadeamplitude.For example,a sharpdiscontinuitycorrespondingto a saccadewill requirethe

insertionof severalknots,proportionalto thespline’ssmoothingparameter. Thelatterrepresentationempha-

sizesthegeometricform of eye movementsin x Æ yÆ t. In this case,a saccadewill typically have a parameter

space(i.e.,u) distancebetweenthebeginningandendof thesaccadeproportionalto its arclength.Numerous

automaticmethodsareavailablefor splinecurvefitting, for examplesee[Die93].

Alternative representationsof the eye movementtrajectoryrely on a directmappingof the raw datatuples,

i.e., without a priori curve approximation.First, vectorscanbe usedto representthe sampledpoints,e.g.,Å xt Æ yt Ç , in which casethePARIMA time seriesanalysisappliesdirectly in a multivariatesense.Second,the

sampleddatacanbemappedto imagesequenceframes f Å xi Æ yi Æ ti Ç , definedascharacteristicfunctionsof the
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samplepoints:

f Å xi Æ yi Æ ti Ç"Ê ë 255 Û xi Æ yi Æ ti Æ i Ñ à 1 Æ ná ,
0 otherwise.

In this case,theapplicationof wavelet-basedimageprocessingstrategiesfor spatiotemporaledgedetection,

discussedin Ã V, is straightforward.

ThePARIMA modelof eye movementsis independentof the representationof thedata. The model’s con-

jugatedescriptionof eye movementscanbeusedto guideeye movementtrajectorysegmentationin all rep-

resentations,althoughthe implementationof the saccadedetectionmethodis different. In the latter two

representations(vectorsandframes),theLTI wavelet-basedfiltering approachis directly applicable.

In all but the frame-basedapproach,synchronizationbetweeneye movementsamplesandstimulusvideo

framesis implicit. The frame-basedapproachprovidesthe flexibility to vary the temporaldistribution of

characteristicfunctions(i.e., theframes)at thecostof reducedtemporalresolution.Thatis, datasamplesare

temporallypooledonframesdependingontheratio r Ê sf É sp wheresp is thedatasamplingperiod,andsf is

theinter-frameperiod(inverseof framerate).For example,if theeye movementdatais sampledat a period

of 18ms,but framesaredistributedat a rateof 16fps(inter-frameperiod62.5ms),thenr � 3 Î 5, meaningthat

3-4datasampleswill bepooledperframe.Themappingof samplepointson framesis thenexpressedas:

f Å xi Æ yi Æ�� ti
t f � Ç8Ê2ë 255 Û xi Æ yi Æ ti Æ i Ñ�à 1 Æ ná

0 otherwise,
(7.10)

wherethe fraction � ti É t f � mapsthe sampledatapoints’ time stampsonto frameindicesdenotedby t f . For

example,if ti Ê©Ä 0 Æ 18Æ 36Æ 54Æ 72Æ 90Æ�Î!Î�Î È representsthetime stampsof thefirst 6 datasamples,thenthefirst

four samplesaremappedonto the first (zeroth)frame,andthe next two samplesaremappedonto the next

frame,e.g.,thecorrespondingframeindicesaret f ÊDÄ 0 Æ 0 Æ 0 Æ 0 Æ 1 Æ 1 Æ�Î�Î!ÎÿÈ .
In the currentimplementation,the frame-basedapproachis chosenin order to synchronizeeye movement

sampledatawith stimulusvideo frames.This implementationaldecisionsacrificestemporalresolutionfor

easeof representationof theeyemovementdatain stimulusvideoframecoordinates.

7.3.1 Frame-basedImplementation of the PARIMA Model

To facilitatecomputationalmeansof fixation detectionthroughwavelet-basedimagesequenceanalysis,raw

eye tracker datais composedinto a 16fpsvideosequencewheretheeye trackerdatais representedby white

pixelsonablackbackground.Videoframeresolutionmatchestheeyetrackerresolution(currently512 Ó 256

at60Hz). In videoformat,eyetrackerdatais submittedto anisotropic3D wavelettransformanalysis.Dueto

limited computationalresources,analysisis limited to 128frames(8 secondsworth)of data.Eyemovements
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areconsideredmultivariatetime serieswherespatiotemporaleye movementsamplesarerepresentedby the

characteristicfunctiondefinedby Equation(7.10)above. Equation(7.10)specifiesthemappingof raw POR

dataontoinitially emptyvideoframescomposedof 0-intensitypixels.

It is assumedvalues f Å x0 Æ y0 Æ t0 Ç arecorrelatedwith their neighborsf Å x0 Ì ∆x Æ y0 Ì ∆yÆ t0 Ì ∆t Ç , over some

measurablysmallvolume Å ∆x Æ ∆yÆ ∆t Ç . Numerousmultivariatetime seriesanalysismethodsexist, including

testsfor normality, statisticallinearvs. non-linearindependence,andthespecificationof non-linearmodels.

In the presentcontext, the primary concernis the detectionof dynamicfixationswithin the eye movement

series. To this end, eye movementsare tacitly assumedto be non-stationary, statisticallylinearly depen-

dent signals,wherefixations and smoothpursuit movementsare modeledas Auto-Regressive Integrated

Moving Average(ARIMA) sequencesdelineatedby discontinuitiesof limited duration.In otherwords,eye

movementsaremodeledaspiecewise-ARIMA (PARIMA) sequenceswheredynamicfixationsarelocalized

betweendiscontinuoussaccades.SmoothpursuitmovementsandfixationsaredistinguishedasARIMA and

ARMA sequences,respectively, i.e., fixationsarecharacterizedby a stationarymean,whereasthe meanof

smoothpursuitmovementsis assumedto benonstationary.

7.4 Thr ee-dimensionalConsiderationsin the Frame-BasedImplementation

Extendingthe generalone-dimensionalwavelet time seriesmodel of eye movementsto the frame-based

implementationin threedimensionsrequiresa spatialdecompositionstepprior to temporalanalysis.Spatial

decompositionis requiredto overcometheframe-to-framecorrespondenceproblemof single-pixel raw eye

tracker locations.Temporalanalysisof theDWT is carriedout on a perpixel basisbetweenvideosequence

frames.Thegoalof thetemporalanalysisis to locatediscontinuitiesoccurringbetweenframes.In essence,by

applyingthewaveletfilter betweenframepixels,discontinuitiesarelocatedin thetransformby finding high

amplitudewaveletcoefficients(i.e.,pixelsof valueovera giventhreshold).In general,a pixel valueexceeds

thethresholdonly if thereis asignificantintensitychangebetweenthepixel locationin two successiveframes,

e.g.,

f Å x Æ yÆ t Ç½Í f Å x Æ yÆ t Ì 1Ç#ê T Î
Thedifferencebetweensuccessiveframepixelsis expressedby thewaveletcoefficients,giventheappropriate

choiceof wavelet function (e.g.,the Haarwavelet). Two successive pixels generallypresentthe following

cases:

1. f Å x Æ yÆ t Ç : black, f Å x Æ yÆ t Ì 1Ç : black

2. f Å x Æ yÆ t Ç : black, f Å x Æ yÆ t Ì 1Ç : white

3. f Å x Æ yÆ t Ç : white, f Å x Æ yÆ t Ì 1Ç : black

4. f Å x Æ yÆ t Ç : white, f Å x Æ yÆ t Ì 1Ç : white
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whereawhitepixel representsraw eyetrackerdata,theso-calledPointOf Regard,or POR.Case1 represents

a steadyblack ‘background’whereno PORwasrecorded,i.e., no eye movementoccurredacrossthis loca-

tion. Case4 representsasteadywhite ‘foreground’suggestingasteadyeyemovement(at leastbetweenthese

two frames).Both cases1 and4 will not be identifiedasa discontinuitysincethereis no changebetween

pixel valuesfrom frameto frame.

Considerfor the momentthe simplistic caseof ‘perfect’ eye movementscomposedof only ‘perfect’ (e.g.,

noise-free)fixationsand‘perfect’ saccades,wherefixationsdo not vary from pixel-to-pixel over time. Sac-

cadessimply changepixel locationswherespace-invariantfixationsoccur. In this case,theone-dimensional

DWT, workingonaper-pixel basis,wouldeasilylocatefixationsby detectingsaccadesasfixationendpoints.

Cases2 and3 representachangein POR,wherein the‘perfect’ visualsystem,thischangecanbeinterpreted

asa fixationonset(case2) or fixation cessation(case3).

Realeye movements,however, vary over space. In particular, the non-saccadeeye movementssoughtby

thepresentDWT strategy, tendto shift in space.A fixation mayvary in time over a smallneighborhoodof

pixels,i.e.,pixelssubtendedby somesmallvisualangle.Smoothpursuitmovements,dependingonvelocity,

will alsodrift over a smallnumberof pixelsbetweena smallnumberof frames,dependingon thetemporal

resolutionof the eye movementvideosequence.Although this variationmay be small betweensuccessive

frames,cases2 and3 abovecanno longerbeinterpretedsimply asonsetor cessationof fixations. In reality

cases2 and3 maystill reflectfactualfixationsprovidedthatavarianceof asmallnumberof pixelsis consid-

ered.This uncertaintyis referredto asthecorrespondenceproblembetweenvideo framesrepresentingeye

movementdata.

To overcomethecorrespondenceproblem,a realisticspatialpixel neighborhoodmatchingnaturaleyemove-

mentspatialvariancemustbe consideredin the three-dimensionalDWT analysis.In the above illustrative

case,if theneighborhoodis extendedto a sufficient numberof pixels,thenpixelsthatwere‘misaligned’are

broughtinto overlap.As longasoverlappingpixelsarepresentin thevideostream,theonsetandcessationof

dynamicfixationeventswill becorrectlyclassifiedby thetemporalDWT asin thesimplecase.Extendingthe

local pixel neighborhoodis equivalentto eitherspreading(copying or zooming)individualpixel valuesover

somesmall region, or subsamplingpixel valuesby the equivalentamount.The ideais to give up a certain

level of resolutionin tradefor provision of greaterspatialvariance.Subsamplingvideo framescontaining

eyemovementinformationis naturallyperformedby thescalingfunctionof thetwo-dimensionalDWT.

To properlyclassifyeye movements,a sensiblenumberof spatialdecompositionlevelsmustbedetermined.

The numberof decompositionlevels correspondsto the extent of 2D spatialscalingprior to the temporal
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analysis. The criterion for the extent of spatialscalingis governedby maximalspatialeye movementde-

viationsover inter-framedurationsat the givenspatialresolutionof theeye tracker data. The resolutionof

theavailableeye tracker is 512pixelshorizontallyand256pixelsvertically at a samplingrateof 60 Hz. To

calculatethevisualanglesubtendedby theeye tracker, thedimensionsof themonitorwherethevisualstim-

ulusis displayedmustbeconsidered.Presentlya 21� � television is used.Thehorizontalandverticaldisplay

dimensionsareobtainedfrom thefollowing ratios,

3
5

::
height

21
Æ 4

5
::

width
21

Æ
gives16.8 Ó 12.6 width Ó height, in inches. The effective resolutionin dots per inch (dpi) is found by

dividing thenumberof pixelsby themonitordimensions,

512
16Î 8 Ê 30Î 47

ÎÊ 30dpi(horizontal)Æ 256
12Î 6 Ê 20Î 32

ÎÊ 20dpi(vertical)Î
With nodecomposition,it is assumedthateachpixel correspondsto a truepointof regardasprovidedby the

eye tracker. Usingtheeffectivehorizontalresolutionof 30dpi,eachpixel roughlycovers1 É 30 Ê 0 Î 03 inches

of thestimulusdisplay. Assuminga60cmviewing distance,eachpixel subtends2tanË 1 Å�Î 03É�Å 2 Ó 23Î 622Ç!ÇºÊ
0 Î 07� visualangle,where23.622is theviewing distancein inches.Eachlevel of decompositionhasa two-

fold effectonthesubtendedvisualangle:first, theeffectiveeyetrackerresolutionis decreasedby 2 (assuming

dyadicscaling);second,eachpixel representingeye tracker datanow representstwice thenumberof pixels

in eitherhorizontalor verticaldirection. For example,at 1 level of decomposition,theresolutionof theeye

tracker datais reducedto approximately15 dpi, while eachpixel is spreadover a 2 Ó 2 region. That is, the

width of pixelsrepresentingthepoint of regardis now 2, giving a width of 2É 15 Ê 0 Î 133inches.Denoting

theradiusof thebaseof thevisualangleby r, calculatedashalf thewidth, thevisualangleθ subtendedby

thePORregion is givenby

θ Ê 2tanË 1 � r
D �Ê 2tanË 1

�
0 Î 0667
23Î 622�ÎÊ 0 Î 32�'Î

Extendingthesecalculationsover successive dyadicdecompositionsproducesvaluesgiven in Table9. The

significanceof the subtendedvisual angleby the PORis that the pixel region at eachdecompositionlevel

containsPORdatawithin that visual angle. At threedecompositionlevels, for instance,all recordedeye

movementswithin a regionof 4.84� visualanglewill bepresentin the8 Ó 8 pixel region. Furthermore,each

singlepixel at the original resolutionwill extendover the entireregion. This is repeatedover all framesin

thevideosequenceof eye movements.In this way thematchingregion betweenframeshasbeenextended

to considerspatiallyvaryingeyemovementsover4.84� visualangle.If a PORcorrespondingto a fixation is

presentat somelocationin oneframeandvariesno morethan4.84� thenassumingthefixationpersistsinto
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TABLE 9
Resultingsubtendedvisualangleof PORat dyadicspatialsubsamplinglevels.

Decompositionlevel Effectiveresolution PORwidth Visualangle
width � height dpi pixels in degrees

1 256 Ó 128 15 2 0.13 .32
2 128 Ó 64 8 4 0.5 1.22
3 64 Ó 32 4 8 2.0 4.84
4 32 Ó 16 2 16 8.0 19.22
5 16 Ó 8 1 32 32.0 68.22
6 8 Ó 4 0.5 64 128.0 139.48

thenext imageframe,its subsequentPORwill appearwithin thesubsampledregion overlappingthecurrent

PORlocation. In this casethe temporalDWT will detectno significantchangein the overlapbetweenthe

regions.Continuingthetablevaluesfurtherexceedstheusefulnessof subsampleddatafor temporalprocess-

ing. Eventually, if themaximumspatialdecompositionis reached,decomposedframeswill containonepixel

giving theerroneousinterpretationof a steadyfixation at the centrallocationof thevisual field. Excessive

spatialcompressionresultsin a lossof positionalinformation.

To makeuseof thevisualanglevaluespresentedin Table9,pursuitmovementvelocitiesshouldbeconsidered

over inter-frameperiodsto matchthetemporalDWT analysis.Thevelocityof theslow phaseof smootheye

movementsrangesroughlyfrom 10� – 50� sË 1 [Car77, Ã 3, p.37]. Sincetheeyemovementvideosequenceis

composedat 16 fps, theinter-frameperiodis 1É 16 Ê 62Î 5 ms.TheDWT temporalanalysisat thepreviously

specifiedtwo temporaldecompositionlevelsexaminespixel differencesathalf thisresolution,i.e.,ataperiod

of 125ms.Theexpectedrangeof smoothpursuitvelocitiesoveraperiodof 125msis 1.25� – 6.25� asderived

below:

10�
1s
Ê Î 01�

1ms
Ê Î 625�

62Î 5ms
Ê 1 Î 25�

125ms
Æ 50�

1s
Ê Î 05�

1ms
Ê 3 Î 125�

62Î 5ms
Ê 6 Î 25�

125ms
Î

To matchtheexpectedspatialextentof theslow phaseof smoothpursuitmovements,theclosestdecomposi-

tion level offeredby thedyadicspatialDWT is 3 providing detectionof velocitiesnot exceeding38.7� sË 1.

Higherdecompositionlevelsrun therisk of over-averagingPORdata.

7.5 Automatic Algorithm Specification

The PARIMA eye movementmodel relies on the spatio-temporaldetectionof saccadesin eye movement

data.In thecurrentimplementation,automaticsaccadedetectionis performedoverdataassembledin video

framesasdescribedabove. That is, eye movementdatais assembledinto a video sequencef Å x Æ yÆ t Ç . The

following stepsspecifytheautomaticsaccadedetectionalgorithmperformedthroughtheapplicationof the
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anisotropicthree-dimensionalwavelettransform.

1. Spatial2D (intra-frame)waveletdecomposition.

2. Temporal1D (inter-frame)waveletdecomposition.

3. Temporal1D (inter-frame)modulusmaximadetection.

4. TemporalModulusmaximathresholding.

5. Temporalwaveletcoefficientdecimation.

6. Temporal1D (inter-frame)reconstruction.

7. Spatial2D (intra-frame)projection.

8. Regionof interest(eyemovementdatapoint) grouping.

Eachstepis summarizedbelow.

7.5.1 Spatial 2D (Intra-Frame) WaveletDecomposition

Eachframeis decomposedto 3 levels.Expressingthis decompositionconciselyfrom Ã 5.7,

f j Ë 1
φφ � Å x Æ yÆ t ÇiÊ ∑

k öm Å hk Ü hmÇ f j
φφ � Å 2x Ì k Æ 2y Ì mÆ t Ç

f j Ë 1
ψφ � Å x Æ yÆ t ÇiÊ ∑

k öm Å gk Ü hmÇ f j
φφ � Å 2x Ì k Æ 2y Ì mÆ t Ç

f j Ë 1
φψ � Å x Æ yÆ t ÇiÊ ∑

k öm Å hk Ü gmÇ f j
φφ � Å 2x Ì k Æ 2y Ì mÆ t Ç

f j Ë 1
ψψ � Å x Æ yÆ t ÇiÊ ∑

k öm Å gk Ü gmÇ f j
φφ � Å 2x Ì k Æ 2y Ì mÆ t Ç

givesthe four componentsof the 2D wavelet transform.Collectively, thesedecompositioncomponentsare

denotedby the2D wavelettransform:Ä W f Å x Æ yÆ t Ç[È xy Å j Ç#ÊDÄ f j
φφ � Å x Æ yÆ t Ç[Æ f j

ψφ � Å x Æ yÆ t Ç[Æ f j
φψ � Å x Æ yÆ t Ç[Æ f j

ψψ � Å x Æ yÆ t Ç;È
This stepis performedto overcomethe inter-framepixel correspondenceproblemby essentiallyaveraging

spatialeyemovementdataon a per-framebasis.

7.5.2 Temporal 1D (Inter -Frame) WaveletDecomposition

Theentiresequence,treatedasa now one-dimensionalsignal,is decomposedtemporallyto 2 levels. Using

thenotationfrom Ã 5.9,

f j Ë 1� � φ Å x Æ yÆ t ÇiÊ ∑
k

hk f j� � φ Å x Æ yÆ 2t Ì k Ç[Æ
f j Ë 1� � ψ Å x Æ yÆ t ÇiÊ ∑

k

gk f j� � φ Å x Æ yÆ 2t Ì k Ç[Æ
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giving the1D temporalDWT:Ä W f Å x Æ yÆ t Ç;È t Å j Ç*Ê
f j� � φ Å x Æ yÆ 1Ç[Æ f j� � ψ Å x Æ yÆ 2Ç[Æ!Î�Î�Î�Æ f j� � φ Å x Æ yÆ n Í 1Ç[Æ f j� � ψ Å x Æ yÆ nÇ%Î

High- andlow-passfilteredframesarerearrangedforming two n É 2 sequences.

7.5.3 Temporal 1D (Inter -Frame) Modulus Maxima Detection

To detecttemporaldiscontinuities,only the 2D spatiallysubsampledframequadrantsareused. That is, a

modulusmaximaM Ä f j Å x Æ yÆ t Ç[È is locatedat scalej andlocationt if:ø f j
φφψ Å x Æ yÆ t Í 1Ç ø × ø f j

φφψ Å x Æ yÆ t Ç ø 
 ø f j
φφψ Å x Æ yÆ t Ì 1Ç ø Æ andä�å �æ ø f j

φφψ Å x Æ yÆ t Ç ø ê ø f j
φφψ Å x Æ yÆ t Í 1Ç ø Æ orø f j

φφψ Å x Æ yÆ t Ç ø ê ø f j
φφψ Å x Æ yÆ t Ì 1Ç ø Î

Temporalmodulusmaximavaluescorrespondto stepedgesin time,or saccades.Eyemovementdatacorre-

spondingat thesetemporallocationsaredeleted.

7.5.4 Temporal Modulus Maxima Thr esholding

Modulusmaximavaluesaresubjectto thehardthresholdingrule,

Thard àM Ä f j Å x Æ yÆ t Ç;È'áTÊ M Ä f j Å x Æ yÆ t Ç;È I Å øM Ä f j Å x Æ yÆ t Ç;È ø ê αM̈ Ä f j Å x Æ yÆ t Ç[ÈNÇ%Æ
whereM̈ Ä f j Å x Æ yÆ t Ç;È denotestherangeof maximavaluesat level j, with modulusmaximathresholdparam-

eterα Ê 0 Î 05.

7.5.5 Temporal WaveletCoefficientDecimation

Waveletcoefficientsarehard-thresholded(decimated)by thefollowing rule

Thard à¤Ä Wφφψ f Å x Æ yÆ t Ç[ÈZÅ j Çtá½ÊDÄ Wφφψ f Å x Æ yÆ t Ç;ÈnÅ j Ç I Å øM Ä f j Å x Æ yÆ t Ç;È ø ê 0Ç[Æ
where,at locationt andscale j, Ä Wφφψ f Å x Æ yÆ t Ç[ÈZÅ j Ç andM Ä f j Å x Æ yÆ t Ç;È denotethe wavelet coefficientsand

modulusmaxima,respectively.
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7.5.6 Temporal 1D (Inter -Frame) Reconstruction

Theentiresequenceis treatedasa one-dimensionalsignalandthe1D inverseDWT is appliedon a per-pixel

basistaking careto properly interleave whole imageframesasrequired(seeEquation(5.64)). Using the

interleaveoperatorÏ , imageframesarearrangedfor reconstructionat level j by:

f j Ë 1� � φ Ð ψ Å x Æ yÆ 2t Ì pÇ&Ê Å 1 Í pÇ f j Ë 1 Å x Æ yÆ t ÇnÌ¯Å pÇ f j Ë 1 Å x Æ yÆ t Ç%Æ
for p Ñ@Ä 0 Æ 1 È . Reconstructionis thenwrittenas:

f j� � φ Å x Æ yÆ 2t Ì pÇ<Ê.Å 1 Í pÇ ∑
k Òhk f j Ë 1� � φ Ð ψ Å x Æ yÆ t Í kÇ�Ì�Å pÇ ∑

k Ògk f j Ë 1� � φ Ð ψ Å x Æ yÆ t Í kÇ[Æ
giving thespatiallydecomposedfunction f j Å x Æ yÆ t Ç#ÊDÄ W f Å x Æ yÆ t Ç;È xy Å j Ç .
7.5.7 Spatial 2D (Intra-Frame) Projection

Insteadof reconstructingthe 2D spatiallysubsampledframes,the scaledframequadrantsareprojectedto

theoriginal framedimensions.This is donesincethecoarse-scale2D waveletquadrantsdo not provideany

useful information. Projectingsubsampledvaluesresultsin spatialzoomingwhereneighboringpixels are

foldedinto a largerregion (a largepixel essentially),i.e.,

f j Å 2x Ì k Æ 2y Ì mÆ t Ç
f j Å 2x Ì k Æ 2y Í mÆ t Ç
f j Å 2x Í k Æ 2y Ì mÆ t Ç
f j Å 2x Í k Æ 2y Í mÆ t Ç Ê ä��å ��æ f j Ë 1

φφ � Å x Æ yÆ t Ç if f j Ë 1
φφ � Å x Æ yÆ t Ç?ê 0 Æ

0 otherwiseÆ
for k Æ m Ñ à 0 Æ 1á .
7.5.8 RegionOf Inter est(EyeMovementData Point) Grouping

The final stepof the algorithmconsidersany non-zeropixel to be a valid eye movementdatapoint (point

of regard,or POR).Theaboveprocessingstepseffectively remove any samplesidentifiedassaccades.This

stepmergesall non-zeropixel regionsandfindsthe2D centroidof themergedregion. Any non-zeropixels

outsidethesearchareawill createseparateregions.Thesearchregionusedfor iterativepixel groupingis the

numberof pixelssubtendedby thefovealvisualangle(seeÃ IX).

7.6 Limitations of the Frame-BasedPARIMA Implementation

It is importantto reemphasizethatalthoughthePARIMA modelis basedto a largeextenton thefunctional

characteristicsof theoculomotorsystem,it is notamodelof thesystemitself. Instead,it is astochasticmodel

of the observedsignal. That is, no implication is madethat the oculomotorneuralsubstratebehavesin the
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proposedmanner, only thatmeasuredsignalsmaybe characterizedin termsof patternsassociatedwith the

threemajor typesof eye movements.In this sense,thePARIMA modelis a three-tieredpatternrecognition

algorithmdelineatingfixationsandsmoothpursuitsthroughthedetectionof saccades.As such,thePARIMA

modelis subjectto thefollowing limitations.

7.6.1 Linear Assumption

The linear assumptionof the PARIMA modeldoesnot properlyexpressthe underlyingnonlinearityof the

oculomotorsystem.Eyemovementinteractionsshouldreflecttheseinherentnonlinearities[WNS84]. Win-

terset al. arguethatthe“linear summation”or the“additivity hypothesis”is inadequatein explainingconju-

gateeye movements.Linearsummationrefersto thesimplifiedview of theneuralintegratorwhich expects

a conjugateeye movementresultingfrom the summationof independenteye movementtrajectories. For

this superpositionto apply, they argue,eitherthe systemmustbe linear or any nonlinearitiesmustcancel.

Throughpower spectraanalysisof smoothpursuitmovements,Wong showed that 2nd, 3rd, and4th order

nonlinearitiesare presentin the humanocular system,manifestas the modulationbetweenthe stimulat-

ing frequencies[Won90]. Wongsuggeststhat thesenonlinearitiescanbedetectedby the sum-of-sinusoids

method.Continuingthiswork,SaproposedamodelusingWienerfiltersto estimatethemagnitudeandpower

spectraof smoothpursuits[Sa95].

In contrast,thewavelet-basedlinearfilter modelpresentedhereis clearlyaninadequatemodelof theinverse

of theoculomotorsystem.As a first approximationto theobservedsignal,however, thePARIMA strategy is

anattractively simpleyet parsimoniousdescriptionof a complex process.Froma patternrecognitionstand-

point, sincethemultiscalesaccadedetectionperformedby thewavelet transformis equivalentto theCanny

edgedetector, thetechniqueis numericallyoptimal [Can86]. Thewavelet-basededgedetectionoffersflexi-

bility in thechoiceof waveletandscalingfunctionsaswell asnon-dyadicresolutionscales.

7.6.2 WaveletFilter Length

A problemassociatedwith theshortlengthHaarwaveletandthedyadicmultiresolutionscaleis theinability

to detectall stepedges.At presentthelength-2Haarwaveletis used.Shortdurationedgesat dyadicsample

boundarieswill not be detectedat fine resolutionscales.This is dueto an edgeoccurringbetweendyadic

samplepoints. A numericalexampleof a missedstepedgeis shown in Table10. The four-elementsignal

containsa stepedgebetweenthesecondandthird elements.Theone-level Haarwaveletdecompositionof

thesignal(d1) fails to locatetheedge(theedgeis detectedat thenext decompositionlevel).
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TABLE 10
Numerical1D DWT exampleof missededge.

Decomposition

f2 Ê c2: 0 0 4 4

d1: 0 0

c1: 0 8�
2

7.6.3 Frame-BasedImplementation

Thechoiceof frame-basedrepresentationof eye movementdatafor analysistradestemporalresolutionfor

synchronismwith video framestimuli. That is, thepresentedsolutionis time-drivensinceraw datais sub-

sampledto fit thedisplayrateof thevideostimuli. Alternative implementationrecommendationsweremade

in Ã 7.3. Both spline-basedandthe direct time seriesanalysismethodsaredata-driven in the sensethat no

impositionis madeon thedatasamplingratebeyondthelimitation of theeye tracker instrument.Thetime-

basedmethodis empiricallyevaluatedin Ã XI. Furtherwork is requiredto testandcompareall four methods.

7.6.4 Misclassificationof Manif old EyeMovements

Thepremiseof conjugateeyemovementsbeingdelineatedby saccadesis anoversimplificationresultingin an

underestimationof manifoldeye movementssuchasoptokineticnystagmus.Theoretically, smoothpursuits

areidentifiedby thePARIMA model,providedtheobservedsignalis indeedsmooth.Nystagmusmovements,

however, arecharacterizedby acombinationof smoothpursuitsandsaccades,referredto astheslow andfast

phasesof nystagmus,respectively. ThePARIMA model,aspresentlyconfigured,will not identify nystagmus

assuch,insteadnystagmusmovementswill be packetizedinto consecutive smoothpursuitsegments.The

PARIMA modeleffectively “chopsup” nystagmusinto its slow phasecomponents.

7.6.5 Off-line Implementation of PARIMA Model

Thecomputationalcomplexity of thePARIMA modelcurrentlypreventsreal-timeimplementation.Conceiv-

ably, a real-timeversionof thealgorithmis possibleby limiting theextentof thetemporalanalysis.In theory,

only two consecutiveeye movementsamples(at temporalsamplingrateof 60Hz)areneededfor a local (al-

beitnoisy)estimateof saccades.Thepresentimplementationdesignsacrificesefficiency for flexibility of the

multidimensionalsignalprocessingtechnique.At presentit is possibleto testvariouswavelet andscaling

functionsatseveraldecompositionlevels.
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7.6.6 Context-FreeAnalysis

Sincethe PARIMA model is basedon stochastictime seriesmodelingtechniques,it is appropriateto con-

siderthethemodel’s forecastingpower. However, themodelis inappropriatefor eye movementforecasting

sinceit evaluatesthesignaloutsidethecontext of thevisualenvironment.For long termpredictionof future

locationsof thepoint of regard,thevisualcontext mustbeconsidered.SincethePARIMA modeldoesnot

considervisualinformation,by itself it is notsuitedfor predictionof visualscanpaths.Ontheotherhand,the

shorttermforecastingof eye movementsmaybeusefulfor real-timeapplications.That is, giventheexam-

inationof thetrendof a non-saccadiceye movement(e.g.,a pursuitasclassifiedby thePARIMA model),it

maybepossibleto predictthegeneraldirectionof themovement.If calculatedquickly, this capabilitymay

be suitablefor minimizing the latency of gaze-contingentsystems.For example,assuminga small enough

delivery delayof raw eye positionby theeye tracker, andtheavailability of previouseye movementhistory

(e.g.,sufficiently largesystem“short-term”memory),thesystemmaybeableto anticipatethe directionof

pursuitmovements.Although this predictionwould be limited in temporalextent, it may provide enough

predictivepower to combateye tracker latency.

7.7 Summary

In this sectiona modelof eye movementsis presentedfrom a signalprocessingperspective. Themodelas-

sumeseye movementsto be linearly dependenttime seriescomposedof threetypesof signals:a stationary

component(fixations),a non-stationarycomponent(smoothpursuits),anddiscontinuities(saccades).Fixa-

tionsandsmoothpursuitsaremodeledasAuto-Regressive IntegratedMoving Average(ARIMA) stochastic

linearsystems,while saccadesaremodeledasshort-termMoving Average(MA) stepdiscontinuities.

The algorithmic implementationof eye movementclassificationis carriedout by the anisotropicdiscrete

wavelet transform(ADWT). Eye movementsarerepresentedasvideodatawheresampledpointsof regard

are representedby white pixels over black video framesconstitutingsparsematrix representations.The

ADWT is utilized to spatiallyaverageintra-framedataaswell asfor inter-framesignalstepdetection.

Thewavelet-basedalgorithmis aflexible multidimensionalsignalanalysisframework suitablefor limited eye

movementclassification.Themultiscalesaccade(edge)detectionis numericallyoptimalsinceit is equivalent

to theCanny edgedetectiontechnique.Detectionof temporalstepedges(saccades)delineatesthesignalinto

ARIMA segmentsresultingin a piecewise-ARIMA (PARIMA) model of conjugateeye movementsupon

reconstruction.
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CHAPTER VIII

VOLUMES OF INTEREST

“How doesonerepresenta fixation in a two-dimensional,analogplot? Doesoneusea single

point,anumber, a diskof acertainsize...?”

– PeterR. Coles[Col83, p.4]).

The questionsraisedby Colesreflect the visualizationproblemstudiedin this section. Two-dimensional

representationsof fixationssuffersfrom threeinadequacies:

1. inability to quantifythedurationof afixation,

2. inability to representtheorderof fixationpoints(withoutexplicit labeling),and

3. inability to characterizethenatureof thefixationchange.

Thelatterpointdealswith thepossibilitythatalternativeeyemovementsmaybepresentin afixationchange,

e.g.,smoothpursuit,or saccade.Theformertwo pointsareaconsequenceof thelackof temporaldimension

in a two-dimensionalplot of eye movements.Temporalinformation is lost dueto the projectionof three-

dimensionaldataontoa two-dimensionalplane.In this section,a three-dimensionalvisualizationtechnique

is introducedwhich explicitly representsthetemporaldimension.

Thethree-dimensionaleyemovementvisualizationtechniquereliesontheidentificationof dynamicfixations.

In this implementation,dynamicfixationsareidentifiedby thewavelet-basedPiecewiseAuto-RegressiveIn-

tegratedMoving Average(PARIMA) modelof three-dimensionalstochasticprocessesintroducedin Ã VII. 1

Fixations,representedby discretepixel regionsin a videosequence,matchfoveal intra-frameloci of atten-

tion, referredto asRegionsOf Interest(ROIs). Sampledat 18msandmappedontoa 16fpsvideosequence,

roughly3-4 fixation pointsmayoccupy eachvideo frame. Pointswithin a small locusareeffectively aver-

agedby thePARIMA analysisto defineintra-frameROIs. Inter-frameROIs aremergedto visualizefoveal

VolumesOf Interest(VOIs),providing a depictionof dynamicfovealvision.

In general,the VOI modelof eye movementsamalgamatesdistinct (i.e., multiple viewers’) scanpathsinto

a consolidatedspatio-temporaldescription.Figure40 shows theabstractconceptualizationof theaggregate

VOI model. Vertical lines representtime slices,e.g.,uniformly sampledvideo frames,asa temporalrefer-

ence.Figure40 highlightsa hypotheticalindividual scanpathincludedin theVOI collection. This scanpath

may correspondto a pastobservation of actualview patterns,or may presenta candidatefuture scanpath.

1Notethatthevisualizationis independentof theanalysismethod.
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time

short fixation medium fixation long fixation

interframe duration
(62.5ms)

(50ms)

(600ms)(300ms)(150ms)

fast saccade
(10ms)

medium saccade long saccade
(100ms)

visual
scanpath

Fig. 40. GraphicalVolumeOf Interestmodel.
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That is, observed eye movementpatterns,representedby VolumesOf Interest,areconcatenatedto form a

historyof multiple viewers’ scanpatternsover a particularsequence.SinceVOIs identify observed loci of

attention,they serveasindicatorsof potentialfuturevisualattractors.

OverlappingVOI cross-sectionsof the highlightedscanpathrepresentfade-inandfade-outtemporalramps

(see Ã 9.1). VOI diametersnormally matchthe dimensionof the subtendedfoveal region. As gazeshifts

(denotedby dashedarrows in Figure40), the VOI from wheregazedepartedis attenuated.Prior to gaze

localization,theVOI is graduallyamplifiedin anticipationof gazeshift. PeripheralVOIs (unshadedVOIs in

Figure40) arealsomodulatedin a similar fashion.Essentially, thegeneralVOI modelconsidershistorical

VOIsasfuturepredictorsof gazepatterns.

8.1 Synthesisof VolumesOf Inter est

TheVolumeOf Interest(VOI) assemblyconsistsof aconcatenationof individualRegionsOf Interest(ROIs)

containedin discretevideo frames. Let Ä ROI j
k È denotea list of ROIs where j representsthe index of the

ROI on video framek. Eachvideo framemay containnumerousdisjoint ROIs. Thereis no restrictionon

the numberof ROIs on any given frame,althoughit is assumedthereareno overlappingROIs. The total

numberof videoframestypically correspondsto thedurationof thegaze-contingentstimulus.Currently128

framesareused,but this doesnot poseany restrictionson theVOI assemblyalgorithm.Let Ä VOIm È denote

a list of VOIs. EachVOI is definedasa list of ROIs wheretheROIs correspondto intersectionsbetweenthe

VOI andconsecutivevideoframes.Thereis no restrictionon thenumberof VOIs in thespace-timevolume

definedby thevideo framedimensionsandthenumberof frames,althoughit is assumedno VOIs overlap.

Initially the VOI list is empty. HeaderstructuresROIh, VOIh point to the ROI andVOI lists, respectively.

TheVOI assemblyalgorithmiteratively processeseachROI associatedwith videoframe f . TheVOI list is

thensearchedfor a VOI that extendsto the previousvideo framein the sequence,i.e., frame f Í 1. If the

euclidiandistancebetweenthe currentROI andthe intersectionof sucha VOI with frame f Í 1 is below a

thresholdr, thenROI j
f is conjoinedwith theVOI. ThisoperationextendstheVOI to frame f . If nosuchVOI

is found,ROI j
f is madeto bethestartof a new VolumeOf Interest.

In the currentvisualization,the thresholdr is held constantcorrespondingto the foveal5� visual angleat

theprescribedviewing distance(see Ã IX). Choosingthis parameterfor theVOI dimensionresultsin a visu-

alizationof dynamicfovealvision in space-time.A possiblealternative choiceof r is the varianceof gaze

positionwith respectto a giventarget. Experimentalgazeerror in thevisual trackingparadigmis discussed

in Ã 12.5.3.A one-dimensionalrepresentationof intra-frameerror is shown in Figure74. VOI visualization

of this typeof variancemetricmaybesuitablefor therepresentationof a scalableattentionalwindow, such
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asproposedby Kosslyn(see2.1.8).

8.2 Graphical VOI Construction

VolumesOf Interestare createdin 3-spaceas wireframetubesconnectingVOI segments. EachVOI is

definedasadiscretelist of VOI andvideoframeintersections,or ROIs. Eachinter-framesegmentof theVOI

is constructedby linearly interpolatingbetweenROIv
f andROIv

f Ø 1 wherethe ROI superscriptv now refers

to theVOI of which theROI is a member. Theinter-frame,or inter-ROI segmentis constructedby creating

9 rectangularpolygonsper quadrantof the circular volumeasshown in Figure41. This setof polygonsis

forthwith referredto asa surfacepatch. Eachpatchquadrantis definedby angleΩ Ñ Ä 0� Æ 90� Æ 180�¼Æ 270�'È
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Fig. 41. GraphicalVOI scaffolding.

andis symmetricallyreplicatedto form the circular volume. The coordinatesof the control pointsusedto

definethe patchesare dependenton the interpolantt Ñ Ä 0 Æ 1 É 3 Æ 2 É 3 Æ 1 È . Surfacepatchesare createdasa

functionof angleθ Ñ�Ä 0� Æ 30� Æ 60�NÆ 90�'È . Boundarycontrolpoint coordinatesarecalculatedby

x��Ê x0 Ì r cosθ Æ y�kÊ y0 Ì r sinθ Æ z��Ê f Æ
x� ��Ê x1 Ì r cosθ Æ y� ��Ê y1 Ì r sinθ Æ z� ��Ê f Ì 1 Æ

wherer is theradiusof thevolumematchingthedimensionsof thesubtendedfovealregion, f and f Ì 1 are

theframez-coordinatesappropriatelyscaledto sufficiently spreadout thegraphicalenvironment(e.g.,scaled
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by a constantof 1000pixels),and Å x0 Æ y0 Ç and Å x1 Æ y1 Ç areROI centerson frames f and f Ì 1, respectively.

Interior controlpoint coordinatesareinterpolatedon parametert:

xi ö j Ê©Å 1 Í t Ç x� Ì¯Å t Ç x� � Æ yi ö j Ê©Å 1 Í t Ç y� Ì¯Å t Ç y� � Æ z Ê©Å 1 Í t Ç z� Ì¯Å t Ç z� � Î
Thecoordinatesof thecontrolpointsarecalculatedin a doubleloop, theorderof which is indicatedby theÅ i Æ j Ç vertex indicesin Figure41. Controlpointsaremaintainedin apolygonallist whichcontainsdatastruc-

turesfor faceverticesandnormals.Vertex normalsaremaintainedin aseparatevertex list.

Along with theVOIs,rectanglessymbolizingvideoframesaregeneratedto providevisualcuesfor temporal

orderingandduration. The distancebetweenframes(∆z in Figure41) is constantrepresentinginter-frame

duration.In thecurrentenvironment,∆z Ê 62Î 5ms, theinter-frameperiodcorrespondingto the16fpsdisplay

rate. Every 16th frame is texture mappedwith the correspondingvideo sequenceimage.2 All constructs

form onegraphicalobjectaresubjectto renderingandstandardthree-dimensionaloperations(rotate,scale,

translate).

8.2.1 Renderingand User Interaction Considerations

Renderingof theVolumesOf Interestincludeshiddensurfaceremoval andsmoothshading.Sincetheentire

graphicalenvironmentis composedof a singleobject (the collectionof VOIs), it is a goodcandidatefor

hiddensurfaceremoval by the Binary SpacePartition (BSP) algorithm. Vertex normalsarecalculatedas

averagesof adjacentfacenormals.Theseareusedto Gouraudshadethe facetsof theVOIs. The BSPand

Gouraudshadingalgorithmsarewell-known andcanbefoundin mostcomputergraphicstextbooks(seefor

example[FvFH90, pp.675-680and Ã 16.2.4,pp.736-738,respectively]).

Standardthree-dimensionaloperationsareavailable,including objectrotationsandtranslations,aswell as

viewpoint (camera)roll, pan,tilt, andtruck. Thetruck operationallows cameratranslationalongthez-axis

providing a “fly-through” of thevideovolume. Thefly-throughprovidesa frame-by-framedynamicvisual-

izationof scanpathsandallows closeinspectionof VOI-frameintersections.A three-dimensionalscanpath

is renderedwithin theVOIsrepresentingthepixel-to-pixel gazelocations.Thepixel-widescanpathgivesthe

useran ideaof eye tracker accuracy sinceit shows the degreeof pixel errorbetweenfixation locationsand

stimulustarget.

2The numberof texture mappedframesis constrainedby the systemmemorycapacity. Eachtexture
mappedframe actually containsseveral imageseachwith a different transparency (alpha-channel)value.
With enoughmemoryevery framecouldconceivably be texturemappedto give the full visualeffect of the
videocontent.
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8.3 Comparisonof Two- and Thr ee-dimensionalEyeMovementVisualizations

Thetwo-dimensionalrepresentationof eye movementshasnot significantlychangedsinceNotonandStark

introducedthe“scanpath”[NS71a, NS71b]. Thescanpathdepictionof eyemovementsshowstheroutetaken

by thesubject’spointof regard(POR).Unfortunately, thescanpathis atwo-dimensionalprojectionof athree-

dimensionalphenomenon.Figure42showsasimplescanpathover4 secondsof aCNN videoclip (shown at

16fps,greyscale—experimentalconditionsaredescribedin Ã X). Dueto thelossof temporalinformation,it

Fig. 42. Traditional2D eyemovementvisualization.

is difficult to ascertain

1. thedirectionof thescanpath,

2. thedurationof potentialfixations,and

3. thetypeof eyemovementsevokedto changefixation locations.

For exampleFigure42, it is difficult to tell whetherthe scanpathoriginatedat the television anchor’s eye,

or the “timebox” in the lower right cornerof the image. Assumingthe two clustersat thesetwo pointsare

fixations,it is difficult to tell how muchtime wasspentlooking at theselocations.Themovementfrom one

locationto theothermayor maynot bea saccade.Becausetheoriginal stimuluswasnot a still imageit is

possiblethatsomethingin thefield of view appearedevokingasmoothpursuit(theanchorscratchinghisright

eyebrow with his left handfor example).This ambiguoustwo-dimensionalrepresentationof motion-related

eyemovementsis especiallyproblematicin studieswherestimulusmotionis a factor.
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Severalvisualizationtechniquesareavailablewhichalleviatethesedifficultiesto someextent.Arrowsor time

line plotsindicatingeyemovementdirectionaddressthefirst pointabove. Theseconddifficulty is alleviated

by popular“raindrop” displays[Iscan94]. Raindropdisplaysillustratefixationswith circlesincreasingin size

with fixationduration.Althoughtherelativesizesof raindropshelpsidentify longerdwell times,it is difficult

to quantifiablyjudgethetime spentin fixations.Thethird difficulty is oftenignoredwhentwo-dimensional

staticimagesareusedasthe visual stimulus. Assumingthe headis stabilized,the lack of stimulusmotion

precludestheconsiderationof motion-relatedeyemovementse.g.,smoothpursuits.As a result,saccadesare

usuallyconsideredthe solemechanismresponsiblefor instigatingfixation changes.In the caseof moving

stimuli, e.g.,video,thetwo-dimensionalvisualizationof eye movementsmayambiguouslyrepresenteither

saccadesandsmoothpursuits.

Three-dimensionalvisualizationprovidesexplicit representationof the temporalcomponentof eye move-

ments.Figure43showsthesame4-secondscanpathasshown in Figure42in threedimensions.Thescanpath,

Fig. 43. Eyemovementvisualizationwith VolumesOf Interest.

shown asa thin three-dimensionalline within VolumesOf Interest,unambiguouslydepictseye movements

originatingat thecentrallocationof theframe(theanchor’seyebrow), jutting slightly downward(to theeye),

andthencontinuingto the lower right cornerof theframe(thetimebox). Thedurationof eye movementsis

referencedby thepresenceof thevideoframeoutlines.Thefirst fixation roughlyextendsover two or three

frames,suggestinga dwell time of about125 milliseconds(the video rate is 16fps). The lengthof VOIs

providesrelative dwell time informationjust asthe raindropsdo, but with thevideo framesasreference,it
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is easierto quantify thesedurations.Finally, resemblingold fashionedslinky toys, the flexibility of VOIs

disambiguatessmoothpursuiteye movementsfrom saccades.That is, VOIs representidentified(dynamic)

fixations. In Figure43, any part of the scanpathenclosedby a VOI is considereda fixation. In the current

example,fixationshavebeenidentifiedby thePARIMA modeldiscussedin Ã VII, althoughany suitablefixa-

tion algorithmcanbeusedfor this purpose.

8.4 AggregateVolumesOf Inter est

VolumeOf Interestvisualizationnaturallyextendsto therepresentationof aggregateeyemovementsgathered

from multiplesubjects.Thestudyof multiplesubjects’viewing patternsgivesinsightinto thenatureof visual

stimuli thatattractsgazeandthereforepresumablyvisualattention.Characterizationof stimulusin termsof

visualattractors is essentialfor predictingthedynamictime courseof humanvision. This is a fundamental

openproblemin vision research.Notableexamplesof work in this areaincludethe developmentsof algo-

rithmic strategiesthatattemptto explain humanvisual searchstrategiesthroughmachine-basedsimulation

(seeÃ 15.4).

In their early work on eye movements,Noton and Stark investigatedviewing patternsof multiple sub-

jects [NS71a, NS71b]. Although recordedscanpathsexhibited significantvariability in how different in-

dividualsview a scene(inter-subjectvariability), or for thatmatterhow anindividual’sscanpathsdiffer from

sessionto session(intra-subjectvariability), theauthorsidentified“informativedetails”ascommonfixation

points.To show this graphically, several imageswereusedto illustratescanpathvariability andthecommon

locationof interestingfeatures.Integratingmultiple scanpathsover a singletwo-dimensionalimagemakes

theillustrationof commonfixateddetailsdifficult. Figure44 showsscanpathsrecordedfrom 7 subjectsover

thelatter4 secondsof theanchormansequence(for experimentalconditions,seeÃ XII). Thevisualizationof

multiple scanpathsexasperatestheproblemsassociatedwith thetwo-dimensionalrepresentation.

TheVolumeOf Interestvisualizationextendstherepresentationof individual scanpathsin space-timeto the

displayof aggregateeye movementtrajectories.Figure45 depictsthe samescanpathsshown in Figure44

in threedimensions.The interactive natureof the visualizationpermitscloserinspectionof VOI-framein-

tersectionsyielding two-dimensionalRegionsOf Interestat particularpointsin time,asshown in Figure46.

The importanceof relative dwell timesis clearlyseenin theVOI representation.Theaggregaterepresenta-

tion shows theconvergenceof multiple scanpathsover theanchorman’s facethroughmostof thesequence.

Peripheralregionssuchasthetimeboxarefixatedsporadicallypropoundingtheregionasoneof diminished

relevance.
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Fig. 44. Aggregatescanpaths.

Fig. 45. AggregateVolumesOf Interest.
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Fig. 46. Inspectionof aggregateVOI-frameintersection.

VolumesOf Interestrepresentingspatio-temporalsegmentsof thestimulusconstitutepotentialattractorsof

visualattention.After its consolidation,theindividualscanpathlosesits significancein theaggregatemodel.

At any point in timetheintersectionsof multipleVOIsandavideoframeconstitutepotentialspatio-temporal

candidatesfor attentive inspectionasevidencedby their historical selectionby previous viewers. In this

sense,aggregateVOIs aresimilar to NotonandStark’s informativedetailsidentifiedoverstill imagesexcept

VOIsdepictthesedetailsin space-time.

AggregateVOI visualizationpresentsaninterestingspeculationof the“what” and“where” duality of visual

attention.RepresentingaggregateVOIs by opaquevolumes,in Figure47(a),providesan illustrationof the

exclusionary“what” of visual attention. OpaqueVOIs depict the restrictive aspectof foveal vision. At

the sametime, attentionseemsto have a simultaneouspre-attentive componentresponsiblefor selecting

the next focus of attention. Pre-attention,in this sense,is the “where” of visual attention. Representing

aggregateVOIs by transparent(or rathertranslucent)volumes,in Figure47(b), providesan illustration of

theapparentlysimultaneouscovert attentionalmechanism.On theonehand,VOIs offer a representationof

thedynamichigh-fidelity attentionalchannel(overt fovealvision), limited in its spatialextent. On theother

hand,VOI transparency symbolizestheperipheralinfluenceof pre-attention.
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(a)Opaquerepresentation. (b) Transparentrepresentation.

Fig. 47. Transmissivity of aggregateVOIs.
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CHAPTER IX

GAZE-CONTINGENT VISUAL COMMUNICA TION

In order to matchHumanVisual System(HVS) resolutioncapabilities,a multiresolutionmethodis devel-

opedfor preservingmultiple RegionsOf Interest(ROIs) in images.1 Regions Of Interestare maintained

at high (original) resolutionwhile peripheralareasaredegraded. The multiresolutionmethodfollows the

variableresolutionreconstructionwith MIP-waveletstechniquedevelopedin Ã 5.10.3.MostROI-basedgaze-

contingentschemesconcentrateon preservinga singlefovealregion,usuallyattemptingto matchthevisual

acuityof theHVS. Themultiple ROI methoddescribedhereoffers threevariantsof peripheraldegradation

including linear, nonlinear, andHVS acuity-matchingresolutionmapping.Pixel degradationis carriedout

relative to eachROI. TheVoronoidiagram,a well-known planarpartitioningconstructionin computational

geometry, is usedto partitiontheimagerelative to themultiple ROIscenters.

Region Of Interest(ROI) imageprocessingaims at presentinga single high resolutionareato the fovea.

The goal of limiting high resolutionto a foveal “spotlight of attention”is to minimize bandwidthrequire-

ments,while matchingearlyvision capabilitiesof the HVS in theperiphery. Typically, peripheralimagery

is degradedin orderto minimize informationcontentprior to encodingor transmission.Approachesrange

from luminanceattenuation,smoothing,andlocally adaptedtransformcodingtechniques(i.e., local clamp-

ing of DCT coefficients). On the otherhand,featuredetectionalgorithmsthat locatevisually interesting

information(multiple ROIs, essentially)tendto treatthewhole imageastheperipheryanddo not typically

provide a fovealROI. Theobjectiveof themethodpresentedhereis to provide a fovealROI andalsorepre-

sentperipheralROIs (pROIs) aspotentialfuture foci of gaze(but not necessarilyattention).Moreover, the

peripheryaroundeachROI is degradedmatchingtheHVS acuityfunction.For gaze-contingentdisplays,this

typeof processingmaybemoresuitablethansingle-ROI methodssinceits aimis to preservepreview benefit.

9.1 Background

In gaze-contingent(GC) applications(suchasflight simulators),emphasishasusuallybeenplacedon rep-

resentingthe fovealROI, while homogeneouslydegradingthe periphery[Koc87, LTFW+89]. In theSuper

CockpitVisualWorld Subsystem,Kocianconsideredvisual factorsincludingcontrast,resolutionandcolor

in thedesignof a head-trackedGC display. In theirSimulatorComplexity Testbed(SCTB),Longridgeet al.

includedaneye-slavedROI asa majorcomponentof theHelmetMountedFiberOptic Display (HMFOD).

1RegionsOf Interestarealsoknown asAreasOf Interest(AOIs).
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This ROI provideda high resolutioninset in a low resolution(presumablyhomogeneous)field which fol-

lowedtheuser’spoint of regard.Theprecisemethodof peripheraldegradationwasnot describedapartfrom

thecriteriaof low resolution.However, theauthorsdid point out thata smoothtransitionbetweentheROI

andbackgroundwasnecessaryin orderto circumventthepossibilityof aperceptuallydisruptiveedgeartifact.

Recently, moresophisticatedapproacheshave beenproposedfor ROI-basedvideocoding[NLO94, ST94].

While theseschemesconcentrateon therepresentationof thefovealROI, theperipheryis processedby con-

ventionalmeanssuchassmoothingor quantizationof transformcoefficients. While the transitionfrom the

high-resolutionROI to theperipherymaybesmooth,it doesnot necessarilymatchtheHVS acuityfunction.

Variousmultiple-ROI imageprocessingschemeshave beenproposedfor feature-detectiontaskswherefea-

turesareeitherpreservedor enhanced,while therestof theimageryis decimatedin someway. Of particular

relevancearemultiresolution,pyramidalschemes[PW92, San90]. Sandondevelopeda connectionistnet-

work modelof guidedvisualattention,while PölzleitnerandWechsleruseddistributedassociativememories

(DAMs) in preattentivemodeto find relevantsegmentsin thefield of view. In bothcasesaGaussianpyramid

wasusedto subsamplethe sceneinto lower resolutionlevels. The purposeof theseschemesis to locate

peripheralROIs in orderto simulateguidedvisualattention.In contrastto fovealROI codingschemes,the

peripheryseemsto beof greaterimportancein theseapproaches,althoughagainthetransitionfrom eachROI

to its surrounddoesnot necessarilymatchtheHVS acuityfunction.

Themultiresolutionmethodfor ROI representationgivenherefollows thevariableresolutionreconstruction

with MIP-waveletstechniquedevelopedin Ã 5.10.3. Selective scalingof wavelet coefficients is not a new

approach.A similar methodto the onepresentedherewasshown by Nguyenet al. [NLO94]. In orderto

enhancerelative reconstructionquality, a priori weightingfactorswereintroduceddefininga region-based

weightedl2 metric. Theweightingfactorswereconsideredasquantitative decimatingfactorsin therelative

distortioncontributionsin eachregion. In their paper, only region-basedspatialweightingwasconsidered.

Thework focusedonvideoencoding,whereeachframewassynthesizedfrom afixedsubbandrepresentation

(multiresolutionstructure).ROIs wereselectedaccordingto a motion criterion,whereROIs wereobtained

from a segmentationmapwhich isolatedmoving objectsfrom thebackground.To preserve thehierarchyof

relevant spatialinformationin the decimationprocess,the ROIs wereprojectedonto the subbanddomain.

Simpleuniform thresholdquantizationwasusedon waveletcoefficientsobtainedusingDaubechies-4filters.

Theeffect of theprojectionandsubsequentuniform thresholdingresultedin enhanced(or ratherpreserved)

fidelity within theROI, with thebackgroundregionsblurred.EachROI boundarywasclearlydefineddueto

theauthors’assumptionof independentencodingof thepredictionerror(PE)signalwithin anROI. In essence,

theschemeidentifieda hierarchyof ROIs within a frame(basedon region segmentation)andwaveletcoef-

ficientswithin eachROI weresubjectedto uniform thresholding.Reportedly, theprocessedimagesequence
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inducedtheobserver to naturallyfocuson the(presumably)mostinterestingROI. Themainaspectin which

this methoddiffersfrom thepresentmethodis theuniform decimationof theROI coefficients. Thepresent

goalis to matchtheabruptbut smoothgradientof theHVS spatialacuityfunction.Projectionof anROI onto

thesubbanddomainresultsin abruptresolutionmodulationat the reconstructedROI boundary. This effect

canbedemonstratedby roundingup thescalingfactorp to 1 within theROI region anddecimatingwavelet

coefficientscorrespondingto backgroundregions.TheresultantimagespossesssmallerMeanSquaredError

(MSE) in theROI-projectedimagescomparedto imagesprocessedby scalingcoefficients.This is dueto the

factthatroundingupthescalingfactorto 1 within theROIspreservesaproportionatelylargerhighresolution

region thanwhenthe coefficientsarelinearly interpolatedwithin ROIs. The boundariesbetweenlevels of

resolutionin the imagereconstructedwithout coefficient scalingareclearly visible, however. This may be

suitablefor thepurposesof compression,but it doesnot matchthespatialsensitivity of theHVS.

Anotherinterestingapproachwasdescribedby Abdel-MalekandBloomer[AB90]. The authorspresented

multiresolutionimagessynthesizedfrom a Laplacianpyramidrepresentation.TheLaplacianpyramid is an

instanceof theDWT wherethesmoothingfilter is a Gaussian-likeaveragingfunction,andbandpass(Lapla-

cian) imagesareobtainedby differencingadjacentGaussianimages.TheHVS acuity function is approxi-

matedby rectangularregionsconcentricto thepoint of regard.As in thework of Nguyenet al., no effort is

madeto smoothboundariesbetweenreconstructedresolutionlevels. In fact, the authorsstatethatno extra

reconstructionfilter is requiredto hide transitionzones. Transitionzonesarenot evident in the presented

resultantimages,but thismaybedueto thefactthathighresolutionis restrictedto 2 Ó 2 pixel neighborhoods

aroundzero-crossingsdetectedat thebottomlevel of thepyramid.

The currentwaveletapproachfollows the classicalpyramid representationproviding comparablefunction-

ality andcodingefficiency. The filtering approachpresentedhereprovidesthe meansto representROIs of

any shape,while simultaneouslyensuringsmoothtransitionbetweenreconstructedresolutionregions.In the

currentscheme,circularROIswerechosento bettermatchthecircularfovealregionof theHVS.

Theintentof thepresentmethodis to demonstrateaschemeto juxtaposetherepresentationof pROIs,aspro-

ducedby feature-detectiontasks,with a fovealROI asfoundin gaze-contingentdisplaymodalities.Utilizing

a multiresolutionspatialpyramid,theobjective hereis not to find visualattractors,but to offer a methodof

imagerepresentationsuitablefor attentiveandpre-attentiveviewing. Thework describedherecenterson the

reconstructionof the imagefrom prefiltered(texture) mapsof the original image. The novel aspectof the

approachis the ability to maintainseveral ROIs within the imagewhile graduallydegradingthe periphery

aroundeachROI. ROI shapeis circular(althoughit neednotbe)andtheperipheraldegradationfunctioncan

be chosenfrom several variantswith respectto spatialdistancefrom the centerof the ROI. In this imple-
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mentation,the peripherycanbe degradedusinga linear, nonlinear, or HVS acuity-matchingfunction. The

resolutionof anarbitraryperipheralpixel dependson its distanceto theclosestROI.

PeripheralROIs poseanapparentparadox:why shouldperipheralregionsberepresentedat high resolution

whentheperipheralvisualsystemlackstheability to resolve peripheraldetail?In thecontext of replicating

theHVS by a computationalstrategy (e.g.,building a syntheticretina)only onefovealregion makessense.

However, from the perspective of building a gaze-contingentsystem,peripheralROIs addressthe system’s

temporalinability to faithfully trackthehuman’sgazein real-time.Thereis aninherentdelayin thesystem,

dueto eye trackinglatency, which is inevitably manifestedby a temporallag betweenthe viewer’s change

of gaze(e.g.,via a saccade)andthesystem’s translationof thefovealROI. Gaze-contingentsystemsare,in

essence,reactionarywith respectto thesubject’s gaze,andareunavoidablylatein updatingthefovealROI,

causingfovealvision to fall on a region of low resolution.The inherentdelayin updatingthefovealregion

to high resolutionmaycauseimpairedperceptionthrougha lackof preview benefit. Thereasonfor pROIs is

not to provide high resolutionto matchperipheralacuity, but to anticipatesaccades,therebyaddressingthe

inherentlatency presentin thegaze-contingentsystem.In thissense,agaze-contingentsystemprovidedwith

peripheralROIs is anticipatorywith respectto gaze.

To balancebandwidthminimizationrequirementswith thedynamicrepresentationof multiple ROIs (foveal

andperipheral),the systemshouldgraduallyattenuatepROIs whenthe observer maintainsdetectablefixa-

tions. Similarly, a fully anticipatorysystemshouldpredictfixation changesandgraduallyamplify pROIs in

anticipationof fixation changes.Gradualmodulationof pROIs is requiredso that suddenonsetsandwith-

drawals of pROIs do not distractattentionfrom its naturalcourse. A temporalrampmay be usedfor this

purpose(see[ST94]).

9.2 ResolutionMapping

As alludedto in Ã 5.10.3,ROI-basedreconstructionof theimagefrom its wavelettransformationrelieson the

choiceof a mappingfunction. A mappingfunction,denotedby l , mapsresolutionfrom themultiresolution

pyramidto image space. Thechoiceof a mappingfunctionis a precursorto reconstructionof theimageand

is crucial to the the final representationof the image. It is importantto notethat resolutioninformationin

the pyramid is distributednonlinearly(by decreasingpowersof 2 if the multiresolutionpyramid is dyadic

in nature).Sincereconstructionis carriedout in imagespace(dependenton the pixel location Å x Æ yÇ in the

final image),the resultantpercentresolutiondistribution is obtainedby taking the inverseof theconstant2
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raisedto themappingfunction,i.e.,% resolutionÉ 100 Ê 1 É 2l .2 In thecurrentimplementation,threemapping

functionsaredeveloped: linear, nonlinear, andempiricalHVS acuity-matching.The linear andnonlinear

mappingfunctionswerechosenasapproximatelower andupperbounds,respectively, to theHVS matching

function,in termsof percentresolution.Eachmappingfunctionsegmentstheimageintoconcentricresolution

regions,or bands. In all threeimplementations,resolutionwithin the central5� of eachROI is consistent

andequal. Although this is not a restrictionimposedby the imagereconstruction,the sizeof eachROI is

maintainedconsistentlyacrossmappingfunctions(by thechoiceof R) sothatdifferentperipheraldegradation

methodscouldbereadilycompared.Thethreemappingfunctionsaregivenbelow:

1. linear,

l Ê d
R

;

2. nonlinear,

l Ê A Å 1 Í eË λ d
R Ç ;

3. HVS acuity-matching,

l ÊDÍ ln Å empirical% resolutionatpixel distanceÉ 100Ç
ln Å 2Ç Î

Theparameterd is thepixel distancefrom theROI center, andR is theradiusof thehighestresolutionregion

(foveal region).3 The derivation of R is basedon an empiricalHVS acuity function (see Ã 9.2.1). For the

nonlinearmappingfunction, A is the asymptoteapproximatedat the imageboundary(hereA = 2.35). To

consistentlypreserveresolutionwithin theradiusof thehighestresolutionregion,λ is chosensothat l Ê 1 at

pixel distanceR. Thatis,

1 Ê A Å 1 Í eË λ Ç%Æ
sothat

λ Ê ln Å A
A Í 1

Ç[Î
TheHVS acuitymappingwasoriginally obtainedin termsof percentresolution,thatis, it wasspecifiedasa

functionin resolutionspaceandthustheabovemappingfunction(in imagespace)is theinverseof thatem-

pirical function. All threefunctionsareplottedin Figure48 showing themappingfunctionsin imagespace,

and the correspondingrelative resolution.4 The concentricresolutionbandsin imagespaceareshown in

Figure49 with 2 ROIs. Lighter areasarereconstructedat higherresolution,blackringsarelevel boundaries.

For comparisonbetweenmappingfunctions,in termsof statisticalimagequality, and imagereproduction

examples,see[DM95].

2Percentresolutionrefersto relative resolutionin the reconstructedimageassuming100%resolutionin
theoriginal.

3The currentsystemimplementationusesR Ê 52 slightly overestimatingthe NTSC television display
resolutionat 50dpi(seetext).

4To exaggeratethespatialdistributioneffect,Figures48 and49 useR Ê 105.
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(a) Linearmapping:l vs. d (b) Linearmapping:% res.vs. d
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(c) Nonlinearmapping:l vs. d (d) Nonlinearmapping:% res.vs. d
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(e) HVS mapping:l vs. d (f) HVS mapping:% res.vs. d
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(g) Compositeplot: l vs. d (h) Compositeplot: % res.vs. d
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Fig. 48. Resolutionmappingfunctions(assuming100dpiscreenresolution).



171

(a) Linearmapping. (b) Nonlinearmapping. (c) HVS mapping.

Fig. 49. Resolutionbandsin imagespace(assuming100dpiscreenresolution).

9.2.1 HVS Acuity-Matching Mapping

TheHVSacuity-matchingmappingwasderivedfromempiricalMAR (minimumangleof resolution)data[FGT89].

Assuminga 60cmviewing distance,acuityasa functionof eccentricityis calculatedandshown in Table11.

Letting θ representMAR, minimumseparabilityD is calculatedby

TABLE 11
Resolutionasfunctionof eccentricityat 60cmviewing distance.

Eccentricity MAR Min. Separability Max. Resolution
(deg.) (deg. at 75cm) (inches,at 60cm) (dotsperinch)

5 .14 .06 33
10 .28 .12 17
15 .32 .13 15
20 .38 .16 13
25 .45 .19 11

D Ê 2r tan Å θ É 2Ç
2 Î 54

Æ
wherer is theviewing distance(60cm),2.54is thescalingfactorusedto convert theresultto inches.Max-

imum resolutionis calculatedby assuminga resolutionof 2 dots per minimum separabilitydistanceand

convertingto dotsperinch,e.g.,33 = 2/0.06dpi.

Visualacuityat 5� eccentricityis roughly50%of acuityat thefovea[Irw92]. Percentresolutionis approx-

imatedby treatingmaximumresolutionfrom Table11 relative to 100%resolutionat the fovea,i.e., 33dpi

maximumresolution� 50%,17maximumresolution� 26%,etc.Thisform of linearapproximationof visual

acuityunderestimatesfovealresolvability at 66dpi. Truefovealacuity is betterdescribedby theModulation

TransferFunction(MTF) which considersresolvablespatialfrequenciesof the retinal photoreceptors.The
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MTF theoreticallyspecifiesthe eye’s resolvability limit—frequenciesbeyondthe MTF cannotbe resolved.

The inter-conespacingin the foveais roughly 2.2µm. Within 1� visual angleabout136 foveal conesare

containedin an areaof � 300µm. By the samplingtheorem,this suggestsa resolvablespatialNyquist fre-

quency of 68c/deg. Empiricaltestssuggestaneffectiveresolutionof 60 c/deg [DD88, p.46].Treatingpixels

ascyclic stimulus,60 c/deg implies a resolvableresolutionof 60/0.41dotsper inch, or 145.53dpiat 60cm

viewing distance.

Using percentresolutionandassumedscreendisplayresolutionsof 100,50, 38, and30 dotsper inch, res-

olution level distanceswerecalculatedandareshown in Table12. Resolutionlevel distancesareusedto

TABLE 12
Resolutionlevels(in pixels).

Eccentricity 0-5� 5� 10� 15� 20� 25�
Resolution 100% 50% 26% 23% 20% 17%

Diametersubtended
(cm) – 5.2 10.4 15.8 21.2 26.7
(in) – 2.1 4.1 6.2 8.3 10.5

(pixels@ 100dpi) – 210 410 620 830 1050
(pixels@ 50dpi) – 105 205 310 415 525
(pixels@ 38dpi) – 80 156 236 315 399
(pixels@ 30dpi) – 63 123 186 249 315

determinediametersof decreasingresolutionareas. At 100dpi, the highestresolutionregion within each

ROI, for example,is a circular region with a diameterof 210pixels. Sinceresolutionis distributedby de-

creasingpowersof two, desiredrelative resolutionat eccentricitiesaremappedinto resolutionspaceusing

the function for the bandlevel, l ÊµÍ ln(% resolution) É ln2. Percentresolutionbetweenbandsis linearly

interpolatedprior to thelog mapping.

A slightoverlapis providedby therepresentationof fovealROIsin ordertocoverthedynamicspatialvariabil-

ity of fixations.This is accomplishedby slightly overestimatingtheresolutionof astandardNTSCtelevision

display. The television’s x- andy-dimensionsarederived from the PythagoreanTheoremusingthe televi-

sion’s known diagonalmeasurementandthe screen’s aspectratio. For example,a 21� � television measures

roughly16.8in Ó 12.6in. TheCCIR squarepixel formatspecifiesa 640 Ó 480pixel array, giving a resolu-

tion of 640/16.8= 480/12.6 � 38dpi. The currentimplementationof the reconstructionalgorithmslightly

overestimatesthescreenresolutionat 50dpi. Thefoveasubtends5� , covering Å 60É 2 Î 54Ç tan Å 5Ç�� 2 Î 06in of

the screenat 60cm,which at 38dpi is about80 pixels, consistentwith the valuederived in Table12. Us-

ing 105pixelsto representfovealregions,insteadof 80 pixels,gives105in/38dpi= 2.76incorrespondingto

tanË 1 Å 2 Î 76É�Å 60É 2 Î 54Ç�Ç�� 6 Î 6� visualangle.Thespatialdistributionof fixationstypically doesnot exceedto
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0.4� full visualangle( � 0.2� ) [Car77, p.105].The105pixel-widefovealROI representationprovidesabout

1.6� full anglespatialoverlap,or � 0.8� giving sufficient coveragein either(horizontal)direction.

9.3 Multiple ROI ImageSegmentation

To include multiple ROIs within the reconstructedimage, the imageis partitionedinto multiple regions.

Imagefiltering is performedon aper-pixel basis,wherethedesiredresolutionat eachpixel locationis deter-

minedby themappingfunction,relative to thecenterof only oneof multiple ROIs. To selecttheappropriate

ROI, eachpixel is subjectedto a membershiptest. This testinvolvesmeasuringthedistancefrom thepixel

locationto eachROI center. Using the Euclidiandistancemetric, the resolutionlevel of the pixel is deter-

minedby themappingfunctionwith respectto theclosestROI center.

Formally, thesetS Ê©Ä p1 Æ�Î!Î�Î�Æ pn È of n pointsin theplane,definedby ROI centers,definesa partitionof the

planeinto n regionsV1 Æ�Î�Î!Î!Æ Vn suchthatany pixel in theregionVi is closerto thepoint pi thanto any other

p j Ñ S. This definition of the planarpartitioningspecifiesthe Voronoi diagram whereeachVi is a convex

polygonalregion calledtheVoronoi polygonof thepoint pi in S (for analternatedefinitionandconstruction

of the Voronoi diagram,see[PS85, Ã 5.5]). Voronoi diagramshave found diversepurposesin a numberof

disciplines.For example,in archaeology, Voronoipolygonsareusedto mapthespreadof theuseof toolsin

ancientcultures,andin ecology, theVoronoidiagramof variousterritorial animalsis usedto investigatethe

effectsof overcrowding (see[PS85, Ã 5.2.2] for references).In imageprocessing,the Voronoi diagramhas

recentlybeenemployed to ordercodewordsin a principal componentanalysiscodebooksearchalgorithm

for a vectorquantizationbasedcodingsystem[LT96]. An exampleof theVoronoidiagramis shown in Fig-

ure50(a).

A graphicrepresentationof waveletcoefficientscaling(asdiscussedin Ã 5.10.3)of anarbitraryimageat two

resolutionlevelsis shown in Figure50(b). White regionsrepresentscoefficientsscaledby constant1, black

regionsrepresentcoefficient decimation(scalingby 0), andintermediateregionsarescaledby linearly in-

terpolatedvaluesin the interval Å 0 Æ 1Ç . Note that the boundariesbetweenlinearly interpolatedregions,i.e.,

boundariesbetweenROIs, are(by construction)Voronoiedges.In otherwords,RegionsOf Interest,where

wavelet coefficientsarescaledproducingspatiallydegradingresolution,constituteVoronoipolygonsabout

the ROI centers.Although Voronoi partitioningmay have little to do with the HumanVisual System,it is

neverthelessanelegantandnaturalway to partitiontheimageplane.
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(a)Voronoiplanarpartitioning. (b) Two-level waveletcoefficientscaling.

Fig. 50. Exampleof Voronoipartitioning.

9.4 Multiple ROI ImageReconstructionExamples

Examplesof the variableresolutionwavelet reconstructiontechniqueareshown in Figures51 and52. The

cnn sequenceimagewasprocessedwith two artificially placedROIs, over the anchor’s right eye and the

“timebox” foundin thebottomright cornerof the image,respectively. Figure51 shows, in the left column,

theoriginal imageandits copy with circlesimprintedover theROIs.

Theright columnof Figure51depictstheextentof waveletcoefficientscalingin frequency space.Theupper

left quadrantsof thewaveletspaceimagesshow thewaveletscalingwithin thelower frequency bandsof the

wavelettransformrepresentationof theimage.Noticethedistributionof theconcentricresolutionbandsand

theextentof whitepixel regions.Pixel luminancesymbolizesthedegreeof coefficientdecimation,i.e.,white

pixelsrepresentscalingby 1, blackpixelsrepresentscalingby 0.

In the linear mapping,resolutionbandsarebroughttogetherto generatesharpdegradationwith respectto

ROI centers.Coefficientsaredecimatedat levels1 (thebottomof thepyramid,or highestfrequency bands),

2, 3, and4. Nonlinearmappingspreadsout resolutionbandsresultingin gradualdegradation.Fewer coef-

ficientsaredecimatedat level 3 suggestingthatmoreinformationis preserved(comparealsothe extent of

whitepixel regionsin thenonlinearmappingto theHVS mapping,especiallyat decompositionlevel 2).

Reconstructedimagesareshown in Figure52. To seethedegradationeffects,notethetextureof theanchor

man’s tie, andtheresolutionof theanchor’s right shoulder. Dueto thelengthof theDaubechies-6wavelets,
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moreinformationis containedwithin wavelet coefficientsgeneratinga smootherresolutionreconstruction.

Conversely, blockingartifactsareeasilydetectedin the imagesprocesseswith the length-2Haarwavelets.

TheHaarimagesareprovidedasareferencewhencomparingresolutiondegradationin theimagesprocessed

with Daubechies-6wavelets.
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(a) Original image. (b) Linearmapping.

(c) ImprintedROIs. (d) HVS mapping.

(e) Nonlinearmapping.

Fig. 51. Waveletcoefficient resolutionmapping(assuming50dpiscreenresolution).
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(a) Haarlinearmapping. (b) Daub-6linearmapping.

(c) HaarHVS mapping. (d) Daub-6HVS mapping.

(e) Haarnonlinearmapping. (f) Daub-6nonlinearmapping.

Fig. 52. Imagereconstruction(assuming50dpiscreenresolution).
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CHAPTER X

EXPERIMENT AL METHOD AND APPARATUS

Threeexperimentswereperformedto testtheadequacy of thewavelet-basedeyemovementsignalprocessing

techniqueandvariableresolutionvideorepresentation.Experimentalobjectivesareoutlinedbelow.

1. Experiment1 (Eyemovementmodeling):The purposeof this experimentis to evaluatethe wavelet-

basedmodelof eye movements.Specifically, recordedeye movementsareanalyzedto testfor corre-

spondenceof predictedandobservedsaccadelocations.

2. Experiment2 (Gaze-contingentVOI detection): The goalsof this experimentare: (1) to visualize

successivescanpatternsof individualsovervideosequences,and(2) to collectindividualandaggregate

VolumesOf Interestovervideosequencesfrom multiple subjects.

3. Experiment3 (Gaze-contingentvisual representation):The aim of this experimentis to testwhether

peripheralregionsof the imagecanbedegradedimperceptibly. This objective is significantlydistinct

from testingsensory-guidedhumanperformance(seeXIII).

Theobjectivesof thethreeexperimentsarerelatedin thesensethat(1) Experiment1 teststheadequacy of the

PARIMA eyemovementmodel,(2) Experiment2 appliesthemodelto characterizeeyemovementpatternsin

termsof VOIs,and(3) Experiment3 utilizestheVOIs to degradedigital imageryin a gaze-contingentman-

ner. All gaze-contingentexperimentswerecarriedout in theVirtual EnvironmentsLaboratory, Department

of ComputerScience,TexasA&M University.

This sectiondescribesthegaze-contingentvideodisplaysystemdevelopedfor thepurposeof recordingeye

movementdataduringsimultaneousreal-timevideoviewing. Thesystemarchitecture,problemsandlessons

learnedarediscussed.Thehardwareandsoftwareconfigurationsaredescribedin Ã 10.1and Ã 10.2,respec-

tively. Experimentaldesignsandresultsaredescribedin Ã XI, Ã XII, and Ã XIII.

10.1 Hardware

The main hardwarecomponentsof the eye movementrecordingsystemincludean ISCAN eye tracker, an

SGI2-processorOnyx R
�

RealityEngine2TM hostcomputerequippedwith a SiriusVideoTM broadcast-quality

videocapture/displayboard,anda21instandardNTSCtelevision.1 Thefront endof theeyetracker is shown

in Figure53. Thesubjectsetupincludesa head/chinrestwhich provideslimited headstability while main-

1Silicon Graphics, Onyx, RealityEngine2, are registered trademarks of
Silicon Graphics,Inc. Sirius Video is a trademarkof Silicon Graphics,Inc. As of this writing, seeURL:
http://www.sgi.com/Misc/external.list.html for a completelist of trademarks.
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Fig. 53. Virtual EnvironmentsLaboratory:eye-trackingapparatus.
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tainingconstantviewing distancefor all subjects.Becausethehead-restsitsatopa monopod(not a tripod)

base,subjectstendedto tilt thehead-restwhile leaningonit. A simpleclampmechanismwasinstalledto pre-

ventsthis. Theclampmechanismconnectstheverticalhead-restmonopodto thetableon which theremote

eye tracker rests.A long roundwoodencylinder (broomhandle)is usedto positionthehead-restrelative to

the television so that the eye-screendistanceis maintainedat about60cm. This cylinder is fastenedto the

verticalhead-restpoleatoneend,andto aflat blockof woodat theother. Butterfly(wing) nutsareusedto al-

low positioningof thehorizontalcylinder. Oncemeasured,theassemblyis tightenedto stabilizethehead-rest.

10.1.1 EyeTracker

Theinfraredvideoeyetrackeris composedof adesk-topdigital cameraandinfraredlight sourceconnectedto

adedicatedpersonalcomputer(PC).Usingproprietarysoftwareandhardware,thePCcalculatesthesubject’s

real-time(60Hz)fixationpositionfrom thevideoimageof thesubject’scornealreflectionof theinfraredlight

source(first Purkinjeimage).In thepresentexperimentalsetup,theeye tracker is treatedasa blackbox de-

liveringreal-timefixation (x Æ y) coordinatesovera 19.2KbaudRS-232serialconnection.

Oneof the inherentproblemsin any gaze-contingentsystemis the latency of theeye tracker. In thecaseof

theISCAN tracker, althoughits samplingfrequency is 60Hz,thecalculationsrequiredto obtainfixation po-

sition (e.g.,calculationsneededto disambiguateeye movementsfrom headmovements)incur anadditional

latency. Thevendorguaranteed,however, thatanupdatedfixationdataword wouldbeavailableon theserial

line within a periodnot exceeding18ms.

10.1.2 VideoFormat

The Sirius VideoTM subsystemprovides broadcast-qualityvideo captureand playback. StandardNTSC

video is capturedfrom standardVHS video running on an off-the-shelfVCR. The NTSC video format

(NTSC/component525, CCIR square-pixel) provides 525 lines of resolutionallowing 640 Ó 480 video

frames[SGI95, p.240,p.268].TheSGIsoftwarelibrariesprovidecapabilitiesfor thetransferof videoframes

encodedin RGBA format,with eachchannelrepresentedby 8 bits for a total of 32 bits perpixel (otherfor-

matsarealsoavailablebut arenot currentlyused).An in-houseprogramwasdevelopedto to collectvideo

framesin memory. Video framesarecomposedby interlacingNTSC video fields. Video playbackis also

facilitatedthroughthe Sirius boardandan in-houseprogram. Video framesarebisectedinto NTSC video

fieldsbeforememory-to-videotransfer.

Videodisplayrateis constrainedby theavailability of processorsandthenumberof concurrentlycompeting

processes.In orderto meettheNTSCdisplayratestheoriginal targetratewassetto 30fps.Testinghasshown
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that30fpsdisplayratesarepossibleprovidedno otherdirectly competingprocessesexist simultaneouslyon

the machine. If, however, concurrentprocessesare competingfor CPU resources,the display rate drops

dramatically. In thecaseof the eye trackingsystem,a processconcurrentwith the videodisplayroutineis

requiredto sampletheserialport. Dueto thecompetitive natureof thesedualprocesses,bothobjectivesof

targetsampleanddisplayratescouldnotbemetsimultaneously. Instead,abalancewassoughtwheremotion

in thevideosequencecouldstill beperceivedwhile eyetrackerdatawasobtainedat thefastestratespossible.

To afford a fasteye movementsamplingrate,the targetdisplaywasdecreasedto 15fpsto matchminimum

motion perceptionrequirementsof the humanvisual system. Frameratesas low as 5fps have beensug-

gestedasa critical minimumratefor acceptablesubjective quality (in the context of audioenhancedvideo

conferencing)[PH95]. Thecritical interstimulusinterval (i.s.i.) rangerequiredfor thehybrid perceptionof

stroboscopicandcontinuousmotionis approximately32-64ms(30-15fps)[Mor80]. This rangecorresponds

to the two qualitiesof humanvision responsiblefor seamlessperceptionof television imagery: thecritical

fusionfrequencyof about30Hz which allows flicker-free perceptionof strobe-like 30fpsNTSC video (60

interlacedfieldspersecond),andtheperceptionof apparentmotionof spatiallydisplacedobjectswith i.s.i

of roughly64ms(15fps).

Testinghasshown that a maximumsustaineddisplay rateof 16fps is achievable in conjunctionwith eye

tracker datacollectionat (approximately)60Hz. The multithreadedsystemdevelopedfor this task is de-

scribedin Ã 10.2below.

The length of video sequencesfor recordingand playback(to and from memory)is limited by the rela-

tively small amountof RAM. The Onyx computercontainstwo MIPS R
�

R4400TM processorswith a 320

megabytebasememory.2 With eachpixel representedby 4 bytes,onevideo framerequiresapproximately

1.23megabytesof storage.Theoretically, approximately260 framesof uncompressedvideomaybestored

in RAM. Comparedto RAM, diskaccessis extremelyslow andmustbeavoidedin orderto ensurefastvideo

displayrates.Sincemuchof the availablememoryis consumedby the operatingsystemandthe userpro-

gramsrequiredto controlvideodisplay, experiencehasshown thata maximumof 128videoframesmaybe

storedin RAM beforediskswapsarerequired.

Thesystemlimitationsdescribedabovedictateanempiricallyoptimumvideosequencedurationanddisplay

ratefor experimentation.Videosequencescomposedof 128NTSC(640 Ó 480)frameswereshown at 16fps

providing 8 secondsof stimulusduration. Sincethe primarygoalof theexperimentswasthe testingof the

gaze-contingentvariableresolutiondisplaystrategy, monochrome(greyscale)videowasused.

2MIPS is a registeredtrademarks,andR4400is a trademarkof MIPSTechnologies,Inc.
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10.2 Software

Experimentswerecarriedout in theVirtual EnvironmentsLaboratory. Thelaboratoryenvironment,with an

operatorandsubjectpresent,is shown in Figure54. The gaze-contingentvideo (gcv) displaysystemwas

Fig. 54. Virtual EnvironmentsLaboratory:laboratorysetup.

developedto simultaneouslydisplayvideoandobtainraw eye movementdata.Dueto hardwarelimitations

(see Ã 10.1above), the systemevolvedover several revisions. Although initial attemptsweredevelopedin-

dependently, thefinal versionin many waysparallelsthevirtual environmentsystemdescribedby Jacobyet

al. [JAE96]. Theimplementationof themulti-process,sharedmemorygcv systemevolvedfor very similar

reasons(commonhardwareandsoftwareplatforms),andin thecaseof sharedmemory, with thehelpof one

of the authors.The minimizationof end-to-endlatency andeffective updateratewasthe commondriving

forcebehindgcv’s andJacobyetal.’sdesigns(see[JAE96] for details).

Eyemovementsampleandvideodisplayratesof thegcv systemaremeasuredby takingtime-stampdiffer-



183

encesatspecificpointsin thesourcecodeduringeachcycleof thetimecritical softwareloops.3 Cycletimes

(periods)areinverted(i.e., 1/period= rate)yielding updateratesfor that softwareloop. In the caseof the

videodisplay, a datastructurewascreatedwhich maintainstheindex of thecurrentlydisplayedframe.This

framecounteradvancesassoonasthevideoupdaterateexceedsthedesiredframerate(16fps).Theaveraged

sampledcycle time over thedurationof the displayedsequenceis reportedgiving aneffective displayrate.

Notethat(especially)on a UNIX system,sampledcycle timesneedto beaveragedto accountfor theunder-

lying stochasticvariationof theobservedcontext-switchableprocess[JAE96]. Thesamplingrateof theeye

trackerdatacollectioncomponentis obtainedsimilarly. In this casethenext eyemovementtuple(x Æ y) is not

collectedfrom theserialport buffer until thedesiredperiodhaselapsed(18ms).

Thegcv systemorganizationwasbrokeninto sevenmainsub-processes(threads,or light-weightprocesses)

to take advantageof theoperatingsystem’s (IRIX TM version5.3)real-timelibrary extensions(via arguments

to the systemcallssysmp andschedctl). During development,it wasfound that the bottleneckof the

systemwasthe transferof a video framefrom memoryto the Sirius board. This transferis accomplished

throughasequenceof callsto theVideoLibrary (vlGetNextFree, vlGetActiveRegion), themem-

ory transfer(memcpy), anda final VideoLibrary call (vlPutValid). Althoughthesystemmanualpages

offer memcpy asthefastestavailablememorytransfermethod,dueto thevoluminousnatureof videodata,

thispoint in thevideotransferloopwasidentifiedasthesourceof congestion.In earlystagesof development,

whenthegcv systemwasrun asa singleprocess,this video transferdelaypreventedtimely collectionof

eye movementdatafrom theserialport buffer. Separatingthecompetingsoftwaremodulesinto concurrent

processthreadsallowedmorefrequentcontext switching,therebyallocatingsystemresourcesto thethreads

morefairly. A further gain in updaterateperformancewasachievedby locking the video transferprocess

onto its own processor. Sincethe eye tracker datacollection processrequiresa muchsmalleramountof

datatransfer(on theorderof bytes),it waslockedtogetherwith the remainingbookkeepingthreadson the

otheravailableprocessor. Finally, all processesweregiven the samenon-degradingpriority to ensurefair

treatment.In all, thefollowing six sub-processeswerespawnedby theparentprocessvia thesproc system

call:

MAIN Themain(parent)process:spawns6 child processesandwaitsfor thequit signal.

VID Thevideobookkeepingthread:in chargeof maintainingvideostatus,e.g.,currentframenumberbeing

3Preliminary versionsof the systemused the C callable function gettimeofday which, accord-
ing to the systemmanualpages,hasa resolutionof 1ms. Examinationof variousSGI users’comments
andcritiquesof this utility on variousSGI-relateddiscussionnewsgroups(e.g.,comp.sys.sgi.bugs,
comp.sys.sgi.graphics, comp.sys.sgi.hardware, comp.sys.sgi.misc) revealed that
this mechanismmay be unreliableandthat its resolutionmay in fact be as low as10ms. Finding this in-
adequate,an alternative time-stampdmGetUST, part of the Digital Media LibraryTM , wasusedinsteadas
suggestedby variousSGIusers.This time-stampis maintainedin SGIhardwareandhasareportednanosec-
ond resolution(it is a 64-bit numberrepresentingnanosecondssincethe last systemreboot). It hasbeen
foundmorethanadequatefor millisecondtiming purposesalthoughit is non-portable.
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displayed,videoplay, videostop,etc.SignalsprocessDRW.

TRK The trackingthread: in chargeof maintainingtrackingstatus(numberof samples,samplerate,etc.)

andtherecordingof eyemovementdata,known asthecurrentPointOf Regard(POR).Signalsprocess

DSC.

DRW Thedrawing thread:solelyin chargeof signalingprocessesDVD andDSC.

DVD Thedraw-to-videothread:initiatesmemoryto videotransfer.

DSC Thedraw-to-screenthread:initiatesscreenupdate.This threaddisplaysthecurrentvideoframeon the

Onyx monitorwith anoverlayof thecurrentPOR.Althoughthis featureis visually informativefor the

experimenter, dueto thevideo-to-framebuffer transfer, it is alsoapointof congestion.It is mostlyused

asa debuggingaidandis turnedoff duringexperimentation.

GUI Thegraphicaluserinterfacethread:maintainsvigil overuserinputs.

Threadsynchronizationis achievedthroughtheuseof semaphores,providedby UNIX intrinsicsystemfunc-

tion calls (semget, semctl, semop). Thegcv softwaresystemorganizationis shown in Figure55,

wheresemaphoresareidentifiedby a symbolrepresentinga small flag. The raisedflag symbolizesa

semaphoresignaloperation,while the loweredflag depictsa semaphorewait. Semaphoresarenamedafter

theprocessthatthey control,exceptfor processesGUI,VID andTRK, whicharecontrolledby thesemaphore

syn.

Fromtheexperiencesdescribedin [JAE96], it wasdecidedto dissociatetheRS-232serialportdriverprocess

from thegcv system.Whetherthis programmingstrategy providesa benefitto therun-timeperformanceof

thegcv systemis not known (evidencein [JAE96] suggeststhat it does),it certainlyfacilitatesthe devel-

opmentof a serialport driver. The result is thesvr programwhich is solely responsiblefor accessingthe

serialport, readingthe raw eye movementdata,andupdatinga segmentof sharedmemoryfrom which the

gcv systemobtainsthe raw PORdata. Thegcv systemobtainsa pointer to the sharedmemorysegment

by first issuingthesystemcall shmget with anagreedkey to obtaintheproperidentification,andthenby

callingshmat to attachthepointer. Accessto thememoryis controlledby a semaphorepreviously created

by svr. In effect,svr actsasa server/writerprocessalwayswriting to thesharedbuffer, andgcv actsas

theclient/readerprocessalwaysreadingfrom thesharedbuffer. Thesvr programis responsiblefor destroy-

ing thesemaphoreandsharedmemorysegments.This protocolrequiresthatsvr mustberunningprior to

startingthegcv system.

Besideseaseof development,theindependenceof theserialport interfaceprovidestwo otherimportantben-

efits. First, sincethegcv systemonly readsfrom sharedmemoryandnot directly from the serialport, a

phantomserver may be substitutedin placeof the svr. In fact, a randomeye movementsimulatorwas

createdin this manner. The programsim was createdto generateeye movementsadheringto expected
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Fig. 55. Eyetrackingsoftwaresystemorganization.
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stochasticcharacteristicsof naturaleye movements,but with a randomspatialdistribution. In a sense,sim

may be either thoughtof asa blind individual with perfectly (in the statisticalsense)functioningeyes,or

simply asa context-freeeyemovementdatagenerator. Second,sincetherealPORserver (svr) only writes

to sharedmemory, eye movementsmayberecordedover any typeof imagerydisplayableon the television

set. An exampleof an alternative eye movementanalysisprogramis a gaze-contingentimagedisplaysys-

tem. Insteadof displayingvideo,singleimagesmaybeshown for varyingdurations.Thegci systemwas

createdto providethis functionality. Insteadof acceptinga desiredvideodisplayrate,gci acceptsa desired

imagedisplayduration.Sincetherearenopracticalmemoryconstraintsassociatedwith thesingleimage(un-

likethe128recommendedmaximumframesfor gcv), prolongedsingleimagedisplaydurationsarepossible.

10.3 Calibration Procedures

Eachexperimentaltrial includedthreecalibrationsteps.Calibrationwasdividedinto two procedures:exter-

nal andinternal. Externalcalibrationpertainsto theproprietaryeye tracker instrumentcalibrationprocedure

specifiedby themanufacturer. Internalcalibrationpertainsto theproceduredevelopedwithin thegcv sys-

tem in orderto measureeye tracker accuracy. The eye tracker wasexternallycalibratedusingthevendor’s

proprietary9-point calibrationprocedure.Gcv internalcalibrationwasdevelopedover 30 points. External

calibrationpointswerepositionedto matchinternaloutliers. The layout of the internalcalibrationpoints

denotedby the symbol Ì is shown in Figure56(a). The point arraysareframedfor clarity, horizontaland

verticallinesdo not appearduringcalibration.Figure56(b)shows thepositionof externalcalibrationpoints

(depictedby circles)overlayedon top of internalcalibrationpoints. The locationof calibrationpoints is

(a) Internalcalibrationpoints. (b) External(eye tracker) calibrationpointsover-
layedover internalcalibrationpoints.

Fig. 56. Calibrationstimulus.
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describedin two coordinatesystems:the internal(gcv) imagecoordinatespace,andthe television coordi-

natespace.Computationof a mappingtransformationfrom (external)eye tracker coordinatesto (internal)

imagecoordinatesis describedin Ã 10.4.Thefollowing descriptionof thelayoutof bothinternalandexternal

calibrationpointsis in imagecoordinatespace.

Thedescriptionof thecalibrationpoint layout is basedon a viewing distanceof 60cm(23.622in).Viewing

distanceis maintainedby a stabilizedhead/chinrestdescribedabove. Usingtelevision resolutionspecifica-

tions(NTSCstandard),thestimulusdimensionsareobtainedfrom thefollowing equations,

x
y
Ê 640

480
Ê 4

3

x2 Ì y2 Ê 212

wheresolving for the unknownsgivesy Ê 12Î 6in., andx Ê 16Î 8in. Denotingthe lengthof the baseof the

visualangleby r, thehorizontalvisualangleθx subtendedby thesubjectis givenby

θx Ê 2tanË 1 � r
2D �Ê 2tanË 1

�
16Î 800
47Î 244�ÎÊ 39Î 2�¼Æ

whereD Ê 23Î 622is theviewing distancein inches.Theverticalvisualangleθy subtendedby thesubjectis

obtainedsimilarly,

θy Ê 2tanË 1 � r
2D �Ê 2tanË 1

�
12Î 600
47Î 244�ÎÊ 29Î 9�¼Î

Theeffective resolutionin dotsper inch (dpi) of thetelevision is foundby dividing thenumberof pixelsby

themonitordimensions,

640
16Î 8 Ê 480

12Î 6 ÎÊ 38dpiÎ
The internalcalibrationpoint distribution is basedon a 108 horizontaland92 vertical pixel displacement

startingat the top-left pixel location(50,50). Thebottom-rightcalibrationpoint is locatedat (590,418).At

theaboveresolution,thehorizontalinter-pointdistanceis

rx Ê 108pixels
38dpi

Ê 2 Î 842inÆ
resultingin thehorizontalinter-point subtendedvisualangleof about7� asderivedbelow:

θx Ê 2tanË 1 � r
2D �



188Ê 2tanË 1

�
2 Î 842
47Î 244�ÎÊ 6 Î 88��� 7�NÎ

Similarly, theverticalcalibrationpoint displacementof 92pixelsresultsin asubtendedvisualangleof about

6� .
Internalcalibrationis performedtwice, immediatelyafterexternalcalibration(beforestimulusdisplay),and

immediatelyafter the stimulusdisplay. Henceinternalcalibrationis usedto checkthe accuracy of the eye

tracker beforeandafter thestimulusdisplay, to checkfor instrument“slippage”. The30 internalcalibration

pointsareshown in randomorderin a semi-interactivemannersimilar to theexternalcalibrationprocedure.

As eachpoint is drawn on the screen(the subjectis presentedwith an Ó to minimize aliasingandflicker

effectsof theanalogdisplay),thegcv systemwaits for a input key beforesamplingeye movementdatafor

a periodof 800ms.The input key delayallows theoperatorto observe eye stability on theeye tracker’s eye

monitor. The eye is judgedto be stableoncethe eye tracker hasrepositionedthe eye in the centerof the

cameraframe.Recordedpointof regarddatais mappedto imagecoordinatesin in real-time.Calibrationdata

is storedin a flat text file for laterevaluation.

10.4 Eye Tracker-ImageCoordinate SpaceMapping Transformation

Two differentcoordinatespacesrepresentstimulusimageryandgazeposition,respectively. Dimensionsof

stimulusimageryarebasedon thedimensionsof thevideodisplay(640 Ó 480pixels)while gazepositionis

dependenton theresolutionof theeye tracker (512 Ó 256pixels).Sincegazepositioninformationis sought

in imagecoordinates,a transformationis soughtmappingeye trackercoordinatesto imagecoordinates.The

mappingis graphicallydepictedin Figure57, whereimageandeye tracker dimensionsareshown approx-

imately to scale. In this section,a linear mappingis derived betweeneye tracker and imagecoordinates,

480

640

256

512

eye tracker image

Fig. 57. Eyetracker-imagecoordinatespacemappingtransformation.

following aconsiderationof nonlineardisplaydistortionspresentedbelow.
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10.4.1 Stimulus Display Distortions

Videodatapresentedonthetelevisiondisplayis subjectto ageometrictransformationdueto severalpossible

optical distortionspresentin the display [RR93, p.58]. RobinettandRolandconsidersphericalaberration

(SA), coma,astigmatism(AST), field curvature(FC), distortionandchromaticaberrationsin thecontext of

designinga stereoscopichead-mounteddisplay. Theauthorsdescribenonlinearfield distortionastheeffect

of straightlinesappearingcurvedon thedisplay. Althoughthis typeof severeaberrationwasnotobservedin

thecurrenttelevision display, internalcalibrationpointsappearedslightly displacedfrom expectedlocations

dueto thecurvatureof thepicturetube. This distortionis known asthepin-cushioneffect [FvD82, p.105].

Pixel datais effectively spreadoutconcentricallyfrom thecenterof thescreen,mostnoticeablyin thecorners

of thedisplay. Theglobaleffect is hardlynoticeable,especiallyin viewing imagery, but localpixel perturba-

tionsaresignificant.To illustrate,theupperleft calibrationpoint at location(50,50)in imagecoordinatesis

displayedat a locationnear(21,21)in television coordinates.4

Onepossiblecompensationmethodfor theopticalnonlinearityof thedisplayis apredistortionof thestimulus

image.For example,to correctlydisplayastraightline in theinternalimage,acurvedline needsto bedrawn

on theexternaldevice,balancingout theopticaldistortion.This methodis computationallyexpensivesince

it needsto beperformedovertheentireimage.In thepresenteyetrackingapplication,it is moreimportantto

obtaincorrectPORmeasurementinsteadof ensuringundistorteddisplayof thestimulus.Thatis, insteadof a

predistortiontransformationof thetelevision input,a suitablemethodis soughtfor real-time,point-by-point

correctionof theeye trackeroutput.

Thepin-cushioneffectcanbecompensatedfor automatically, if anappropriatetransformationcanbederived

from theeye tracker’s measurementsof displayedpixel locations.That is, if eye tracker coordinatescanbe

passedthroughthesamedisplaydistortionastheimagecoordinates,e.g.,pixel informationfrom bothsources

appearingon the samedisplaydevice, the distortioneffectswill effectively cancel. This is the motivation

behindtwo eye trackerdatatransformationmethodsdescribedbelow, whicharebasedon two differentmea-

surementtechniques.In thesesections,theterms“transformation”and“correction”areusedinterchangeably.

10.4.2 EyeTracker Coordinate Transformation

The first attemptat eye tracker datacorrection,termed“manual”, wasperformedby measuringthe pixel

locationsof the internalcalibrationpointsasthey appearedon thetelevision screen.Pixel coordinateswere

obtainedin inchesandconvertedto pixel values. The secondattempt,termed“automatic”, usedthe eye

4TheTV measurementis anapproximatecountof thetelevision’sRGB pixel triads.
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tracker’s fine-grainedcursorpositionreadoutto estimatethecoordinatesof thedisplayedcalibrationpoints.

Sincethevideosignalis sentthroughtheeye tracker, thecalibrationpointsaredisplayedon theeye tracker

stimulusmonitor. The eye tracker cursorcan thenbe positionedover the calibrationpointsby using the

keyboardarrow keys. A statusreadouton themonitorshows thecursor’sx- andy-coordinatesin eye tracker

coordinatespace.Both manualandautomaticapproachescanbeusedto transformeye tracker coordinates.

Manually andautomaticallymeasuredpointsareshown in the left andright columnsof Figure58, respec-

tively. Thepoint arraysareframedfor clarity, horizontalandvertical linesdo not appearduringcalibration.

Measuredpoints are representedby circles joined with a line to the correspondingcalibrationpoint rep-

(a) Manuallymeasured. (b) Automaticallymeasured.

Fig. 58. Eyetracker-imagecoordinatetransformationmeasurements.

resentedby a Ì . The top row shows raw measurementsof both manualandautomaticapproaches.The

apparentlylargerdiscrepancy seenin theautomaticapproachis a resultof theeye tracker’s limited vertical

resolution(approximatelyhalf theimageheight). Thebottomrow shows measuredpointscorrectedby two

transformationmethodsdescribedbelow.

10.4.3 Manual Transformation of Eye Tracker Data

Themanualcompensationmethodreliesonbilinearinterpolationamongmeasurederrorvaluesat four corner

pointsclosestto areceivedPORdatapoint. Theinterpolationresolutionis limited to thenumberof calibration

points(30) storedin the “error lattice”. Given an arbitraryPOR Å x Æ yÇ in the eye tracker coordinatespace,

the point is first linearly mappedfrom the eye tracker coordinaterangeto the imagecoordinatespace,i.e.,Å x Æ yÇ üý Å sÆ t Ç , wheresÆ t areimagecoordinates.Theclosesterrorpointsin imagespacearefoundby using

truncatedintegervaluesof the Å sÆ t Ç coordinatesasindicesinto theerror lattice,with Å x00 Æ y00 Ç denotingthe
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closestupper-left errorpoint, i.e.,Å x00 Æ y00 Ç"Ê Å x ñ sòôö ñ t ò Æ y ñ sò�ö ñ t ò Ç[ÆÅ x01 Æ y01 Ç"Ê Å x ñ sòôö ñ t òóØ 1 Æ y ñ sòôö ñ t òóØ 1 Ç%ÆÅ x10 Æ y10 Ç"Ê Å x ñ sòóØ 1 ö ñ t ò Æ y ñ sòóØ 1 ö ñ t ò Ç%ÆÅ x11 Æ y11 Ç"Ê Å x ñ sòóØ 1 ö ñ t òóØ 1 Æ y ñ sòóØ 1 ö ñ t òtØ 1 Ç[Î
ThevaluesÅ sÆ t Ç arethenconvertedto interpolationparametersby thefollowing rule:Å sÆ t Ç#Ê.Å s Í}â sãZÆ t ÍXâ t ãNÇ%Æ
definingsasthex-coordinateinterpolantandt asthey-coordinateinterpolant.Finally, new imagecoordinatesÅ x�uÆ y� Ç areobtainedthroughbilinearinterpolation:

x� Ê Å 1 Í t Ç�à Å 1 Í sÇ x00 Ì¯Å sÇ x01á'Ì¯Å t Ç�à¤Å 1 Í sÇ x10 Ì¯Å sÇ x11á
y� Ê Å 1 Í t Ç�à Å 1 Í sÇ y00 Ì¯Å sÇ y01á'Ì¯Å t Ç�à¤Å 1 Í sÇ y10 Ì¯Å sÇ y11á

Correctedcalibrationpointsareshown in Figure58(e).

10.4.4 Automatic Transformation of Eye Tracker Data

Theautomaticmeasurementmethodabandonedbilinearinterpolationin favor of Lagrange’smethodof least

squares[LS86, Ã 2.5]. Lagrange’s methodwaschosenin orderto estimatethematrix B expressingthe two-

dimensionaltransformationrequiredto bring theobservedpointsinto alignmentwith thecalibrationpoints.

Minimizing theerrorof thetransformationparametersover thethirty samplepointsgivesa one-timecalcu-

lation applicableto all raw datapointsasthey areobtained.Thusinsteadof a lookuptable,asis requiredby

thebilinear interpolationmethod,thetransformationcompensationrequiredasa resultof Lagrange’s mini-

mizationis a 3 Ó 2 matrix. Theform of thismatrix andtheestimationof its coefficientsaredescribedbelow.

Switching notation for calibration points from Ã 10.4.3, denotethe sampled(observed) lattice points byÄ xi1 Æ xi2 È andthe internalcalibrationpointsby Ä yi1 Æ yi2 È for i Ñ/à 1 Æ 30á . Assumingmatrix B canbe found,

thetransformationrequiredto bring theobservedpointsinto alignmentis, in generalfor i Ñ à 1 Æ ná , expressed

by Equations(10.1)and(10.2): !!!" y11 y12

y21 y22
...

...
yn1 yn2

#%$$$& Ê  !!!" 1 x11 x12

1 x21 x22
...

...
...

1 xn1 xn2

#%$$$&  " α1 α2

β11 β12

β21 β22

#&(10.1)

'
yi1 yi2 ( Ê '

1 xi1 xi2 (  " α1 α2

β11 β12

β21 β22

#& Æ(10.2)
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or in matrix notation,

Y Ê XB Î
Writing out Equation(10.2)gives

yi1 Ê α1 Ì β11xi1 Ì β21xi2

yi2 Ê α2 Ì β12xi1 Ì β22xi2

with α1 andα2 denotingthetranslationparametersandβi j denotingscale/rotationfactors.Thesoughtmatrix

B is a two-dimensionalhomogeneouscoordinatetransformationmatrix.

Matrix B isestimatedbyLagrange’smethodof leastsquares,or themultivariatemultipleregressionmodel[Fin74,Ã 4.3–Ã 4.5]. Thegenerallinearmodeldescribingi Ñfà 1 Æ ná observationsof p randomvariablesyk Æ k Ñ�à 1 Æ pá ,
from q predictorsx j Æ j Ñ à 1 Æ qá is specifiedby thefollowing p separateunivariateequations:'

yi1 yi2 ÷�÷�÷ yi p ( Ê '
α1 α2 ÷�÷�÷ αp (Ì xi1
'

β11 β12 ÷!÷�÷ β1p (Ì xi2
'

β21 β22 ÷!÷�÷ β2p (
...Ì xiq

'
βq1 βq2 ÷!÷�÷ βqp (Ì '
εi1 εi2 ÷�÷!÷ εi p ( Æ

whereαk andβ jk arethe linear regressionparametersrelatingxiq to yi p with randomerrorεi p. Thesample

estimateis expressedin matrix form by Equations(10.3)and(10.4): !!!" y11 ÷�÷!÷ y1p

y21 ÷�÷!÷ y2p
...

. . .
...

yn1 ÷�÷!÷ ynp

#%$$$& Ê  !!!" 1 x11 ÷�÷!÷ x1q

1 x21 ÷�÷!÷ x2q
...

...
. . .

...
1 xn1 ÷�÷!÷ xnq

#%$$$&
 !!!!!"

α̂1 α̂2 ÷!÷�÷ α̂p

β̂11 β̂12 ÷!÷�÷ β̂1p

β̂21 β̂22 ÷!÷�÷ β̂2p
...

...
. . .

...
β̂q1 β̂q2 ÷!÷�÷ β̂qp

#%$$$$$& Ì(10.3)  !!!" ε̂11 ε̂12 ÷�÷!÷ ε̂1p

ε̂21 ε̂22 ÷�÷!÷ ε̂2p
...

...
. . .

...
ε̂n1 ε̂n2 ÷�÷!÷ ε̂np

#%$$$&
'

yi1 ÷!÷�÷ yi p ( Ê '
1 xi1 ÷�÷!÷ xiq (

 !!!!!"
α̂1 α̂2 ÷�÷!÷ α̂p

β̂11 β̂12 ÷�÷!÷ β̂1p

β̂21 β̂22 ÷�÷!÷ β̂2p
...

...
. . .

...
β̂q1 β̂q2 ÷�÷!÷ β̂qp

#%$$$$$& Ì(10.4) '
ε̂i1 ε̂i2 ÷�÷!÷ ε̂i p ( Æ
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or in matrix notation,

Y Ê XB̂ Ì Ê Æ
wherematrix X is composedof rows of valuesof the predictorvariablesfor n observations,Ê is the n Ó p

matrix of sampleresidualsor errors,andmatrix B̂ is the Å q Ì 1Ç*Ó p matrix of partial regressioncoefficients

for predictingeachoutcomemeasurefrom the p independentvariables.

In orderto estimatethematrix B by themethodof leastsquares,thesquaredsampleresidualsof n sampled

observationsareminimized.Thesumof squaredresidualsfor oneoutcomemeasureis onediagonalelement

of ÊT Ê, andtheir sumis thetraceof ÊT Ê [Fin74, p.110].5 Thatis, thesumof squaredresidualsis givenby

tr Å ÊT Ê Ç#Ê tr
' Å Y Í XB̂ Ç T Å Y Í XB̂ Ç ( Æ

which is minimizedby settingthe partialderivativeswith respectto theelementsof B̂ to zeroandsolving.

Theresultingnormalequationsare

XTXB̂ Ê XTY Î
Thesystemis left-multiplied by Å XTX Ç Ë 1 to obtaintheestimateof B̂:

B̂ Ê Å XTX Ç Ë 1XTYÊ G Ë 1XTY Æ
whereG Ë 1 is known asthepseudo-inverseof X. For detailson the implementationof this method,thees-

timability criterion,andtheinvertibility of G, see[Fin74, Ã 4.4].

In the particularcaseof the internalcalibrationpoints,settingthe parametersp Ê 2 andq Ê 2 resultsin a

3 Ó 2 estimatematrix B̂:

B̂ Ê*)+++,
 " 1 1 ÷!÷�÷ 1

x11 x21 ÷!÷�÷ xn1

x12 x22 ÷!÷�÷ xn2

#&
 !!!" 1 x11 x12

1 x21 x22
...

...
...

1 xn1 xn2

#%$$$& -/...0 Ë 1
 " 1 1 ÷�÷!÷ 1

x11 x21 ÷�÷!÷ xn1

x12 x22 ÷�÷!÷ xn2

#&
 !!!" y11 y12

y21 y22
...

...
yn1 yn2

#%$$$&
wherethematrixG Ê XTX is the3 Ó 3 symmetriccovariancematrix

G Ê XTX Ê  " n ∑n
i Ö 1xi1 ∑n

i Ö 1xi2

∑n
i Ö 1xi1 ∑n

i Ö 1x2
i1 ∑n

i Ö 1xi1xi2

∑n
i Ö 1xi2 ∑n

i Ö 1xi2xi1 ∑n
i Ö 1x2

i2

#& Î
For the30 automaticallymeasuredpoints,thesolutionof matrix B̂ is estimatedby thematrix

B̂ Ê  " α1 α2

β11 β12

β21 β22

#& Ê  " 7 Î 58 Í 22Î 00
1 Î 33 0 Î 00
0 Î 00 2 Î 00

#& Î
5Thetraceof a squarematrix M , denotedby tr Å M Ç , is definedasa sumof its diagonalelements.
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Revertingto thecalibrationpoint notationof Ã 10.4.3,correctedPORdata Å x�uÆ y� Ç is obtainedfrom raw POR

data Å x Æ yÇ throughthetransformation,

x� Ê 7 Î 58 Ì 1 Î 33x

y� Ê Í 22Î 00 Ì 2 Î 00yÎ
As expected,thetranslationandscalefactorscorrespondto thedimensionsandrelativespatiallocationof eye

trackerandimagecoordinates.In practice,arestrictedsubsetof theeye trackercoordinatespacewasusedto

estimatecorrespondinglocationsof calibrationpointsin imagespace.Thescalevalueof 1.33corresponds

to thescalefactorbetweentheeye trackerandimagex-coordinates,à 32Æ 438á and à 50Æ 590á , respectively. The

dimensionratio Å 590 Í 50Ç!É�Å 438 Í 32Ç gives1.33.They-coordinatescalevalueof 2.00is obtainedgiveneye

tracker andimagey-coordinateranges,à 36Æ 220á and à 50Æ 418á , respectively. Translationfactorsmaybesim-

ilarly derivedfrom therelative locationof theupper-left cornersof thecoordinatespaces,shown overlayed,

approximatelyto scalein Figure59.

32,36

438,220

50,50

590,418

0,0

eye tracker

image

Fig. 59. Eyetracker-imagecoordinatespaceoverlay.

10.4.5 Comparisonof the Transformation Methods

Themeasurementof observedcalibrationpoint locations(manualor automatic)is independentfrom thecor-

rectionmethodused. In sectionsÃ 10.4.3and Ã 10.4.4above, the manualmeasurementmethodwaspaired

with thebilinearinterpolationcorrectionandtheautomaticmeasurementwaspairedwith themethodof least

squares.Correctedcalibrationpointsareshown in Figure60. Eithercorrectionmethodcanbeusedwith each

form of measurement.However, theautomaticmethoddirectly circumventsdisplayeffectssinceeye tracker
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(a) Bilinear interpolation. (b) Leastsquares.

Fig. 60. Eyetracker-imagecoordinatetransformationresults.

measurementsof imagecalibrationpointsarecarriedoutonthestimulusdisplay, andhencearesubjectto the

samedistortion.Furthermore,theeye trackerprovidesa moreprecisemeasurementtechniquefor estimating

calibrationpoint locationstherebyeliminatingtheintroductionof anothersourceof measurementerror. For

thesereasonstheautomaticmethodis incorporatedinto thegcv system.

In general,themethodof leastsquaresis capableof evaluatingpotentialrotationalerrors.In thepresentcase

only the linear regressionmodelwasconsideredin Ã 10.4.4,sincenonlineardisplaydistortionseffectively

cancelout. Conceivably, higherordertermsin the regressionmodelcould provide morerobust correction

parametersshouldthis needarise.
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CHAPTER XI

EXPERIMENT 1: EYE MOVEMENT MODELING

Thegoalof thisexperimentis to evaluatethewavelet-basedmodelof eyemovements.Specifically, recorded

eyemovementsareanalyzedto testfor correspondenceof predictedandobservedsaccadelocations.

11.1 Video Sequences

Three8-second,16fpsvideosequencesareusedasstimulus.Eachsequenceis composedof a singlewhite

dot (10-pixel diameter)subtendingroughly1� visualangle.Thedot randomlysimulatesfixations,saccades

andsmoothpursuiteye movements.That is, fixation durations,saccadicrepositioningandsmoothpursuit

movementsaredrawn from randomdistributionsof arangeof valuescorrespondingto known eyemovement

characteristics.Threesequencesareusedfor all subjects,denotedby sim1, sim2, andsim3andreferredto as

“random-dot”sequences.

Fixationsaremodeledby ARMA feedbacksequences,

xtx Ê µtx Ì xtx Ë 1 Ì εtx Æ a × tx × b Æ
yty Ê µty Ì yty Ë 1 Ì εty Æ a × ty × b Æ

whereεtx Ê εty
� N Å 0 Æ!Å 5 É 4Ç 2 Ç werechosento simulatesmall perturbationsaboutthe meanfor a given in-

terval. Variationsroughlycorrespondto a 3 Ó 3 squarepixel region which,measuring3Ú 2 pixelsalongthe

diagonal,subtends1/4� visualangle.Thetypical spatialdistribution of fixation dwell timesroughlyextends

to 1/4� (full angle),75% of the time [Car77, p.105]. Samplesweregenerateduniformly every 18ms,with

eachconstant-meaninterval lastingan averageof 375mswith a Poissondistribution. That is, interventions

(saccades)aredistributedwith an averageinter-arrival time of 375ms. An intervention is inducedby the

instantaneouschangeof meansµtx andµty (stimulusdot location),distributedby thefeedbackrelation

µtx Ê µtx � 1 Ì εµtx
Æ

µty Ê µty � 1 Ì εµty
Æ

whereεµtx
� N Å 0 Æ 322 Ç andεµty

� N Å 0 Æ 162 Ç is chosento simulatespatialsaccadeamplitudes.Theµtx andµty

distributionsroughly correspondto a quarterof the sizeof the eye tracker’s rectangularresolutionwindow

(twice the 32 Ó 16 standarddeviationsgiving a 128 Ó 64 pixel rectangle).Smoothpursuitsarerandomly

initiatedwhenever thestimulusdot happensto fall in marginal regionsof theimagedefinedto be100pixels
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wide. Pursuitsaresimulatedby theARMA feedbacksequences,

xtx Ê µtx Ì xtx Ë 1 Ì εtx Æ a × tx × b Æ
yty Ê µty Æ

whereεtx Ê � N Å 11Æ�Å 3Ç 2 Ç waschosenasa constantincrementin thex-directionduringthepursuitduration.

The incrementfalls within a rangeof à 1 Æ 21á pixels,which at 27dpi subtends0.06-1.34� visual angle. The

positionof thestimulusdot is updatedevery62.5ms(for 16fpsframerate)giving avelocity rangeof roughlyà 1 Æ 20á1� /s. The incrementvalueis madenegative if thestimulusdot happensto startat theright imagemar-

gin. Theresultantdot movementsoccurat randomy-coordinatesandtraversethescreenfrom left-to-rightor

right-to-left at a randomconstantvelocity.

11.2 Experimental Trials

Eachexperimentalsessionconsistsof multiple subjectstestedindividually in experimentaltrials. Eachtrial

consistsof singlepresentationsof threerandom-dotvideo sequences.Trials are limited to a total of three

videopresentationssinceloadingof thevideointo memoryrequires7 minutesandtheexperimentis designed

to processeachindividual in roughly30 minutes.Eachtrial consistsof thefollowing steps:

1. Brief introduction.Whena subjectenters,s/heis askedto sit in front of theeye trackerheadrest.The

equipmentis briefly describedwith emphasisontheeyetracker infra-red(IR) light sourceandcamera.

It is pointedout that the IR assemblycontainsa standardoverheadprojectorbulb asthe light source.

This is doneto alleviate any preconceived fearsregardingthe apparatus(somesubjectswereunder

theimpressionthateyelid movementwould berestricted).Subjectsareassuredthat theexperimentis

physicallyunobtrusive.

2. No trainingis givento subjects.

3. Videopresentation.Eachvideopresentationconsistsof thefollowing substeps:

(a) Externalcalibration.Oncethesubjecthassettledinto theheadrest,theeye tracker is calibrated,

asdiscussedin Ã 10.3.

(b) Internalcalibration. Immediatelyfollowing externalcalibration,the internalcalibrationproce-

dure is performedto recordthe initial accuracy of the eye tracker. The calibrationresultsare

storedin a text file for lateranalysis(the file nameconventionadoptedis (<seq name>.1.-

clb).

(c) Stimulus display. The video is presentedtwice in successioneachtime eye movementsare

recordedandstored(thefile nameconventionsadoptedare(<seq name>.por).

(d) Internalcalibration.Immediatelyfollowing stimuluspresentation,theinternalcalibrationproce-

dureis performedonceagainto recordthefinal accuracy of theeyetracker. Thecalibrationresults
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arestoredin a text file for lateranalysis(thefile nameconventionadoptedis (<seq name>.-

2.clb).

11.3 Subjects

A total of 7 subjects(4 female,3 male)participatedin Experiment1. The agedistribution wasmean21,

minimum 19, andmaximum23. The subjectswererecruitedfrom an introductorycourse(CPSC203) for

non-engineeringmajorsofferedby theDepartmentof ComputerScience.Subjects’majorsrangedfrom Biol-

ogy(BIOL) to PoliticalScience(POLS).Theundergraduatelevel distributionwas0 freshmen,2 sophomore,

2 juniorsand3 senior. All subjectshadgoodvisionwith 1 subjectwearingglasses,2 wearingcontactlenses.

Therewereno subjectsfrom theDepartmentsof ComputerScienceor ElectricalEngineering.

11.4 Experimental Design

Thepredominantproblemwhich hamperseyemovementexperimentsis theinvariability of humanscanpath

patternsover complex scenery. Scanpathvariability emanatesfrom two sources.First, naturalsceneryis

viewed differently by different individuals. Although certainelementsin the scenemay be fixatedconsis-

tently betweenindividuals,the orderof fixationsmay vary greatly. Second,an individual’s scanpathsmay

differ greatlyon successiveviewsof thesamescene[NS71a, NS71b].

To limit scanpathvariability, subjectsmaybecoercedto concentrateon certainvisual featuresby the intro-

ductionof a performancecriterion. Simply askingsubjectsto follow a prominentobjectin a videosequence

greatlyreducesinter- andintra-subjectvariability. This visual tracking experimentalparadigmis useful in

testingperipheralsensitivity. Note that this paradigmdiffers from the visualsearchtasksincetheobjectto

befixatedis generallyconspicuousandeasilyfound. Thevisual trackingparadigmalsodiffersfrom typical

tasksusedin peripheralsensitivity experimentssincethepoint of fixation is not restrictedto a givenscreen

location,e.g.,thescreencenter. Instead,thedirectedparadigmresemblessmoothpursuittaskssincethesub-

ject is instructedto maintaingazeoveragivenobject,whetherit is still or in motion.

Random-dotvideosequenceswerepresentedin serialorder. Sincetherewasnocontrolfactor, noprescribed

presentationorderwasnecessary. It is not expectedthatsubjectsviewedsequencesdifferently, but this point

is not explicitly testedin theanalysis.
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11.5 Results

Theobjective of Experiment1 is to evaluatethePARIMA modelof eye movements.Specifically, sincethe

PARIMA modelis basedon the detectionof saccades,the analysiscenterson comparisonof expectedand

detectedsaccadelocations.Descriptive statisticsarepresentedregarding“hit rate” (percentagedetectionof

total saccades)and“correctnessrate” (percentagedetectionof correctsaccades).Thesestatisticsarethen

usedto make a roughqualitative assessmentof the PARIMA modelandits susceptibilityto Type I andII

errors(falsepositivesandfalsenegatives).

Usefulnessof PARIMA saccadedetectionsin the videosequencesarecontingenton two factorsof the eye

trackingexperiment:(1) accuracy of theeye tracker, and(2) accuracy of theeye tracker duringtheviewing

task. Gazepositionis not verified in this experimentsincegazepositiondoesnot bearsignificanceon the

evaluationof the signalprocessingstrategy. Gazeposition is examinedin Experiment3 whereperipheral

imagemanipulationdependson viewers’ collocationof gazewith the intendedregionsof interest.Prior to

thesaccadedetectionanalysis,eye trackeraccuracy is testedin thefollowing two sections.

11.5.1 Verification of EyeTracker Accuracy

Themeasurementof gazedependson theaccuracy of theeye trackinginstrument.Eyetrackeraccuracy was

measuredby internalcalibrationproceduresdescribedin Ã 10.3. Measurementsweretakenbeforeandafter

stimulusviewing trials, asdiscussedin Ã 11.2. Theseproceduresprovide the basisfor two statisticalmea-

sures:(1) theoverall accuracy of theeye tracker, and(2) theamountof instrumentslippageduringstimulus

viewing. Thelattermeasurementgivesanindicationof theinstrumentaccuracy duringtheviewing task,i.e.,

by recordinglossof accuracy betweenthebefore-andafter-viewing calibrationprocedures.

Eyetracker readingswereobtainedover30 internalcalibrationpointsasdescribedin Ã 10.3.Eachcalibration

point measurementconsistsof eye tracker samplesaboutthe calibrationpoint over an 800msperiod(ap-

proximately44 individual datapoints). Raw samplepointsfalling in theexterior 10-pixel wide bordersare

ignored.This is dueto theeye tracker’s propertyof generating(0,0) valuesduringblinks (confirmedby the

vendor).For this reason,any timearaw samplepoint is closeenoughto thelocation(0,0)(within 10 pixels),

it is removedfrom furtherconsideration.An averageof valid datapoints(centroid)is obtainedandtheerror

betweenthecentroidandcalibrationpoint is calculated.Eachtwo-dimensionaleuclidiandistancemeasure-

mentis convertedto thethefull visualangledependenton theviewing distanceandcalculatedresolutionof

thetelevision screen.Thuseachcalibrationrun contains30 averagemeasureddeviationsat eachcalibration

point in termsof visualangle.A graphicalexampleof this measurementis shown in Figure61. Theinternal

calibrationlocationsarerepresentedby Ì , samplemeasurementsarerepresentedby individual pixel dots,
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(a) Calibrationbeforestimulusviewing (avg. er-
ror: 1.40� ). (b) Calibrationafterstimulusviewing (avg. error:

1.77� ).

Fig. 61. Typical per-trial calibrationdata(subject# 21).

andcentroidgazepositionsarerepresentedby circles,joinedwith the correspondingcalibrationpoint by a

line. The lengthof the line is the averageerror deviation in pixels. This distance,r is convertedto visual

angleθ by thecalculation

θ Ê 2tanË 1 r
2D
Æ

whereD is theviewing distance.Theerrordistancer is measuredin thesameunitsastheviewing distance

D, dependenton theresolutionof thedisplay.

To quantifytheoveralleyetrackeraccuracy succinctly, theaveragecalibrationerroris obtainedfrom eachset

of calibrationpointsin orderto calculateanoverallaveragestatisticof theeye tracker. Theresultingaverage

instrumenterror is anaveragestatisticover all calibrationrunsperformedin Experiment1. Thecalculated

meanvalueis 1.872 . This is not a particularlyinformativestatisticsincethedatadoesnot appearto fit anor-

maldistribution. Thehistogramof averageerrorsis shown in Figure62. Sincetheaverageerrordataappears

skewed, a moremeaningfulstatisticis the medianvalue,which ignoresthe influenceof outliers. Its value

is 1.412 . Using similar reasoningfor reportinga dispersionstatistic,the interquartilerange(iqr) is utilized

insteadof the standarddeviation for its robust responseto outliers. The iqr valueis 0.972 . Thesefindings

indicateanoverallacceptableperformance,not faroff from thevendor’sclaimedaccuracy (roughly12 visual

angle).

11.5.2 Verification of EyeTracker Slippage

Quantificationof thebefore-andafter-viewing eye tracker errorprovidesa measureof instrumentaccuracy

during the viewing task. A graphicalexampleof this measureis shown in Figure63 which is a composite
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Fig. 62. Overall eye trackererrorhistogram.

plot of Figures61 (a) and(b). Notice thatmeasuredeye positionsin relationto calibrationpointscoincide

well overall. To quantifythiscorrespondence,aone-wayANOVA wasperformedonthemeansof thebefore-

andafter-viewing averageerrormeasures.Table18 lists theANOVA measuresin 3 C. Error meanboxplots

areshown in Figure64. Onaverage,nosignificantslippageis detectedby thisstatistic.NotethatANOVA in

this caseis not very informative sinceit doesnot considereye tracker slippageon a per-trial basis.That is,

theANOVA only reportssignificantcorrespondenceof themeanmeasurements.

To examineeye tracker slippageon a per-trial basis,differencesof averageerrorswerecalculatedbetween

the before-and after-viewing calibrationruns on a per-run basis. Differencemeasurementsfit a skewed

distribution, asshown in Figure65. Due to theapparentskeweddistribution, statisticalmeasuresrobust to

outliersareused.Themedianerroris -0.252 , andinterquartilerangeis 0.402 . Thesevaluesquantifytheclose

correspondenceof examplepre-andpost-viewing calibrationmeasurementsshown graphicallyin Figure63.

Overall,thetrackeraccuracy variesroughlyaquarterof adegreevisualangleoverthe8-secondviewing task.

Over somecalibrationpoints,accuracy improveswhile over othersit degrades.Sincethepeakfrequency is

closeto 0, generallytheaccuracy beforeandafterviewing thestimulusremainsstableoverall.

11.5.3 Evaluation of PARIMA Model of Eye Movements

The PARIMA modelof eye movementscharacterizesfixationsandsmoothpursuitsby detectingsaccades

modeledby meandiscontinuities. The resultanteye movementanalysisis a reconstructedversionof the
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Fig. 63. Compositecalibrationdatashowing eye trackerslippage(subject# 21).
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Fig. 64. Pre-vs. post-stimulusviewing averagecalibrationerrorboxplots.
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original eye movementsignalwith removedsaccadicevents.Themodelis evaluatedthroughcomparisonof

detectedandexpectedsaccadelocations.Mean“hit” and“correctness”ratesarediscussed.Datafor calcula-

tion of thesestatisticsis givenin Tables19–21.

Themeanpercent“hit rate”of themodelis estimatedat45%.Thisstatisticis obtainedby calculatingtheratio

of correctlyidentifiedsaccadesversusthetotal numberexpectedover eachexperimentaltrial. For example,

thefirst randomdot sequence(sim1) contained14 expectedsaccadesof varyingspatialamplitude.Analysis

of subject21’s scanpatternsidentified9 of thesesaccadescorrectly(64%hit rate).Hit ratesfor all subjects

wereaveragesto producethemeanhit rateof 45%.

Themean“correctnessrate”of themodelis estimatedat29%.Thisestimateis obtainedby takingtheratioof

correctlyidentifiedsaccadesversusthetotalnumberof saccadesdetectedin the(individual’s)eyemovement

signal. For example,27 saccadesweredetectedin subject21’s eye movementpatternsover sequencesim1

(seeTable19). Of these,9 saccadesmatchedtheexpectedsaccadelocationgiving a 27%correctnessrateof

themodelfor this scanpattern.

Saccadedetectionratewasqualitatively analyzedto testfor saccadespatialamplitudebias. That is, at first

glanceit appearedthatsaccadespatialamplitudemayinfluencedetection,e.g.,largesaccadesmaybemore

easilydetected.To test this, expectedsaccadespatialamplitudeswerecalculated(far-right columnsin in
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Tables19–21).Saccadedetectionsacrossindividualsareplottedagainstsaccadeamplitudein Figure66. No

0 2 4 6 8 10 12 14
0

10

20

30

40

50

60

70

80

90

100

degree visual angle

pe
rc

en
t d

et
ec

tio
n

saccade detection vs. saccade amplitude

Fig. 66. Percentsaccadedetectionvs. saccadespatialamplitude.

obvioustrendis visible in theplot of Figure66. That is, datapointsappearto beroughlyuniform aboutthe

vertical line x 4 3 5 63, which is the meanof saccadeamplitudesof the visual stimulus. In particular, both

saccadeswith spatialamplitudesof 1.342 and4.832 visual anglewerealwaysdetected(100 percentdetec-

tion) suggestingthatwhenpresent,thePARIMA modelhadnodifficulty locatingeitherof thesetwo saccade

signatures.This is not surprisingsinceoncethespatialdecompositionthresholdis set,thethree-dimensional

waveletanalysisshouldperformdiscontinuitydetectionequallywell no matterwhatthespatialsaccadeam-

plitude(solongasit is over thespatialthreshold).

11.6 Discussion

Thehit andcorrectnessratesidentifiedaboveindicatethePARIMA model’spossiblesusceptibilityto TypeI

andTypeII errors.Thehit ratesuggestsaTypeII (falsenegative)error, i.e., failureto identify a truesaccade.

The correctnessratesuggestsa Type I (falsepositive) error, i.e., identificationof falsesaccades.Low esti-

matedvaluesof bothmeasuresimply that thePARIMA modelclassifiestoo many non-saccadesandsuffers

from a fairly largemissrate. In essence,it seemsthePARIMA modeloverestimatessaccades.At leastfour

possibleproblemsmaybe responsiblefor thesomewhatpoor initial evaluationof the PARIMA model: (1)

stringentclassificationof saccadematches,(2) experimentalbiastowardhighvelocitysaccades,(3) incorrect
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initial estimationof modelparameters,and(4) confoundingsaccade-likeevents.

The criteria usedto judgesaccadematches(generationof positive or null saccadedetectionvaluesin Ta-

bles19–21)wasvery strict. Saccadematcheswereidentifiedif observedsaccadesmatchedexpectedloca-

tions exactly. That is, if a saccadebetweenvideo frames001-002wasexpected,an observedsaccadewas

deemeda matchif frames001-002werenot part of any VOIs, i.e., if frames001-002werepart of a VOI

hole. No errortolerancewasgiven,i.e., if frame002waspartof a VOI, theobservedsaccadewasdeemeda

mismatch.This maybetoo stringenta criterionsinceit doesnot allow any delaybetweenthestimulussac-

cadeandtheobservedsaccade.More liberal estimatesmaybeusedwhich providea largertemporalinterval

for saccadematches.Continuingthecurrentexample,providing a one-frametolerancelevel would produce

a saccadematchfor theexpectedsaccadebetweenframes001-002if anobservedsaccadeoccurredbetween

frames002-003,or betweenframes001-002whereframe002is thefirst frameof a VOI. Furtherrelaxation

schemesmayimprovethehit rateestimate.Thepoint is, theexactmatchcriteriausedin thecurrentanalysis

probablyunderestimatesthepowerof thePARIMA model.

Relatedto the stringentsaccadematchcriteria is the distribution of the stimulussaccades.Fast stimulus

saccadesmayevoke delayedsaccaderesponsesin theeye movementsignal.That is, a faststimulussaccade

may incur a longerresponsetime from thesubject.At present,practicallyall stimulussaccadescompleted

within onevideoframeduration(62.5ms).Therangeof stimulussaccadesusedis 675 978 125 339 2 visualangle,

generatingsaccadevelocitiesof 6 155 528 1975 28912 /s. Slower saccadesmaygeneratedifferentresponsetimes

which maygivemorerobustestimatesof thePARIMA model’scapability.

PARIMA analysisof eye movementsin all casesusedconstantvaluesfor wavelet spatialandtemporalde-

compositionthresholds(3 spatialand2 temporaldecompositionlevelswereused).Criteriafor initial choices

of theseparametersaregiven in the modeldescription,in 3 VII. Sincethe above analysissuggestsa fairly

highTypeII errorrate,themodelshouldbeevaluatedusinglargerspatialdecompositionlevels.A largerspa-

tial decompositioneffectively smoothesthespatialvariability of theeye movementsignal,limiting saccade

detectionto largespatialdiscontinuities.

Finally, only aweakattemptwasmadeto distinguishpossibleconfoundingeventsfrom saccades.In particu-

lar, blinks maybefalselyinterpretedassaccades.Theeye trackergeneratesa datavalueof : 0 8 0; duringfull

eyelid closure(lossof pupil in theeyetrackeroptics).Prior to full lid closure,however, theeyetrackersignal

correspondingto initial eyelid movementresemblessignalstypically associatedwith saccadicactivity. That

is, eyelid movementcausesanapparentsaccadetowardstheupperleft cornerof theimage.At present,care

is takento removevaluesat thepoint : 0 8 0; andat a closedistancesto theimageboundaries.However, sam-
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pleddataremainwithin centralimageregionscorrespondingto apparentsaccadesgeneratedby blink onsets

just prior to full eyelid closure. A graphicalexampleof this problemis shown in Figure67. Note the dot

Fig. 67. Calibrationdatashowing partialeyeblink (subject# 28).

patternsrepresentingsampledPORdataat thetwo calibrationpointswith largesterror. Thesedot patterns,

alongwith the vectordefinedby the internalcalibrationpoint andthe calculatedcentroidof the PORdata,

clearlyindicatea pathtowardstheupper-left regionsof thescreen.Theseeye trackersampleswererecorded

duringpartial eyelid closures(just prior to blinks) andarenot removedfrom analysis(theaverageerror of

thecalibrationshown in Figure67 is 1.412 , with range 6 0 5 138 105 33912 ). A moresophisticatedblink detection

algorithm(basedon pupil measuresfor example)mayimprovethePARIMA model.

In summary, theinitial evaluationof thePARIMA modelperformedhereprobablyunderestimatesthepower

of themodel.Presentlyit appearsasif thePARIMA modeloverestimatessaccades.Suggestionsweregiven

for morerobustanalysisof thedata,aswell asfor thevariationof bothmodelparametersandstimuluschar-

acteristicsin futureexperiments.
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CHAPTER XII

EXPERIMENT 2: GAZE-CONTINGENT VOI DETECTION

Thegoalsof thisexperimentare:(1) to visualizesuccessivescanpatternsof individualsovervideosequences,

and(2) to collectindividualandaggregateVolumesOf Interestovervideosequencesfrom multiplesubjects.

Recordedindividualandaggregatescanpatternsareobtainedfor comparisonagainstidealobserverpatterns

(in Experiment3).

12.1 Video Sequences

Two 8-second,16fpsvideosequencesareusedasstimulus.Eachsequenceis presentedin its originalstateas

digitally capturedfrom ananalogvideosource(aVCR). First andlastframesof thecnnsequenceareshown

in Figure68. Not shown in Figure68 arethefirst andlast framesof theflight sequence.In this sequence,a

(a)cnn(frame001). (b) cnn(frame128).

Fig. 68. Unprocessedvideosequences.

Navy fighterchasejet, in thelowerright portionof theimage,is following asmallertargetplanewhichstarts

at thetop right portionof thefirst frame.Thetargetplaneperformsahalf-roll evasionmaneuverarcingfrom

thetop-rightto thetop-left screenregionsthroughthebottomof thescreen.Thehorizonrotatesasthechase

planepursues.Thechaseplaneremainssteadyrelative to the framesinceit bearsthe camera.Lighting on

thechaseplanechangesasit emergesfrom shadow to sunlight.

Individuals’ successive scanpatternsarerecordedover thecnnsequencewhile theflight sequenceis usedto
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obtainanindividual’s representativescanpatternfor comparisonversustheidealobserver.

12.2 Experimental Trials

The experimentalsessionconsistsof multiple subjectstestedindividually in experimentaltrials. Eachtrial

consistsof threepresentationsof the cnn sequenceandtwo presentationsof the flight sequence.Eachtrial

consistsof thefollowing steps:

1. Brief introduction.Whena subjectenters,s/heis askedto sit in front of theeye trackerheadrest.The

equipmentis briefly describedwith emphasisontheeyetracker infra-red(IR) light sourceandcamera.

It is pointedout that the IR assemblycontainsa standardoverheadprojectorbulb asthe light source.

This is doneto alleviate any preconceived fearsregardingthe apparatus(somesubjectswereunder

theimpressionthateyelid movementwould berestricted).Subjectsareassuredthat theexperimentis

physicallyunobtrusive.

2. Training. Prior to the startof the trial, the flight sequenceis shown threetimesto the subjectfrom

videotape.Trainingis donesothatsubjectscanfamiliarizethemselveswith thevideocontentandcan

identify thetargetobjectfor thevisual trackingtask. No trainingis performedover thecnnsequence

andsubjectsarenot told of its contentin advance.

3. Videopresentation.Eachvideopresentationfollows thefollowing substeps:

(a) Externalcalibration.Oncethesubjecthassettledinto theheadrest,theeye tracker is calibrated,

asdiscussedin 3 10.3.

(b) Internalcalibration. Immediatelyfollowing externalcalibration,the internalcalibrationproce-

dure is performedto recordthe initial accuracy of the eye tracker. The calibrationresultsare

storedin a text file for lateranalysis(the file nameconventionadoptedis (<seq name>.1.-

clb).

(c) Stimulusdisplay. Thevideois presentedin successionwith eye movementsrecordedandstored

eachtime (the file nameconventionsadoptedare(<seq name>.1.por, <seq name>.2.-

por, and<seq name>.3.por, with only two datasetsrecordedfor theflight sequence).

(d) Internalcalibration.Immediatelyfollowing stimuluspresentation,theinternalcalibrationproce-

dureis performedonceagainto recordthefinal accuracy of theeyetracker. Thecalibrationresults

arestoredin a text file for lateranalysis(thefile nameconventionadoptedis (<seq name>.-

2.clb).
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12.3 Subjects

A totalof 18subjects(8 female,10male)participatedin Experiment2. Theagedistributionwasmean19.61,

minimum 18, andmaximum23. The subjectswererecruitedfrom an introductorycourse(CPSC203) for

non-engineeringmajorsofferedby theDepartmentof ComputerScience.Subjects’majorsrangedfrom Busi-

ness(BUSN) to Psychology(PSYC).Theundergraduatelevel distribution was6 freshmen,6 sophomore,3

juniorsand3 seniors.All subjectshadgoodvision with 1 subjectwearingglasses,5 wearingcontactlenses.

Thereweretwo subjectsfrom theDepartmentsof ComputerScienceor ComputerEngineering.

12.4 Experimental Design

Videosequenceswerepresentedin serialorder. Sincetherewasno controlfactor, no presentationorderwas

used.Subjectsviewedthreepresentationsof thecnnsequenceandtwo presentationsof theflight sequence.

The visual trackingparadigmwasusedover the flight sequence,andno viewing instructionswere issued

over the cnn sequence(free viewing paradigm).It is not expectedthat subjectsviewed the flight sequence

differently, but thispoint is not testedin theanalysis.

12.5 Results

Theobjectivesof Experiment2 arethecollectionof aggregateVOIs over thecnnsequenceandan individ-

ual’s scanpatternsover theflight sequence.

Thechoiceof subjects’scanpatternsfor theconstructionof individual andaggregateVOIs is contingenton

two factorsof theeyetrackingexperiment:(1) accuracy of theeyetracker, and(2) accuracy of theeyetracker

duringtheviewing task.In thecaseof theindividualVOI collection,thechoiceof thesubject’sscanpatterns

is alsocontingenton the accuracy of gazepositionover the intended(ideal observer) RegionsOf Interest.

Gazeposition is not verified for subjectsviewing the cnn sequenceasthereis no predeterminedscanpath.

Prior to the visualizationof the individual andaggregateVOIs, eye tracker andgazepositionaccuracy is

givenin thefollowing two sections.

12.5.1 Verification of EyeTracker Accuracy

Themeasurementof gazedependson theaccuracy of theeye trackinginstrument.Eyetrackeraccuracy was

measuredby internalcalibrationproceduresdescribedin 3 10.3. Measurementsweretakenbeforeandafter

stimulusviewing trials, asdiscussedin 3 12.2. Theseproceduresprovide the basisfor two statisticalmea-

sures:(1) theoverall accuracy of theeye tracker, and(2) theamountof instrumentslippageduringstimulus
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viewing. Thelattermeasurementgivesanindicationof theinstrumentaccuracy duringtheviewing task,i.e.,

by recordinglossof accuracy betweenthebefore-andafter-viewing calibrationprocedures.

Eyetracker readingswereobtainedover30 internalcalibrationpointsasdescribedin 3 10.3.Eachcalibration

point measurementconsistsof eye tracker samplesaboutthe calibrationpoint over an 800msperiod(ap-

proximately44 individual datapoints). Raw samplepointsfalling in theexterior 10-pixel wide bordersare

ignored.This is dueto theeye tracker’s propertyof generating(0,0) valuesduringblinks (confirmedby the

vendor).For this reason,any timearaw samplepoint is closeenoughto thelocation(0,0)(within 10 pixels),

it is removedfrom furtherconsideration.An averageof valid datapoints(centroid)is obtainedandtheerror

betweenthecentroidandcalibrationpoint is calculated.Eachtwo-dimensionaleuclidiandistancemeasure-

mentis convertedto the the full visual angle,dependenton the viewing distanceandcalculatedresolution

of thetelevision screen.Thuseachcalibrationrun contains30 averagedeviationsat eachcalibrationpoints

measuredin termsof visual angle. A graphicalexampleof this measurementis shown in Figure69. The

(a) Calibrationbeforestimulusviewing (avg. er-
ror: 0.962 ). (b) Calibrationafterstimulusviewing (avg. error:

1.102 ).

Fig. 69. Typical per-trial calibrationdata(subject# 29).

internalcalibrationlocationsarerepresentedby < , samplemeasurementsarerepresentedby individualpixel

dots,andcentroidgazepositionsarerepresentedby circles,joinedwith thecorrespondingcalibrationpoint

by a line. Thelengthof theline is theaverageerrordeviation in pixels.Thisdistance,r is convertedto visual

angleθ by thecalculation

θ 4 2tan= 1 r
2D

8
whereD is theviewing distance.Theerrordistancer is measuredin thesameunitsastheviewing distance

D, dependenton theresolutionof thedisplay.
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For aggregateVOI creation,sevensubjectswerechosenwhoseaveragecalibrationerrorwassubjectively low

(about1-22 visual angle). To quantify the overall eye tracker accuracy for theseindividualssuccinctly, the

averagecalibrationerroris obtainedfrom eachsetof calibrationpointsin orderto calculateanoverallaverage

statisticof theeye tracker. Theresultingaverageinstrumenterror is anaveragestatisticover thesesubjects’

calibrationrunsperformedin Experiment2. The calculatedmeanvalueis 1.182 . This is not a particularly

informative statisticssincethe datadoesnot appearto fit a normaldistribution. The histogramof average

errorsis shown in Figure70. Sincethe averageerror dataappearsskewed, a moremeaningfulstatisticis
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Fig. 70. Overall eye trackererrorhistogram.

the medianvalue,which ignoresthe influenceof outliers. Its value is 0.902 . Using similar reasoningfor

reportingadispersionstatistic,theinterquartilerange(iqr) is utilized insteadof thestandarddeviation for its

robustresponseto outliers.Theiqr valueis 0.302 . Thesefindingsindicateanoverallacceptableperformance,

not faroff from thevendor’sclaimedaccuracy (roughly12 visualangle).Theaverageerrorfor theindividual

VOI collectionwas0.832 beforestimulusviewing and0.862 after. Eyemovementpatternsprovidedby this

individual areconsideredslightly betterthanaverage. Whenasked whetherthe subjecthadany previous

visual trackingtraining, thesubjectansweredin thenegative but notedhuntingasanenjoyablehobby. The

subjectis referredto as“hunter”.



212

12.5.2 Verification of EyeTracker Slippage

Quantificationof thebefore-andafter-viewing eye tracker errorprovidesa measureof instrumentaccuracy

duringtheviewing task.A graphicalexampleof thismeasureis shown in Figure71whichis acompositeplot

of Figures69 (a) and(b). Notice thatmeasuredeye positionsin relationto calibrationpointscoincidewell

Fig. 71. Compositecalibrationdatashowing eye trackerslippage(subject# 29).

overall. To quantifythiscorrespondence,aone-wayANOVA wasperformedon themeansof thebefore-and

after-viewing averageerrormeasures.Table22 lists the ANOVA measuresin 3 D. Theerror meanboxplot

is shown in Figure72. On average,no significantslippageis detectedby this statistic.NotethatANOVA in

this caseis not very informative sinceit doesnot considereye tracker slippageon a per-trial basis.That is,

theANOVA only reportssignificantcorrespondenceof themeanmeasurements.

To examineeye tracker slippageon a per-trial basis,differencesof averageerrorswerecalculatedbetween

thebefore-andafter-viewing calibrationrunson a pre-runbasis.Differencemeasurementsfit a skeweddis-

tribution,asshown in Figure73. Statisticalmeasuresrobustto outliersareused.Themedianerroris -0.142 ,
andinterquartilerangeis 0.382 . Thesevaluesquantify theclosecorrespondenceof examplepre-andpost-

viewing calibrationmeasurementsshown graphicallyin Figure71. For subject“hunter”, the averageerror

betweenthe pre-andpost-viewing calibrationmeasurementsis 0.032 . Overall, the tracker accuracy before

andafterviewing thestimulusremainsfairly stable.
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12.5.3 Verification of GazePosition

To verify the individual’s gazeposition with respectto expectedRegions Of Interest(ROIs) of an ideal

observer, eye gazepositionerror wascalculatedon a per-framebasisover all participatingsubjects’data.

EstimatedVolumesOf Interest(VOIs) from theraw PointOf Regard(POR)dataidentifiedthesubject’s fix-

ation locations. Theselocationswerethencomparedto expected(ideal) VOI locations. Reference(ideal)

VOIs werecomparedto thesubject’s observedVOIs by dismantlingtheVOIs into VOI-frameintersections

(ROIs). TheerrormeasurewascalculatedasthedistancebetweenidealandobservedROIs for eachframe

andconvertedto degreesvisualangle.A medianerrorvalueof thesubject’s VOI datarepresentsa measure

of thegazeerrorover theentiresequence.Outlier measurederrorvaluescorrespondingto suspectedblinks

weredroppedfrom themediancalculation.Theoverallmediangazepositionerrorfor subject“hunter” over

theflight sequenceis 1.072 visualangle,with iqr 1.032 .
Theper-frameerrorof “hunter”’sscanpatternswith respectto theidealobserveris shown in Figure74. Note
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Fig. 74. Per-framegazeerrors.

missingframedatais linearly interpolatedin the graph(e.g.,over frames3-49). Missing framedatacorre-

spondsto the lack of RegionsOf Interestat saccadiclocationsin the VOI record(i.e., saccadesidentified

by thePARIMA model). During onsetof thevideosequence,accordingto thePARIMA model,thesubject

performedsix saccadesover frames7-9,9-12,20-22,29-30,31-32,and35-39(someof thesesaccadesmay

be blinks). The subjectwasobservedacquiringthe objectduring thesefirst few seconds(roughly 2.5s,40
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framesat 16fps).Thelargeerrorsat frames81-91correspondto thesubject’s observedlag behindthetarget

objectandsubsequentsaccadeperformedto catchup to theobject.ThePARIMA modelidentifiedsaccades

over frames82-85,89-90,and91-93. Figure75 (a) shows the subject’s VOIs just after acquisitionof the

target object. The target planeis seenin the texture-mappedframebetweenfirst two VOIs. Figure75 (b)

shows thesubject’s VOIs just prior to thesaccadicactivity over frame82-93. Re-establishedfixationsover

(a)View just aftertargetacquisition. (b) View justprior to saccadicactivity.

Fig. 75. Individualsubject’s (“hunter”) VOIsover theflight sequence.

the targetobjectcanbe seenbehindthe secondtexture-mappedimageframe. The three-dimensionalscan-

pathis not shown in Figure75, but is visible in Figure76. Theview in Figure76 is slightly off-centeredto

(a)View overearlyportionof thesequence. (b) View over laterportionof thesequence.

Fig. 76. Individualsubject’s (“hunter”) VOIsandscanpathover theflight sequence.

exposethescanpathandframeintersections.In Figure76 (a), the targetplaneis seenjust to the left of the
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scanpath-frameintersection.Figure76(b) showsthetargetplaneslightly abovethescanpath-frameintersec-

tion. Thescanpathin thelatterimage,drawn by linearly-interpolatingbetweenVOI segments,approximates

thesaccadesdetectedover frames89-93.

12.6 Discussion

AggregateVOIsover thesevenqualifyingsubjectswaspresentedanddiscussedin 3 VIII. Duringcreationof

theaggregaterepresentation,an interestingobservationwasmaderegardingan individual’s successive scan

patternsover thecnnsequence.Recallthateachof thesevensubjectsviewedthecnnsequencethreetimesin

succession.Subject7 appearsto have madesaccadesoverseveralregionsof thevideoframein thefirst two

trials, but maintainedanalmoststeadyfixation over thecentralregion in thelast trial. (Subject7’s pre-and

post-viewing averageeyetrackererrorwas0.892 and0.832 , respectively.) Figures77showsthescanpathand

VOIs of thefirst trial. Figure77 (b) shows diverseeye movementsfrom thecentralregion of thescreen,to

(a)2D scanpath. (b) 3D VOIs.

Fig. 77. Individualsubject’s (subject# 7) first scanpathandVOIs over thecnnsequence.

theright portion,andthento theleft sideof thescreen.A very shortfixation is madeat theright sideof the

image.Figure78showsthescanpathandVOIsof thesecondtrial. Figure78(b) indicatesasaccadefrom the

left portionof thescreento theregion just above thetimebox,followedby a saccadeto timebox. Although

not clearly seenin Figure78 (b), interactionin the 3D visualizationenvironmentshowed the scanpathter-

minatingover theanchorman’s tie. Figure79 shows thescanpathandVOIs of the third trial. Thesubject’s

eyemovementsarerestrictedto thefacialareaof thevideosequence.Figure79 (b) shows theVOIs over the

sequence.Notethatthecurrentview is within a VOI (the3D scanpathline is removedfor clarity).

Note the marked differencein eye movementvariability acrossthreeviewing trials over the samevideo
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(a)2D scanpath. (b) 3D VOIs.

Fig. 78. Individualsubject’s (subject# 7) secondscanpathandVOIsover thecnnsequence.

(a)2D scanpath. (b) 3D VOIs.

Fig. 79. Individualsubject’s (subject# 7) third scanpathandVOIsover thecnnsequence.
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sequence.An interestingquestionarisesregardingthereasonfor thediminishedspatialvariationin thesub-

ject’s eye movementpatterns.Oneexplanationis that attentionis drawn to motion events(in this instance

themovementof theanchor’s lips). Anotherreasonis theviewer’s formationof a mentalmapof the image

contents.The contentsof the cnn sequencedid not changefrom trial to trial. To speculate,it may be that

thathaving viewedthesequencetwicepreviously, thesubjectdecidedto focusattentionononeportionof the

image,beingalreadyfamiliarwith theperipheralcontent.

To further investigateperceptionof theperiphery, Experiment3 degradesperipheralregionsof threediffer-

ent video sequences.The aggregateVOIs obtainedover the cnn sequencein this experimentareusedas

spatiotemporalRegionsOf Interestin aneffort to predictlocationsof viewers’ foci of attention.VOI visu-

alizationof subject“hunter”’sscanpatterns(Figures75 and76) suggestsfairly goodcorrespondenceof this

subject’s eye movementsto theidealobserver. Theanalysisof gazepositionerrorovercorrespondingVOIs

substantiatesthis observation. MissingVOI segments(VOI “holes”) representthePARIMA eye movement

model’s predictionof thesubject’s saccades.Theadequacy of this representationfor gaze-contingentvideo

representationis testedin Experiment3.



219

CHAPTER XIII

EXPERIMENT 3: GAZE-CONTINGENT VISUAL REPRESENTATION

Thegoalof thisexperimentis to testwhetherperipheralregionsof theimagecanbedegradedimperceptibly.

This objective is significantlydistinct from testingsensory-guidedhumanperformance.Humanperceptual

characteristicsmustbedistinguishedfrom thoseof performance.An exampleof thisdistinction,pointedout

by Shebilske,arisesin thecontext of readingperformance[She93]. Perceptuallynoticeabledegradationmay

beintroducedwithout impedingperformance(e.g.,comprehensionof text). In thepresentcase,thefocusof

theexperimentis theimperceptibleimpairmentof thestimulus(video).

Thespecificaim of this experimentis to testthevariableresolutionmappingprovidedby thewaveletbased

gaze-contingentvideo representation.Two resolutionmappingfunctionsaretestedagainstan unprocessed

sequence.The resolutionmappingsaredenotedby LIN (for linear), HVS (for humanvisual system),and

ORG(for original,or unprocessed).Both LIN andHVS mappingsintroduceperipheraldegradationof digi-

tal imagery. HVS degradationfollows a resolutionfunctionderivedfrom empiricalquantificationof human

visualacuity. LIN is a lowerboundfunction(in termsof relative resolution)generatingmorerapiddegrada-

tion of theperiphery. Themultiple-ROI degradationprocessingstrategy is describedin 3 IX.

13.1 Video Sequences

Three8-second,16fpsvideosequencesareusedasstimulus.Eachsequenceis degradedby theLIN, HVS,

andORGmappingswith respectto designatedintra-frameROIs. Threedifferentintra-frameROI localization

strategiesareusedin eachof four experimentalsessions.Framesfrom theunprocessedsequencesareshown

in Figure80. Not shown in Figure80 arethefirst andlast framesof theflight sequence.In this sequence,a

Navy fighterchasejet, in thelowerright portionof theimage,is following asmallertargetplanewhichstarts

at thetop right portionof thefirst frame.Thetargetplaneperformsahalf-roll evasionmaneuverarcingfrom

thetop-rightto thetop-left screenregionsthroughthebottomof thescreen.Thehorizonrotatesasthechase

planepursues.Thechaseplaneremainssteadyrelativeto theframesinceit bearsthecamera.Lighting onthe

chaseplanechangesasit emergesfrom shadow to sunlight.Sequenceflight is usedin two sessions,subject

to a differentROI placementstrategy in eachsession.

The brain2 sequencesimulatesa virtual environment,Exploring the Brain Forest, beingdevelopedat the

Scientific VisualizationLaboratory, Departmentof ComputerScience,Texas A&M University [MBD96].

Exploring the Brain Forestpresentshierarchicalviews of the brain at several levels of scalefrom a global
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(a)brain2 (frame001). (b) cnn(frame001).

Fig. 80. Unprocessedvideosequences.

overview to immersionwithin its forestof neuronsandglial cells. The brain2 video sequencesimulatesa

“fly-through” of sucha neuralforest. To simulatethe proposedattentive graphicaldisplayof this complex

virtual environment,two attentive techniquesareused.First, a scale-dependentstrategy is usedto represent

modelneuronsat two levels of geometricdetail. Neuronsarerenderedascylindrical modelsnearthe ex-

pectedcentral(foveal)regionsandaswireframemodelsat greaterdistances.Second,theROI-basedwavelet

reconstructiondescribedhereinforms thegaze-contingentstrategy. Videoframesareprocessedat theLIN,

HVS andORGdegradationlevelscontingentuponexpectedlocationsof intra-frameROIs.

Thecnnsequenceis chosenfor its contentof ahumanface.Thesequencecontainsrelatively little motion,but

is representativeof potentialimageryfoundin telephony. Thesequenceis alsowell suitedfor visualattention

andeye movementstudiessinceit containsseveraldistinguishablefeatureswhich mayserve asattentional

attractors.

13.1.1 VOI Strategies

ThreeVolumeOf Intereststrategiesareusedto vary theROI localizationwithin videosequences.

1. The ideal sessionutilizesa VOI basedon an“ideal observer”. Thelocationof thevisual target(ROI)

wasmanuallymeasuredfor eachvideo frameof thesequence.The resultingVOI is assembledfrom

thelist of ROIs.

2. Thepreat (for preattentive)sessionutilizesa VOI obtainedfrom onesubject’s trial run in Experiment

2. Thesubjectprovidedeye movementpatternsconsideredslightly betterthanaverage.Whenasked

whetherthesubjecthadany previousvisualtrackingtraining,thesubjectansweredin thenegativebut

notedhuntingasan enjoyablehobby. The subjectis referredto as“hunter” andprovidesmodeleye

movementpatternsfor thepreattentivesession.
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Thisstrategy is preattentivesinceplacementof theROI anticipatestheviewer’s futurepoint of regard.

To clarify, a humansubject’s eye movementpatternstypically include“breaks” of “holes” in the re-

sulting VOI due to saccades,or blinks. In contrast,the VOI of an “ideal observer” is a continuous

dynamicfixation. Intra-frameROIs aredefinedasintersectionsof VOIs andvideoframes.In thecase

of discontinuousVOIs derived from humansubjects,certainframesoccurbetweencontinuousVOI

segmentsresultingin a null VOI-frameintersection.Thelack of anintra-frameROI resultsin overall

degradationof theframe;inclusionof suchaframein thevideosequenceresultsin asudden,brief loss

of resolution.Sincehumanvision is practicallyblind duringsaccadesandblinks, this resolutionloss

theoreticallydoesnot posea problemprovidedit correspondsto a blink or saccade.Thepredictionof

asaccadeof blink, however, is notcurrentlypossible.For this reason,sinceit is believedthatasudden

lossof resolutionwouldimpedeperception,VOI “holes” needto befilled in by extendingpastor future

VOI segmentsin thetemporalVOI stream.

Extensionof future VOI segmentsto the past resultsin an anticipatoryvideo stream,in termsof

fovealROI placement.Considerframe f which happensto occurwithin a VOI “hole”, asdepicted

in Figure 81. Assumealso that the last VOI (VOIi = 1) terminatesat frame f > k, and that the next

ff-k f+l... ...

VOI

VOI

i-1

i+1

t

Fig. 81. SchematicVOI extension.

VOI (VOIi ? 1) commencesat frame f < l . Sinceby thePARIMA modelof eye movementtheframes

f @A6 f > k 8 f < l 9 constitutea discontinuity(e.g.,dueto a saccade),thespatiallocationsof VOIi = 1 and

VOIi ? 1 neednotcorrespond.To ensurethatperceptionis notdisrupted,anartificial RegionOf Interest

mustbeinsertedinto frame f . Determinationof thelocationof theROI at frame f is thesourceof the
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currentproblem.To re-emphasize,ideally theframeshouldnot containanROI andshouldbesubject

to maximaldegradationonly if it canbereasonablyexpectedthatasaccadeor blink will occurbetween

framesf > k and f < l . This is not a practicalexpectation,however, dueto theunpredictablenatureof

saccadesandblinks (blinksmoresothansaccades).

A pragmaticsolutionto theVOI “hole” problemis theextensionof eitherVOIi = 1 orVOIi ? 1 overframe

f . Extensionof VOIi = 1 into thefutureis a reactivesolutionsinceit assumesthatthefixation will per-

sistuntil frame f . Extensionof VOIi ? 1 into thepastis ananticipatorystrategy sincea region of high

resolutionis introducedinto thevideostreamprior to theexpectedarrival of afixation. In essence,this

strategy is basedontheassumptionof attentionprecedingafixationchangeandis adoptedin thepreat

VOI strategy.

Note that both the ideal andpreat strategiesare limited to the choiceof viewing paradigmwhereit

canbe reasonablyexpectedthat viewerswill follow a similar viewing pattern. That is, the viewing

paradigmmustbebasedon asuitableviewing task,e.g.,visualtracking.

3. The agg (for aggregate)strategy utilizes an aggregateVOI constructedfrom eye movementpatterns

of severalviewersin Experiment2 (see 3 XII). The rationalefor this strategy is theevaluationof the

aggregateVOI constructionasagazepredictionmethod.Theexpectationhereis thatmultipleviewers

will identify all thepotentialspatio-temporalsegmentsof thevideostreamthatneedto bepresentedat

full resolutionfor completeperceptionof thesequence.Following thisargument,thehypothesisis that

perceptionwill notbeimpededin only if thesesegmentsaredisplayedathigh resolution.Unlike ideal

andpreat, however, theagg strategy doesnot explicitly rely ona commonvisualscanpath.

13.1.2 Experiment Sessions

Four experimentsessionswereconductedbasedon the following combinationsof videosequenceandVOI

strategy: (1) flight (ideal), (2) flight (preat),(3) brain2 (ideal),and(4) cnn (agg). Idealobserver VOIs were

createdfor both the flight andbrain2 sequences.For the flight sequence,the VOI follows the targetplane,

asillustratedin Figure82. Theflight sequenceis alsousedin combinationwith the preattentive VOI strat-

egy. Bothdegradationstrategiesusetheflight sequencefor its easilyidentifiabletargetsuitablefor thevisual

trackingparadigm.Figure83 shows theVOI of subject“hunter” over theflight sequence.MissingVOI sec-

tionsare“holes” correspondingto discontinuitiesidentifiedby thePARIMA model.

In thebrain2 sequence,the idealobserver’s VOI follows an artificially overlayedcrosshairin the centerof

thevideoframe,asshown in Figure84. Thecrosshairservesasavisualcueeasilylocatedby subjects.
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(a)Left perspective. (b) Rightperspectivewith zoom.

Fig. 82. ExpectedVOIs: flight (idealobserver).

(a)Left perspective. (b) Rightperspectivewith zoom.

Fig. 83. ExpectedVOIs: flight (preattentive).

(a)Left perspective. (b) Left perspectivewith zoom.

Fig. 84. ExpectedVOIs: brain2 (idealobserver).
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Figure85 shows the aggregateVOI formedover the cnn sequenceby subjectsin Experiment2. Although

(a)Left perspective. (b) Off-centerperspectivewith zoom.

Fig. 85. ExpectedVOIs: cnn(aggregate).

expectedinterestingspatialregionscorrespondto VOI location,theaggregatemodeldoesnot extendVOIs

asis donein thepreatmodel.Hence,high resolutionregionsare“turnedoff ” whenno VOI is present.

13.2 Experimental Trials

Eachexperimentalsessionconsistsof multiple subjectstestedindividually in experimentaltrials. Eachtrial

consistsof threepresentationsof onevideosequenceprocessedin theLIN, HVS, andORGmanner. Trials

arelimited to threevideopresentationssinceloadingof the video into memoryrequires7 minutesandthe

experimentis designedto processeachindividual in roughly30minutes.Eachtrial consistsof thefollowing

steps:

1. Brief introduction.Whena subjectenters,s/heis askedto sit in front of theeye trackerheadrest.The

equipmentis briefly describedwith emphasisontheeyetracker infra-red(IR) light sourceandcamera.

It is pointedout that the IR assemblycontainsa standardoverheadprojectorbulb asthe light source.

This is doneto alleviate any preconceived fearsregardingthe apparatus(somesubjectswereunder

theimpressionthateyelid movementwould berestricted).Subjectsareassuredthat theexperimentis

physicallyunobtrusive.

2. Training. Prior to thedisplayof LIN, HVS, ORGsequences,thesubjectis shown theORGsequence

from videotape.Thesequenceis shown threetimeswith anexplanationof digital artifacts(blockiness,

blurry regions,jaggededgesandthelike). It is mentionedthattheORGsequencecontainsnoartifacts

andthatsubsequentsequences(to beshown in nospecificorder)shouldbejudgedrelative to theORG
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sequence.

3. Videopresentation.Eachvideopresentationconsistsof thefollowing substeps:

(a) Externalcalibration.Oncethesubjecthassettledinto theheadrest,theeye tracker is calibrated,

asdiscussedin 3 10.3.

(b) Internalcalibration. Immediatelyfollowing externalcalibration,the internalcalibrationproce-

dure is performedto recordthe initial accuracy of the eye tracker. The calibrationresultsare

storedin a text file for later analysis(the file nameconvention adoptedis (<seq name>.-

<lin|hvs|org>.1.clb).

(c) Stimulusdisplay. The video is presentedtwice in succession;eachtime eye movementsare

recordedandstored(thefile nameconventionsadoptedare(<seq name>.<lin|hvs|org>.-

1.por and<seq name>.<lin|hvs|org>.2.por).

(d) Internalcalibration.Immediatelyfollowing stimuluspresentation,theinternalcalibrationproce-

dureis performedonceagainto recordthefinal accuracy of theeyetracker. Thecalibrationresults

arestoredin a text file for lateranalysis(thefile nameconventionadoptedis (<seq name>.-

<lin|hvs|org>.2.clb).

(e) Stimulusjudgment.Following thesecondinternalcalibrationstepthesubjectis told to sit back

andrelaxandto marktheperceivedlevel of impairmenton a 5-pointimpairmentscaleshown in

Table13. The impairmenttablefollows the CCIR Recommendation500 rating scaleprovided

in [ST94]. Valuesof 1 and5 areassignedto the IMPERCEPTIBLE andVERY ANNOYING judg-

ment,respectively.

13.3 Subjects

A total of 16 subjects(7 female,9 male) participatedin Experiment3. The agedistribution was mean

19.4,minimum18, andmaximum22. Thesubjectswererecruitedfrom theDepartmentof Psychologyun-

dergraduatepool. Subjectmajorsrangedfrom Agricultural Biology (AGBL) to Psychology(PSYC).The

undergraduatelevel distributionwas8 freshmen,3 sophomore,4 juniorsand1 senior. All subjectshadgood

vision with 3 subjectswearingglasses,2 wearingcontactlenses.Therewereno subjectsfrom theDepart-

mentsof ComputerScienceor ElectricalEngineering,andall wereconsiderednaive in termsof their ability

to judgeeffectsof imageprocessingmethods.

Subjectswererandomlydivided into equalgroupsof 4 for eachof 4 experimentalsessions.Eachsession

pertainedto a particularvideo sequence(flight (ideal),flight (preat),brain2 (ideal),cnn (agg))following a

randomizedblockexperimentaldesign.
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TABLE 13
5-pointimpairmentscale.

1. Sequence1B
IMPERCEPTIBLEB
PERCEPTIBLE, BUT NOT ANNOYINGB
SLIGHTLY ANNOYINGB
ANNOYINGB
VERY ANNOYING

2. Sequence2B
IMPERCEPTIBLEB
PERCEPTIBLE, BUT NOT ANNOYINGB
SLIGHTLY ANNOYINGB
ANNOYINGB
VERY ANNOYING

3. Sequence3B
IMPERCEPTIBLEB
PERCEPTIBLE, BUT NOT ANNOYINGB
SLIGHTLY ANNOYINGB
ANNOYINGB
VERY ANNOYING
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13.4 Experimental Design

Processedvideo sequences(LIN, HVS, andORG) werepresentedin randomorder (seeTable35 in 3 E).

Note that in Table35 somesubjectsfrom Experiment4 wereincluded. Experiment4 wasa supplemental

experimentrunasanextensionof Experiment3.

Thestimulusvideowasshown twice to eachsubjectafterviewing thetrainingvideo.Thisconstitutesamod-

ification of theCCIR Recommendation500doublestimulusimpairmentmethod(sequenceABAB whereA

is theunprocessedsequence).Theresultingsequenceorderusedis ABB.

13.5 Results

Theobjective of Experiment3 is to evaluatewhetherthereis any perceptibledifferencein thedifferentres-

olution mappingsundertrackingandfreeviewing conditions.A specifichypothesisbeingtestedis whether

thespatialresolutiondegradationof theHVS mappingis imperceptibleundereitheror bothconditions.The

resolutionmappinghypothesisis examinedthroughtheANalysisOf VAriance(ANOVA) of subjectivequal-

ity testing.Subjectsratedthedifferentlyprocessedvideosequencesunderdifferentviewing conditions.An

unprocessed(ORG) sequencewasusedasthe control stimulusfactor. If thereis no statisticallysignificant

differencebetweenmeanratingsof theHVS andORGsequence,thenit is reasonedthatthereis nopercepti-

bleeffectof theHVS mapping.Resultsof this analysisarereportedhere.

Usefulnessof subjective ratingsof the video sequencesarecontingenton threefactorsof the eye tracking

experiment:(1) accuracy of theeye tracker, (2) accuracy of theeye tracker duringtheviewing task,and(3)

accuracy of gazepositionovertheintendedRegionsOf Interest.Theimpairmentanalysisimplicitly assumes

thatsubjectsaimedtheir gazeat the intendedhigh-resolutionROI targets.Prior to the impairmentanalysis,

thisassumptionis testedin thefollowing two sectionswhichevaluateeye trackerandgazepositionaccuracy

of theexperiment.

13.5.1 Verification of EyeTracker Accuracy

Themeasurementof gazedependson theaccuracy of theeye trackinginstrument.Eyetrackeraccuracy was

measuredby internalcalibrationproceduresdescribedin 3 10.3. Measurementsweretakenbeforeandafter

stimulusviewing trials, asdiscussedin 3 13.2. Theseproceduresprovide the basisfor two statisticalmea-

sures:(1) theoverall accuracy of theeye tracker, and(2) theamountof instrumentslippageduringstimulus

viewing. Thelattermeasurementgivesanindicationof theinstrumentaccuracy duringtheviewing task,i.e.,

by recordinglossof accuracy betweenthebefore-andafter-viewing calibrationprocedures.
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Eye tracker readingswereobtainedover 30 internalcalibrationpointsasdescribedin 3 10.3. Eachcalibra-

tion point measurementconsistsof eye tracker samplesaboutthe calibrationpoint over an 800msperiod

(approximately44 individual datapoints). Raw samplepointsfalling in the exterior 10-pixel wide borders

areignored.This is dueto theeye tracker’spropertyof generating(0,0) valuesduringblinks (confirmedby

the vendor). For this reason,any time a raw samplepoint is closeenoughto the location(0,0) (within 10

pixels), it is removedfrom furtherconsideration.An averageof valid datapoints(centroid)is obtainedand

theerrorbetweenthecentroidandcalibrationpoint is calculated.Eachtwo-dimensionaleuclidiandistance

measurementis convertedto thethefull visualangledependenton theviewing distanceandcalculatedres-

olution of thetelevision screen.Thuseachcalibrationrun contains30 averagedeviationsat eachcalibration

point measuredin termsof visual angle. A graphicalexampleof this measurementis shown in Figure86.

Theinternalcalibrationlocationsarerepresentedby < , samplemeasurementsarerepresentedby individual

(a) Calibrationbeforestimulusviewing (avg. er-
ror: 0.862 ). (b) Calibrationafterstimulusviewing (avg. error:

1.462 ).

Fig. 86. Typical per-trial calibrationdata(subject# 11).

pixel dots,andcentroidgazepositionsarerepresentedby circles,joinedwith thecorrespondingcalibration

point by a line. Thelengthof theline is theaverageerrordeviation in pixels.Thisdistance,r is convertedto

visualangleθ by thecalculation

θ 4 2tan= 1 r
2D

8
whereD is theviewing distance.Theerrordistancer is measuredin thesameunitsastheviewing distance

D, dependenton theresolutionof thedisplay.

To quantify the overall eye tracker accuracy succinctly, the averagecalibrationerror is obtainedfrom each
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setof calibrationpoints in order to calculatean overall averagestatisticof the eye tracker. The resulting

instrumenterror measureis an averagestatisticover all calibrationrunsperformedin Experiment3. The

calculatedmeanvalueis 2.482 . This is not a particularlyinformativestatisticssincethedatadoesnot appear

to fit anormaldistribution. Thehistogramof averageerrorsis shown in Figure87. Sincetheaverageerror
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Fig. 87. Overall eye trackererrorhistogram.

dataappearsskewed,amoremeaningfulstatisticis themedianvalue,which ignorestheinfluenceof outliers.

Its valueis 1.422 . Usingsimilar reasoningfor reportinga dispersionstatistic,the interquartilerange(iqr) is

utilized insteadof the standarddeviation for its robust responseto outliers. The iqr valueis 1.102 . These

findingsindicateanoverallacceptableperformance,not faroff from thevendor’sclaimedaccuracy (roughly

12 visualangle).

13.5.2 Verification of EyeTracker Slippage

Quantificationof thebefore-andafter-viewing eye tracker errorprovidesa measureof instrumentaccuracy

during the viewing task. A graphicalexampleof this measureis shown in Figure88 which is a composite

plot of Figures86 (a) and(b). Notice thatmeasuredeye positionsin relationto calibrationpointscoincide

well overall. To quantifythiscorrespondence,aone-wayANOVA wasperformedonthemeansof thebefore-

andafter-viewing averageerrormeasures.Table23 lists theANOVA measuresin 3 E. Error meanboxplots

areshown in Figure89. Onaverage,nosignificantslippageis detectedby thisstatistic.NotethatANOVA in

this caseis not very informative sinceit doesnot considereye tracker slippageon a per-trial basis.That is,
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Fig. 88. Compositecalibrationdatashowing eye trackerslippage(subject# 11).
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Fig. 89. Pre-vs. post-stimulusviewing averagecalibrationerrorboxplots.
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theANOVA only reportssignificantcorrespondenceof themeanmeasurements.

To examineeye tracker slippageon a per-trial basis,differencesof averageerrorswerecalculatedbetween

the before-and after-viewing calibrationruns on a pre-runbasis. Differencemeasurementsfit a skewed

distribution, asshown in Figure90. Due to theapparentskeweddistribution, statisticalmeasuresrobust to
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Fig. 90. Overall differenceerrorhistogram.

outliersareused.Themedianerroris -0.182 , andinterquartilerangeis 0.542 . Thesevaluesquantifytheclose

correspondenceof examplepre-andpost-viewing calibrationmeasurementsshown graphicallyin Figure88.

Overall, the tracker accuracy variesroughlya fifth of a degreevisualangleover the8-secondviewing task.

Over somecalibrationpoints,accuracy improveswhile over othersit degrades.Sincethepeakfrequency is

closeto 0, generallytheaccuracy beforeandafterviewing thestimulusremainsstableoverall.

13.5.3 Verification of GazePosition

To verify subjects’gazepositionwith respectto expectedRegionsOf Interest(ROIs), eye gazepositioner-

ror wascalculatedon a per-framebasisover all participatingsubjects’data.EstimatedVolumesOf Interest

(VOIs)from theraw PointOf Regard(POR)dataidentifiedsubjects’fixation locations.Theselocationswere

thencomparedto expected(ideal)VOI locations.Reference(ideal)VOIs werecomparedto eachsubject’s

observedVOIs by dismantlingtheVOIs into VOI-frameintersections(ROIs). Theerrormeasurewascalcu-

latedasthedistancebetweenidealandobservedROIs for eachframeandconvertedto degreesvisualangle.



232

In thecaseof theaggregateVOI stimulus,subjects’intra-framefixation locationsarecomparedto theclosest

expectedintra-frameROI (basedon a Euclidianmeasure).A medianerror valuefrom eachsubject’s VOI

datais usedasa representative measureof the gazeerror over the entiresequence.Outlier measurederror

valuescorrespondingto suspectedblinks weredroppedfrom themediancalculation.

Overall gazepositionerror is shown over eachsequencein Table24. Not surprisingly, the brain2 (ideal)

sequenceincurredtheleastamountof gazepositionalerror. Thiswasexpectedsincesubjectswereinstructed

to maintainsteadygazepositionatacentrallocationof thedisplay. Subjectsdid notappearto havesignificant

difficulty in performingthis task.Two-way Analysisof Varianceof themediansindicatesno significantdif-

ferencein meanvalues(meansof medians,p = 0.7178).However, thedifferencebetweenexperimentalVOI

paradigmsis significant(p C 0.0000).Statisticaldatais givenin Table25. One-wayANOVA of themedian

of meansbetweenresolutionmappingssupportsthe similarity of degreeerror. Data for pairwisemeanof

mediancomparisonsis givenin Tables26,27,and28.

The two-way ANOVA of meansbetweenviewing conditionssuggeststhat the VOI presentationstrategy

(ideal, preat,agg) is a factor in observed gazepositionerror. To investigatefurther, one-way analysisof

variancewasperformedbetweenthe meanof mediangazeerrorswithin eachexperimentalVOI paradigm.

In somecasesdatahadto betruncatedto performtheanalysisresultingin slightly differentmeanvaluesfor

individualconditionsbetweencomparisons.

1. Sequenceflight (ideal) vs. flight (preat): Mean gazeerror boxplotsare shown in Figure 91. The

differencebetweenmeansof medians(5.04192 vs. 1.95712 , respectively) is somewhatsignificant(p C
0.05)suggestinga smallergazeerrorduringtheflight (preat)sequencethanduringflight (ideal).

2. Sequenceflight (ideal) vs. brain2 (ideal): Meangazeerror boxplotsare shown in Figure 92. The

differencebetweenmeansof medians(3.70502 vs. 0.62782 , respectively) is significant(p C 0.01),

suggestinga smallergazeerrorduringthebrain2 (ideal)sequencethanduringflight (ideal).

3. Sequenceflight (ideal)vs. cnn(agg):Meangazeerrorboxplotsareshown in Figure93. Thedifference

betweenmeansof medians(5.04192 vs. 3.42102 , respectively) is notsignificantsuggestingcomparable

gazeerror betweenthe two sequences.This is somewhat surprisingsincethe flight (ideal) sequence

containedonly oneVOI while thecnn(agg)sequencecontainedseveral.Multiple VOIswereexpected

to distractviewersgeneratinga significantlylargegazepositionerror.

4. Sequenceflight (preat)vs. brain2 (ideal): Meangazeerror boxplotsareshown in Figure 94. The

differencebetweenmeansof medians(2.00062 vs. 0.62782 , respectively) is significant(p C 0.01),

suggestinga smallergazeerrorduringthebrain2 (ideal)sequencethanduringflight (preat).

5. Sequenceflight (preat)vs. cnn(agg):Meangazeerrorboxplotsareshown in Figure95. Thedifference

betweenmeansof medians(1.95712 vs. 3.42102 , respectively) is somewhat significant(p C 0.05),
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Fig. 91. Meangazeerrors,flight (ideal)vs. flight (preat).
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Fig. 92. Meangazeerrors,flight (ideal)vs. brain2 (ideal).
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Fig. 93. Meangazeerrors,flight (ideal)vs. cnn(agg).

1 2
0

1

2

3

4

5

6

7

8

9

V
al

ue
s

Column Number

Fig. 94. Meangazeerrors,flight (preat)vs. brain2 (ideal).
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Fig. 95. Meangazeerrors,flight (preat)vs. cnn(agg).

suggestinga smallergazeerrorduringtheflight (preat)sequencethanduringcnn(agg).

6. Sequencebrain2 (ideal)vs. cnn (agg): Meangazeerrorboxplotsareshown in Figure96. Thediffer-

encebetweenmeansof medians(0.62782 vs. 3.55392 , respectively) is stronglysignificant(p C 0.01),

suggestinga muchsmallergazeerrorduringthebrain2 (ideal)sequencethanduringcnn(agg).

Theone-wayANOVA tablesfor theabovecomparisonsaregivenin Tables29,30,31,32,33,and34.

Of all viewing conditions,theaggregateVOI strategy, utilizing multiple intra-frameregionsof interest,ap-

pearsto presentthemostdifficult visualtrackingtask.On theonehand,qualitativeobservationsof this task

suggestthat multiple regions,wheneasyto differentiatefrom backgroundimagery, tendto disruptnormal

viewing patterns.Subjectsexhibitedsomeconfusionasto which ROI to fixate,andin general,foundthese

sequencesannoying. Subjectivequality ratingssupportthisobservationandarepresentedin thenext section.

On theotherhand,quantitativegazeerrormeasurementssuggeststhat,on average,viewerswerecapableof

fixatingaparticularintra-frameROI with surprisingaccuracy (overallmediangazeerror2.982 visualangle).

Interestingly, thismedianof medianserrormeasurementis notsignificantlydifferentfrom theidealVOI con-

dition, andis only somewhatworse(in termof statisticalsignificance)from thepreattentivecondition.

Overall, theanalysisof gazeerrorsuggeststwo importantpoints: (1) viewershave little difficulty in match-

ing gazeto expectedlocationswithin fixation (brain2 (ideal)sequence)andtracking(bothflight sequences)

paradigms,and(2) thedegreeof error indicatescloseproximity to the intendedregion of interest.On aver-

age,recordedgazepositionsdid notvarymorethanroughlythefovealdimensionasprojectedonthestimulus
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Fig. 96. Meangazeerrors,brain2 (ideal)vs. cnn(agg).

display. Interestingly, performanceis somewhatbetterover thepreattentivesequencethanover theidealob-

serversequence.This is somewhatsurprisingsinceviewerswereexpectedto foveallymatchtheidealtarget.

Qualitatively, gazeof thesubject(“hunter”), whoseVOI datawasusedto generatethe(preat)sequence,tends

to slightly fall behindthemoving target. It is interestingto notethat in this experiment,“hunter”’s viewing

patternsprovideabetterpredictionof scanpatternsthantheidealobserver.

13.5.4 Impairment PerceptionAnalysisOver All Conditions

Mean resultsfor the 16 subjectswere analyzedby two-way ANOVA and are shown in Table 36 in 3 E.

Columnsin theANOVA tablerefer to thedifferentmappings(LIN, HVS, ORG),rows refer to theeffect of

differentsequences(flight (ideal),flight (preat),brain2 (ideal),cnn(agg)).Theimportantstatisticalconsider-

ationin this analysisis thetestfor variability. Theanalysisfindsno evidenceof variability acrossresolution

mappings(columns),but thereis strongindication(p C 0.0000)of variability acrossdifferentviewing condi-

tions(ideal,preat,agg).Furthermore,thereappearsto beevidenceof interactionbetweenrow-columnpairs

(p C 0.03).

At first glancethesefindingssuggestno perceiveddifferencein mappings.However, dueto thestrongevi-

denceof variability acrossviewing conditions,interactionsbetweeneachconditionmustbefurtheranalyzed

to gain insight into the results. The goal of the analysisis to ascertainwhetherthereis any perceiveddif-

ferencebetweentheLIN, HVS, andORGmappings.Overall analysisin this caseis meaningfulonly in the
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sensethatit indicatesastatisticaldifferencebetweensequenceviewing conditions.

13.5.5 Impairment PerceptionAnalysisBetweenConditions

Theoverall analysiswasbrokendown to identify statisticallysignificantinteractionsbetweenviewing con-

ditions (pairsof rows) in theexperiment.Two-way ANOVA statisticswereexaminedto testfor significant

differencesbetweenviewing conditions.TheANOVA tablesareshown for selectedpairsof conditionsin 3 E.

Resultsareinterpretedasfollows:

1. flight (ideal) vs. flight (preat):no significantdifferencewasfoundbetweenresolutionmappings,nor

betweenviewing conditions. No significantinteractionsbetweenfactorswere found. This finding

suggeststhattherewasno statisticallysignificantdifferencein perceivedquality amongtheresolution

mappingsor betweentheviewing conditions.

Thesignificantobservationhereis that thereis no apparentdifferencebetweentheidealobserverand

preattentivemethodof resolutiondegradation.Differencesbetweenresolutionmappingsareexamined

within eachviewing conditionbelow.

Sincethereis no statisticallysignificantdifferencebetweenthe ideal andpreatprocessingstrategies

betweenthe flight viewing conditions,only the ideal condition is usedin comparisonbetweenthe

remainingthreeconditions.

2. flight (ideal)vs. brain2 (ideal): no significantdifferencewasfoundbetweenresolutionmappings,nor

betweenviewing conditions.No significantinteractionsbetweenfactorswerefound.

3. flight (ideal)vs. cnn(agg):asignificantdifferencewasfoundbetweenresolutionmappings(p C 0.02),

andbetweenviewing conditions(p C 0.0000).Stronginteractionbetweenthefactorsalsoappeared(pC 0.01).

4. brain2 (ideal) vs. cnn (agg): a significantdifferencewas found betweenresolutionmappings(p C
0.01)andbetweenviewing conditions(p C 0.01). The interactionbetweenfactorswasnotably less

significant(p C .1).

Theanalysisbetweenconditionssuggestsno significantdifferencebetweenthepreattentiveandidealview-

ing conditions,andno significantdifferencebetweensequencetypesover theideal (andhencepreattentive)

viewing condition. By deductive reasoning,theviewing conditionthatappearsto standout is theaggregate

condition. Analysiswithin conditionsis carriedout below in anattemptto narrow down theeffect thatap-

pearsto settheaggregateexperimentapartfrom theotherconditions.Individual analysiswithin conditions

arealsoperformedto draw conclusionsregardingresolutionmappings.From the above it appearsthereis

no significantdifferencebetweenmappingsexceptin the casewhenthe apparentlyconfoundingaggregate
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factoris considered.

13.5.6 Impairment PerceptionAnalysisWithin Conditions

Theprimary interestin performingthe within-conditionanalysisis to testfor significancebetweenimpair-

mentratingsof thethreeresolutionmappingfactors(LIN, HVS, ORG).Meanresultsfor eachviewing con-

dition areshown in Figure97. One-wayANOVA wasperformedover resultsfrom eachviewing condition:

(a)flight (ideal). (b) flight (preat).
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Fig. 97. Meanboxplotsbetweenresolutionmappingratingswithin viewing conditions(columns1, 2, and3
correspondto LIN, HVS, andORGmappings,respectively.)

1. flight (ideal): no significantdifferencebetweenthe meanswasfound preventingthe rejectionof the

null hypothesisD 2 .
2. flight (preat): no significantdifferencebetweenthe meanswasfound preventingthe rejectionof the

null hypothesisD 2 .
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3. brain2 (ideal): no significantdifferencebetweenthemeanswasfoundpreventingtherejectionof the

null hypothesisD 2 .
4. cnn (agg): a significantdifference(p C 0.01)betweenthe meanswasfound stronglysuggestingthe

rejectionof thenull hypothesisD 2 . This indicatesasignificantdifferencebetweenresolutionmapping

underthis viewing condition. The boxplot suggeststhat the LIN condition is significantlydifferent

from the HVS andORG factors.To confirm this, eachpair of columns(resolutionmappingfactors)

wasanalyzed.One-wayANOVA tablesfor thesepairsaregivenin 3 E andaresummarizedhere:

(a) LIN vs. HVS: statisticallysignificantdifference(p C 0.05);

(b) LIN vs. ORG:statisticallysignificantdifference(p C 0.05);

(c) HVS vs. ORG:differenceis not statisticallysignificant.

It appearsthat the linear mappinggeneratedperceptuallysignificanteffectsfrom both the HVS and

ORGmappings.

13.6 Discussion

Theboxplotsin Figures97 (a)–(d)reflectthesomewhatcuriouslylow ratingof theunprocessed(ORG)se-

quence.Theexpectedratingof the ORG sequencewasimperceptible(meanof 1). Therearetwo possible

reasonsfor this result: (1) the closeviewing distancefor all conditions,and(2) the naivet́e of the subjects.

Theformercriterionwasimposedto simulatea largefield of view ( E 302 visualangle),necessaryfor pro-

viding a largeenoughspatialregion to testperipheraldegradation.At therequiredviewing distance(60cm),

however, imperfectionsof a standardNTSCtelevision becomeevident. Aliasing of fine lines, for example,

becomesquitevisible. In onecase,asubjectcommentedonthe“slightly annoying” qualityof thecalibration

symbols( F ). Thesubjecthadto be instructedto refrain from judging thecalibrationsymbolsandconcen-

trateon thestimulusvideo. Clearly, high-resolutiondisplaysareneededto prevent theconfoundingeffects

of low-resolutionmonitorswith theeffectsof imageprocessingtechniquesunderinvestigation.

The latterexplanationof the the low ratingof theORGsequencemaybea resultof thesubjects’inexperi-

encein thejudgmentof digitally processedimagery. Expectedartifactsweredescribedin vaguetermssuch

as fuzziness,jagginess,andblurrinessin order to avoid technicaljargon suchasringing effects,or block

artifacts.Nevertheless,subjectsmayhavehaddifficulty in recognizingimpairments.

The importantquality of the analysisis not so much the absoluteimpairmentrating, but ratherthe rela-

tive score.Theassumptionusedin the following interpretationof resultsis thata statisticallyinsignificant

differencebetweentheunprocessedsequencesanda processedonesuggestsaninsignificantfactor, i.e., im-

perceptibledegradation.
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Interpretationof thestatisticalanalysissuggeststheHVS resolutionmappingproducedimperceptibledegra-

dationof thevideostreamunderidealandpreattentive visual trackingconditions.This resultwasexpected

sincethedegradationstrategy wasdesignedto matchhumanvisualacuity. Two subjectsreportednot to have

seenany differencebetweenthe HVS andORG sequences(onefollowing the brain2 (ideal) sequence,the

other following flight (ideal) presentation).Surprisingly, the linear mapping(LIN) also generatedimper-

ceptibledegradationresults(underideal andpreattentive conditions).The linear mappingwasexpectedto

generateperceptibledegradation.

Resultsbetweenthe ideal andpreattentive conditionssuggestthatVOI-basedpredictionof eye movements

is effectivefor visualtrackingtasks.Beforethiscontentionwastested,anaggregateVOI wascompiledfrom

severalsubjects’eyemovementpatternsduringa visualtrackingtask.SincetheaggregateVOI qualitatively

resembledthe ideal observer’s, the goal of this experimentwasto testtheminimal conditionof usingonly

onesubject’s patternsasa predictorfor resolutiondegradationin thevideostream(flight). Resultssuggest

thatoneeyemovementpatternis sufficient for this purpose.

VOI-basedpredictionof eyemovementsmaynotbeeffectivefor naturalviewing tasks.Thishypothesiswas

testedthroughthedegradationof thecnn(agg)sequence.Resultsshow thatundernaturalviewing conditions

(no imposedviewing task), aggregateVOIs impair perception(or perhapsmore fairly naturaleye move-

ments).It is suspectedthat theproblemresidesin thediscontinuousnatureof theVOIs. In this experiment,

VOIswerenotextendedasin thepreattentivecase.Theresultingvideosequencepossessedabubblingqual-

ity of high resolutionregions.That is, in a low resolutionperipheralregion,a high resolutioninsetsuddenly

appears.

Thebubblingeffect of aggregateVOIs reflectsthepoorpredictivepowerof VOIs in freeviewing situations.

The discontinuitieswithin VOIs correspondto observed saccadesmadeby viewersover the courseof the

video sequence.This is a historicalrecord. Replayinga sequenceprocessedthroughaggregateVOIs may

depict locationswhereviewers looked in the pastbut thereis no guaranteethat viewerswill repeatthese

patternswithout prior instruction. In this sense,the VOI modelof eye movementsmay detectsaccadesin

an eye movementrecord,but this recorddoesnot serve well aspredictorof future eye movementpatterns.

A computationalmethodof eye movementpredictionover arbitrary(natural)sceneryis anopenproblemin

vision research.

Thebubblingeffectof aggregateVOIs generatesa typeof suddenonsetstimulussuspectedof drawing gaze.

It wasobservedthat viewerstendedto follow the high resolutioninsetsasthey appeared.Eye movements
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werenot asautonomousasobservedin Experiment2, ratherthey hada forcedappearance.It is interesting

to notethattheHVS processedsequenceproducedstatisticallyimperceptibleresultseventhoughforcedeye

movementswereobserved.Thedistinctionbetweenperceptionandperformancementionedearliermayoffer

a partialexplanationof theobservedresults.At themilder degradationlevel (HVS), subjectsmayhave had

their eye movementsimpairedby thesuddenonsetROIs, but still managedto perceptuallyform a coherent

representationof thesequence.

Thelatterspeculativecommentsbringupanintriguingquestion:is it possibleto guidegazewhile impercep-

tibly degradingperipheralareas?Gazeis guidedto a certaindegreein thedirectedaspectof visualmedia.

Television commercialsor moviesaredirectedsothattheaudiencefollowssomeinformationalcriteriasuch

asactionin a movie, or a marketedproduct.This typeof directionmayalsobepossiblein visually intensive

applicationssuchasvirtual reality. TheaggregateVOI experimentsuggeststhatVOIs maybeeffective for

thispurpose.It maybepossibleto forcefully guidegazein avirtual environmentsolongasperformance,not

necessarilyperception,is not impeded.
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CHAPTER XIV

CONCLUSION

This dissertationaddressesthe designof a gaze-contingentsystemaimedat matchingthe requirementsof

humanvisualattention.Neurophysiologicalandpsychophysicalliteratureis surveyedto gaininsightinto the

functionalityandlimitationsof thehumanvisualsystem.Tacitly assumingthepoint of gazecoincideswith

the focusof attention,the objective is three-fold: (1) the studyof the dynamicaspectof eye movements,

(2) thevisualizationof attentionin space-time,and(3) thequantificationof perceptuallimitationsof human

fovealandperipheralvision. Thedissertationtargetsthreespecificaims:

1. Developmentof the Piecewise Auto-Regressive IntegratedMoving Average(PARIMA) time series

modelof eye movements.This modelis usedin the analysisof recordedeye movementpatternsfor

spatiotemporallocalizationof saccades,fixations,andsmoothpursuitmovements.

2. Visualizationof spatiotemporaleye movementsthroughVolumesOf Interest, providing an aggregate

graphicalrepresentationof visualattention.

3. Implementationof awavelet-basedvideoresolutiondegradationmethodmatchinghumanvisualacuity.

Thefirst andthirdobjectivesarerealizedusingthediscretewavelettransformdueto its propertiesof multires-

olution frequency localizationandmultiscalesubsampling.A real-timeeyetracker is usedfor eyemovement

dataacquisitionandmodelevaluationthroughsubjectivequalityexperiments.

14.1 Time SeriesPARIMA Model of Eye Movements

Thewavelet-basedtime seriesmodelof eye movementsoffersa simpleyet robust techniquefor spatiotem-

poral localizationof saccades.Throughsaccadedetection,themodelidentifiesfixationsandsmoothpursuit

movements.The PARIMA modelapproximatesnonlineareye movementsthroughthe simplified assump-

tion of linear summation.For this reasonit is not an adequatemodelof the underlyingneuraloculomotor

processes.Due to its spatiotemporallocalizationproperty, thepyramidalmultiresolutionwavelet transform

offersflexible detectionof multiscaleinterventions(i.e., edgesor saccades).Computationally, this edgede-

tectiontechniqueis known to beoptimal.ThePARIMA representationprovidesaparsimoniousexpressionof

piecewisesignalcomponentscorrespondingto dynamicfixations.Overall, thePARIMA modelis apowerful

mathematic-theoreticalframework for eyemovementanalysis.

EmpiricalevidencesuggeststhePARIMA model’sadequacy for eye movementmodeling.Althoughtheag-

gressivestatisticalanalysisexposedthemodel’ssusceptibilityto TypeI andTypeII errors,themodel’sutility

is demonstratedthrougheye movementvisualizationandits applicationin gaze-contingentimagerepresen-
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tation.

14.2 Thr ee-dimensionalVolume Of Inter estEye MovementVisualization

Three-dimensionaleyemovementvisualizationoffersthreeadvantagesover two-dimensionalapproaches:G identificationof scanpathonsetandterminationandmovementdirection,G quantificationof dwell times,andG unambiguousrepresentationof transitionaleyemovements.

Thefirst two benefitsareprovidedby theexplicit representationof thetemporaldimension.Thethirddepends

on the underlyingframework usedfor eye movementclassification(i.e., the PARIMA model). Utilizing a

suitableanalyticalsubstrate,VolumesOf Interestexplicitly denotedynamicfixationsdelineatedby saccades.

VOIsgeneralizethetwo-dimensionalrepresentationof eyemovementsby providing a visualtemporalrefer-

enceframe.

AggregateVolumesOf Interestextendthe identificationof interestingtwo-dimensionalspatialfeaturesto

three-dimensionalspatiotemporalcomponentsof thevisualstimulus.This is particularlyusefulfor thestudy

of motion stimulus. Localizationof dynamicfixationsthroughaggregateVOIs alsogivesinsight into the

mechanismof visualattention.AggregateVOIs furnishanadequatepredictionof eye movementsunderre-

strictedconditions,e.g.,visualtracking,but not free-viewing.

14.3 Gaze-ContingentResolutionDegradation

Evidencesuggeststhat undercertainconditions,a significantamountof information may be withheld in

gaze-contingentvisualdisplayswith little perceptibleeffect. Surprisingly, experimentalresultssuggestthat

underthevisual trackingparadigm,effectsof linearandacuity-matchingresolutionmappingareimpercep-

tible. Dyadic linear mappingresultsin roughly 50% resolutiondegradationover 97% of the image(50%

resolutionbeyond the 105 F 105 fovealROI over a 640 F 480 imageframe). This informationreduction

hassignificantimplicationsfor gaze-contingentimageandvideocompression.Furtherresearchis required

to testHVS-matchingmultidimensionaldigital compressionof imagery, e.g.,degradationof color, contrast,

andmotion.

Thevisualtrackingparadigmutilized in humansubjectexperimentslimits thegeneralizabilityof results.Vi-

sualtrackingassumesa priori positionalgazeinformation.In free-viewing, theeffectsof thelinearmapping

degradationareclearlyvisible. In fact,usingthis degradation,thesuddenonsetof displayedhigh resolution

areastendsto distractnaturalviewing patterns,asdemonstratedby the aggregateVOI condition. Further
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researchis neededto determinewhether(a)amilder form of degradationcanoffer imperceptibleresultswith

significantsavingsin termsof compression,and/or(b) linear(or stronger)degradationeffectscanbeusedto

induceeye movementpatternsaffectingperceptionwithout impedingperformance.Currentresultsprovide

positivesupportfor bothavenuesof research.

Subjective impairmentratingssuggestimperceptibleeffectsof resolutiondegradationmilder thanthe linear

mappingfunction.Temporalrampsusedto graduallymodulateRegionsOf Interestmayfurtherenhancethe

perceptivequality of processedvideo.

Observationsmadeduringlinearmappingexperimentssuggestthepossibilityof directinginducedeyemove-

mentsto specificlocationsthroughtheuseof noticeabledegradationactingasacuefor visualattention.This

form of directedviewing paradigmmay be adequatefor preservation of visual performanceat the costof

perceivedquality impairment.

14.4 Summary

In conclusion,thePARIMA modelof eye movementsandthewavelet-basedmethodspresentedin this dis-

sertationoffer a suitableframework for the developmentof gaze-contingentvisual displays.ThePARIMA

model is an adequatelinear approximationof the nonlinearsignal,delineatingfixation andsmoothpursuit

movementsby saccadediscontinuities.Theutility of thewavelet-basedtechniquesis demonstratedthrough

the generationof both (1) meaningfulthree-dimensionalvisualizationof eye movementsthroughVolumes

Of Interest,and(2) imperceptiblespatiotemporalimageresolutiondegradation.
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CHAPTER XV

FUTURE DIRECTIONS

Utilizing theframework for gaze-contingentvisualcommunicationadoptedin thisdissertation,recommenda-

tionsfor futureresearcharemadewithin threeapplicationcontexts,namelyGaze-ContingentVirtual Reality,

Multi-ComponentVisualRepresentation,andComputationalModelingof VisualAttention. Openproblems

within generalareasaswell asspecificshortcomingsof presentmethodsareidentified,andsuggestionsfor

improvementsareproposed.

15.1 Gaze-ContingentVirtual Reality

Virtual environmentstodaylack realism. Real-timedisplayof visually rich sceneryis encumberedby the

demandto renderexcessive numbersof polygons. This problemis especiallyseverein virtual reality. To

minimize refreshlatency, imagequality is often sacrificedfor speed. The gaze-contingentrepresentation

strategy developedin this dissertationis a potentialsolutionto this problem.Specifically, thewavelet-based

imagedegradationmethodologyis directlyapplicableto graphicsrendering[Fou95]. Themultiresolutionim-

agereconstructionseamlesslyextendsto therepresentationof 3D graphicalobjects.Theuseof anappropriate

HVS-matchingresolutionmappingshouldgenerategraphicalmodelsmatchinghumanvisual resolvability.

This typeof renderingis applicableto graphicalenvironmentswhereeye trackersareusedasanocularinter-

face,e.g.,gaze-contingentvirtual reality andgraphicalsimulators.

A prototypefor gaze-contingentmultiresolutionrepresentationis the virtual environment,Exploring the

Brain Forest, beingdevelopedat theScientificVisualizationLaboratory, Departmentof ComputerScience,

TexasA&M University[MBD96]. Two attentivegraphicaltechniquesfor display-timecompressionarecur-

rently beinginvestigated.Thefirst scale-dependentstrategy is contingentupondisplayingmodelneuronsat

four levelsof geometricdetail.Thesecondproposedstrategy trackstheviewer’seyeandmatchesimageryto

thegaze-contingentperceptuallimitationsof thehumanvisualsystem.

15.1.1 Scale-dependentGeometric Modeling

Exploring the Brain Forestpresentshierarchicalviews of the brain at several levels of scalefrom a global

overview to immersionwithin its forestof neuronsandglial cells.To simulatetheattentivegraphicaldisplay

of this complex virtual environment,thescale-dependentstrategy representsmodelneuronsat four levelsof

geometricdetail. Dif ferentgeometricmodelsareutilized at differentranges(scales)from theviewer under
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this discretemodel-switching displaystrategy. The virtual environmentis modeledon a three-dimensional

gaze-contingentsegmentedstage.Thepresentationof differentgeometricmodelsis evokedatdifferentloca-

tionsof the stage,asshown schematicallyin Figure98. Neartheexpectedcentral(foveal) region, neurons
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Fig. 98. Gaze-contingentsegmentedstage.

arerepresentedby implicit surfaces.Furtheraway, in termsof depthandeccentricity, themodelis switched

to a cylindrical segmentrepresentationof neurons,where7-9 polygonsareusedpercylindercircumference.

Furtherstill, themodelis changedto wire-framecurvesof variablethicknessin 3-space.At theboundaries

of thestage,denseneuronalforestsaretexturemappedontothestage’spolygonalbackdrops.

15.1.2 Gaze-contingentGeometric Modeling

Thewavelet-basedmultiresolutionstrategy developedherefor imagedegradationcanbeusedfor multires-

olution geometricmodelingof figures,curves,andsurfaces.[CG95, DLR95]. CohenandGortler show the

utility of waveletdecompositionsfor B-splinecontrolpoint andleastsquareseditinganddiscusstheimple-

mentationof a multiresolutioncurve andsurfacemodeler. DeRose,LounsberyandReissellusewaveletsto

representmultiresolutionsurfacesof arbitrary topology. In general,objectsaresubdivided by refining the

controlpoint latticeby projectingto subspacesof differentscales(e.g.,applicationof anappropriatescaling
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functionat a givendecompositionlevel). Thecontrol point latticedenotingfigures,curves,andsurfacesis

analogousto ann-dimensionalimage.Therefore,themultiresolutionimagerepresentationstrategy presented

in this dissertationis applicableto graphicalobjects.Applicationof this strategy to neuronalmodelingex-

tendsthediscretemodel-switchingstrategy to aseamlessmultiresolutionmodelstrategy. Thegaze-contingent

stagesegmentsserve asindicatorsof resolutionlevel, cueingsuccessive representationsof the model(e.g.,

dyadicapproximations).

15.1.3 Outlook

The needfor Gaze-ContingentVirtual Reality (GCVR) systemshasbeenrecognizedandprototypicalsys-

temsutilizing dynamicfovealregionsof interestarecurrentlyunderdevelopment[Jac97, McC97]. Thework

in this dissertationshouldbe transferredto virtual reality environmentsusingminiatureeye trackingoptics

installedin high-resolutionhead-mounteddisplays(HMDs).1 Following successfultesting,wavelet-based

attentivegraphicalrenderingshouldbeevaluatedin theGCVR.It is theopinionof theauthorthatwith suffi-

ciently fastgraphicshardware,gaze-contingentrenderingmayprovemoremanageablethandigital imagery

dueto thepotentiallysmalleramountof controlpointdataneededto representgraphicalobjects.

15.2 Multi-Component Attenti veVisual Representation

Mostdisplaytechniquesassumeanisotropic,or homogeneous,representationof visualinformation,although

thehumanvisualsystem(HVS) doesnot processthis information in toto. JPEGandMPEGareprominent

examplesof codecswhichhomogeneouslycompressimagerythroughisotropicquantization.Selectivequan-

tizationschemesarebeingdeveloped,however, in anticipationof automaticcontrolalgorithms[ISO97]. As

shown in thisdissertation,resolutionis onecomponentalongwhichanisotropicimagedegradationis capable

of matchingthelimitationsof theHVS. A multi-componentdegradationstrategy for visuotopicscenerepre-

sentationis proposedbelow, followedby recommendationsfor real-timeattentivedisplayof imagery.

15.2.1 VisuotopicSceneRepresentation

Researchpresentedin this dissertationdealswith peripheraldegradationof spatialresolution. The human

visualsystemis peripherallylimited alongmorethanonevisualdimension.A multi-component,visuotopic

imagedegradationstrategy alongsix dimensionsis proposedin 3 3.3,andis repeatedherefor convenience:

1CurrentlyHMDs supportactivematrixLCDswith 640 F 480resolutionproviding a602 (diagonal)field
of view (e.g.,the V6 from Virtual Research,SantaClara,CA). Leadingmanufacturersof video-basedeye
trackers(e.g.,ISCAN andASL) offer installationof miniatureopticsinto theseHMDs.
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1. Spatial Resolution should remainhigh within the foveal region and smoothlydegradewithin the

peripheral,matchinghumanvisualacuity.

2. Temporal Resolutionmustbeavailablein theperiphery. Suddenonseteventsarepotentialattentional

attractors.

3. Luminance shouldbecodedfor high visibility in theperipheralareassincetheperipheryis sensitive

to dim objects.

4. Chrominanceshouldbe codedfor high exposurealmostexclusively in the foveal region, with chro-

maticity decreasingsharplyinto the periphery. This requirementis a direct consequenceof the high

densityof conesandparvocellularganglioncellsin thefovea.

5. Contrast sensitivity shouldbehigh in theperiphery, correspondingto thesensitivity of themagnocel-

lular ganglioncellsfoundmainlyoutsidethefovea.

Specialconsiderationshouldbegivento suddenonset,luminous,high frequency objects(i.e., suddenlyap-

pearingbrightedges).

Theabovemultivariatequantizationof peripheralvision requiresa processingstrategy capableof analyzing

andsynthesizinglocal imageregionsalongall of theabovedimensions.It is not known at this time whether

thewaveletstrategy cansatisfythis requirement.Luminanceandcontrastmaybebetteranalyzedin image

spaceinsteadof the wavelet domain,althoughthe wavelet transformhasbeenusedfor contrastenhance-

ment[LH94]. Thewavelettransformappearssuitablefor chrominanceanalysis,synthesis,anddegradation.

Degradationof the color componentmay requirea form of wavelet coefficient decimationin color space.

The wavelet transformis particularlywell suitedto the analysisof spatialand temporalfrequencies(e.g.,

spatiotemporaledges),asshown in thisdissertation.An interestingresearchdirectionis aunifiedrepresenta-

tion (encoding)of images(andvideo)suitablefor processingeachandall of theabovecomponents.

15.2.2 Real-Time Attenti veDisplay Recommendations

Real-timewavelet-basedvisuotopicdisplayof imageryrelieson fastanisotropicsynthesisof imageframes.

At present,imagerepresentationinvolveswavelet decomposition,coefficient filtering, andreconstruction.

For an imageof appropriatesize,e.g.,640 F 480,this setof operationsprohibitsreal-timeexecution.Two

possiblesolutions,which mayalleviateprocessingrequirements,arediscussedbelow.

First, thewaveletcoefficient filtering strategy generatesresultsequivalentto MIP-mapping,however, there-

cursivenatureof thewaveletreconstructionis moretime intensivethantheMIP-mappingsynthesis.In terms

of imagesize,n, the computationalcomplexity of wavelet reconstructionis O : nlog : n;H; , comparedto the

O : n; complexity of MIP-mapping.MIP-mappingabsorbstheinitial O : nlog : n;H; costduringdecomposition.
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Thereis a correspondingmemory-performancetradeoff betweenthetwo approaches,however. Waveletde-

compositionrequiresno morememorythantheoriginal image,while MIP-mapsubimagesrequireroughly

30%morestorageper frame[DM95]. If theextra memoryrequirementsarenot prohibitive,MIP-mapping

reconstructionprovidesfasterdisplaysincemostof theprocessingcostis absorbedduringdecomposition.

A secondpossiblesolutioninvolvespre-filteringof a bankof imagesreadyfor real-time,gaze-contingent

display. A priori identificationof potentialregionsof interestmaybeusedto pre-filterimages,resultingin a

setof imagesfor eachframeof video. During eachsaccade,theimagecontainingROIs at appropriateloca-

tionsmaybesubstitutedfor theupcomingframe.Thecurrentdiameterof thefovealROI is 105pixels.For a

640 F 480image,roughly24 fovealROIs areneededto cover theentiredisplay. A bruteforcepre-filtering

approachrequiresa setof 24 imagesper video frame. For gaze-contingentvideo, this approachis clearly

prohibitivedueits intensive memoryrequirements.Therequirementof holding24 framesin memoryis not

unreasonableif gaze-contingentstaticimagesareusedasstimulus. Thus,it is recommendedthat real-time

attentive displaystrategiesbe initially evaluatedover staticscenery. Theprogramgci hasbeendeveloped

for gaze-contingentviewing of a singleframeandis suitablefor thispurpose.

Bothsolutionspresentedherefor real-timeimagereconstructionaredependentonanappropriatelyfastgaze

predictionstrategy. This is discussedin 3 15.3.3.

15.3 Eye MovementAnalysis

Thedevelopmentof a gaze-contingentsystemdependson a real-timeeye movementclassificationstrategy.

The PARIMA model,presentedin this dissertation,providesan adequatelinear filtering strategy capable

of segmentingnonlineareye movementsignalsinto dynamicfixationsthroughthe localizationof saccades.

However, experimentalresultsexposedthe currentimplementation’s susceptibilityto Type I andII errors.

Strategiesfor refinementof themodelaregiven in 3 15.3.1. Extensionof the modelto real-timeeye move-

mentanalysisis suggestedin 3 15.3.2,andreal-timepredictionof eyemovementsis discussedin 3 15.3.3.

15.3.1 PARIMA Model Parameterization

The currently chosenPARIMA parametersoverestimatesaccades.Although subjective quality ratingsof

identifiedVOIs supportthemodel’soverall acceptableperformance(e.g.,pre-attentiveviewing conditionof

flight sequence),it is expectedthatrefinementof PARIMA parameterswill yield betteraccuracy. Strategies

for parameterrefinementrely on iterative testingof parametersandmodelevaluation.
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It is suspectedthatahigherspatialdecompositionlevel will resultin betterdetectionof inter-framefixations.

Higherspatialdecompositionresultsin coarsersubsamplingproviding a morerobustsolutionof the corre-

spondenceproblemasdiscussedin 3 7.4.

As suggestedin 3 XI, empiricalevaluationof the model’s performanceshouldrelax the criteria of saccade

matches.Becauseof theinherenteye trackingdelaybetweenstimuluspresentationandpoint of regarddata

collection,eye movementscannotbeexpectedto matchperfectlywith temporalstimulus(e.g.,onset).Typ-

ical saccadedurationandeye tracker latency maybeusedasdelaycriteria. For example,a delayof oneto

two videoframes(62-125ms)mayprovidea morerobustanalysisof themodel.

15.3.2 Real-Time Wavelet-basedEye MovementAnalysis

Currently, analysisof eye movementsis performedoff-line. Eachsetof point of regarddatais converted

to a video streamandanalyzeden masseby the three-dimensionalwavelet transform. Becauseonly two

levelsof temporaldecompositionareused,theanalysiscanbeperformedin real-timeon a smallnumberof

videoframes,referredto asa “mini-sequence”.Thedelayof this analysisdependson thetime neededto (1)

composethe eye movementsamplesinto video frames,(2) spatiallydecomposethe frames,(3) temporally

decomposethemini-sequence,(4) performtheROI detection,(5) temporallyreconstructthemini-sequence,

(6) spatiallyprojectthesubsampledframes,and(7) performtheinter-framelinking of ROIs into VOIs. Pro-

cessingtime dependson the size and numberof imageframes. Framesize is dependenton eye tracker

resolution(currently512 F 256), althougha smallerframesizemay be usedif on-the-flyspatialsubsam-

pling maybesubstitutedfor spatialdecomposition(step(2)). Thenumberof framesdependson therequired

temporaldecompositionlevel of the wavelet transform.At present,two temporaldecompositionlevelsare

needed,requiring4 videoframes.The4-framerequirementdictatesa minimumdelayof 4 F sp, wheresp is

the eye tracker sampleperiod. Currently, eye trackerstypically provide samplesevery 18msresultingin a

72msdelay. Underthis configuration,72msrepresentsthe lower boundfor two-level real-timeanalysisof

eye movements.A one-level temporaldecomposition(at leastonelevel is required)decreasestheminimum

delayto 36msbut is moresusceptibleto noise.

Real-timeanalysisof eye movementsmay indicatethecurrenttypeof eye movementa subjectis executing

(e.g.,fixation, saccade)but it is doubtful thata VOI historycouldbe built in real-time. VOIs arecurrently

assembledby matchingeachframe’sROI with theVOI currentlystoredin memory. VOIsareextendedto the

currentframethroughasearchof existingVOIs(see3 8.1).Searchtimeis directlyproportionalto thenumber

of VOIs in therecord.
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To makethereal-timeeyemovementanalysisworthwhile,at leastthecurrentVOI needsto bestoredin mem-

ory. That is, assoonasa saccadeterminationis detected,PORdatashouldbeassembledinto thecurrently

storedVOI for thepurposesof short-timeeyemovementprediction(discussednext).

15.3.3 Real-Time Eye MovementPrediction Thr oughForecasting

Anticipatorygaze-contingentsystemsrely on somemechanismof eye movementprediction. Predictionof

potentialfixation pointsover anentireimageor imagesequenceis anopenproblemin computervision re-

quiring computationalimageunderstanding.Identificationof visualattractorsthroughanalysisof historical

data,asattemptedin this dissertation,doesnot constitutea predictionof eye movements.Predictionof eye

movementsbasedsolelyon eyemovementdata(i.e.,out of thevisualcontext) doesnot seemto makesense.

However, thedesiderataaddressedherereflectstheambitiousgoalof long-timepredictionof eyemovements.

That is, the goal asstatedis concernedwith the identificationof imageregionswhich oneandall subjects

will fixateatsomepoint. Indeed,if suchanalgorithmwereavailable,many computervisionproblemswould

undoubtedlybesolved. For real-timeeye movementprediction,a differentmind setis requiredviewing the

problemin theshortterm.

ThePARIMA modelof eyemovementsis conceptuallybasedontimeseriesanalysis(TSA).A subsetof TSA

methodsnotutilized in thePARIMA modelinvolvesforecastingof observedtrendsin seriallycorrelatedsig-

nals. For example,forecastingmethodsareusedin the analysisof stock market data. Although reliable

long-termforecastingstrategiesdonotexist, fairly goodapproximationsarepossiblein theshortterm.In the

context of a real-timeanticipatorygaze-contingentsystem,this typeof approachmaybesufficient to predict

the directionof gazeover a small numberof video frames. Considerthe real-timeeye movementanalysis

approachproposedin 3 15.3.2,whereit is suggestedthata shortrecordof thecurrentVOI bemaintainedin

memory. SinceeachVOI is modeledby an ARIMA time series,the VOI may generatereliableshort-time

forecastsprovidedit is sufficiently long.

Time seriesforecastingis generallyconcernedwith predictingtrendsin the data. With respectto fixations

andsmoothpursuits,short-timeforecastsmayprovide predictionof thedirectionof thesemovements.This

maybeusefulfor trackingtheviewer’s gazeduringsmoothpursuitmovementsbut maynot provide useful

informationregardingfixations.In eithercase,saccadesmayintervenedefeatingtheutility of this approach.

Saccadesareproblematicsince(1) they disrupttherelatively continuousfixation andpursuitsignal,and(2)

their shortdurationpreventsmeaningfulanalysis.It is unlikely that time seriesforecastingcouldbeapplied

quickly enoughto offer a predictionof saccadedirection.
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Real-timepredictionof saccadesposesa significantproblem,yet to effectively overcomethe eye tracker’s

inherentdelay, this problemmustbeaddressed.Real-timedetectionof saccadesseemsmanageablesinceit

requiresidentificationof high-amplitudediscontinuitiesin thesignal.However, theshortdurationof saccades

requiresreal-timepredictionof “ballistic” saccadedirectionfrom relatively few datapoints.A possiblefast

solutionto this problemmaybea gradient-basedone.That is, oncea saccadeis detected,anestimateof the

saccade’s directionmaybeobtainedby calculatingthegradientdirectionof thedifferenceof two (or more)

successivePORsamples.

15.4 Computational Modeling of Visual Attention: A Survey

A centralproblemunderlyingthecomputationalapproachto gaze-contingentvisualcommunicationsystems

is thepredictionof eye movements.A computationalmodelof visualattentionis actively beingsoughtby

computervision researchers.At present,a fully functionalmodelof visualattentionhasnot yet beenfound.

In this section,severalprominentattemptsat thespecificationof sucha modelaresummarized,followedby

recommendationsfor possiblefutureresearchdirectionswith emphasison thewavelet-basedapproach.

Visualattentionis generallydescribedby theseamlessincorporationof theattentional“what” and“where”

functionality. Visualperformancecanbedistributedbetweentheseconceptsin thefollowing manner:G The “where” appearsto function in parallel over the peripheralvisual scene,acting as a selective

(voluntary),or reflexiveor reactive (involuntary)component.G The“what” coincideswith serial,fovealvision.

Most modelsof visualattentioneitheraddressoneof the“what” and“where” concepts,or attemptto incor-

poratethemboth.Selectedmodelsof visualattentionarebriefly reviewedin thefollowing sections.

15.4.1 Kochand Ullman’ sModel

KochandUllman modelselective visualattentionby threedifferentstages:(1) Salientfeaturesfrom a setof

elementaryfeatures,computedin parallelacrossthevisualfield andrepresentedby asetof topographicmaps,

arecombinedinto asaliencymap. (2) A Winner-Take-All (WTA) mechanism,operatingonthesaliency map,

identifiesthemostconspicuouslocation. A pyramidalstructure,suchastheframework proposedfor image

processingandanalysisby Rosenfeld(see[JR94]), is usedto implementtheWTA mechanism.(3) Properties

of theselectedlocationaresentto a centralrepresentation.TheWTA mechanismautomaticallyshiftsto the

next mostconspicuouslocation.Theshift canbebiasedby proximity andsimilarity preferences[KU85]. The

elementaryfeaturesencodedby thetopographicmapsincludecolor, orientation,directionof movement,and

(binocular)disparity. A postulated“switch” mapsthepropertiesof theselected(mostconspicuous)location
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from featurespaceto themorecentralnon-topographicrepresentationandis heldastheprincipalexpression

of early selective visual attention. The topographicfeaturemapsand the saliency mapcorrespondto the

“where” of visualattention,while theselectivemappingfunctioncorrespondsto the“what”.

15.4.2 Ahmad’sModel

Ahmadproposesa biologically-motivatedefficient computationalmodelof visualattentioncalledVISIT (a

looseacronymfor anetwork thatperformsVIsualSearchITeratively) [Ahm91]. Theglobalnetwork structure

is dividedinto four distinctsubnetworks: (1) thegatingnetwork(the“what”), responsiblefor suppressingall

activity exceptat a givenlocation,(2) thepriority network(the“where”), which determinesthelocationsof

interest,(3) thecontrol network, which is responsiblefor sequencingandfor mediatingtheinformationflow

betweenthegatingandpriority networks,and(4) theworkingmemory, which temporarilystoresrelevantin-

formation.A priority mapusedby thepriority network is similar to KochandUllman’ssaliency map.Unlike

KochandUllman’s WTA strategy, thecontrolnetwork shiftsattentionby usingbothtop-down andbottom-

upinformation(similar in spirit to Wolfe’sGuidedSearch—see3 15.4.4below) fedto abuilt-in maxfunction.

Ahmadrelatesaspectsof VISIT to variousneurologicalmodulesinvolved in attentionalfunction. Specif-

ically, the gatingsystemrelatesto the Pulvinar; the bottom-uppriority mapto the superiorcolliculus and

frontal eye fields; the control network to the posteriorparietalareas,andthe working memoryto the pre-

frontal cortex [Ahm91, 3 6.3].

15.4.3 Sandon’sModel

Sandonproposesahierarchicalrepresentationof spatiallocationasthebasisfor aconnectionistnetwork sim-

ulatingattention[San90]. Specifically, aGaussianpyramid,computedby repeatedlysmoothingandreducing

theinput intensityimage,providesmultiresolutiondatapathsto theattentionalconnectionistnetwork layers

allowing competitionamongscalesfor higherlevel processing.Sincestatic,monochromaticimagesareused

as input, the lowest level featuresusedby the modelareorientededges.A central-excitatory, peripheral-

inhibitory interactionamongfeaturesof a given type is appliedto eachof the featurearraysusedasinput

to the attentionalnetwork. A WTA mechanismwithin the attentionalnetwork inhibits all but the strongest

activationwithin theimagearray. Similar to Ahmad’sgatingnetwork, theeffect of theattentionalactivity is

to gate(select)featuresfrom specificimageregions(the“where”) up to highernetwork layerswhereobject

recognitionoccurs(the“what”).

It is importantto notetheuseof theGaussianpyramid. This pyramidalstructureis similar to thehierarchy

of imagesusedin MIP-mappingandto thesubsampledimagesgeneratedby thewaveletscalingfunction. In



254

fact,with appropriatewavelets,thewavelet representationprovidesan identicalbut supersetrepresentation

of thestructureusedby Sandon.Thewavelet representationin a sensecontainstwice asmuchinformation

sinceit alsocontainsthemultiscalederivative(or difference)imagesgeneratedby thewaveletfunction.Fur-

thermore,multiscaleedgeinformation,correspondingto orientededgefeatures,is readily available in the

waveletdomain.

15.4.4 Wolfe’sModel

Following Treisman’snotionof a featuremap,Wolfe proposesacomputationalmodelof visualsearchcalled

GuidedSearch [Wol93, Wol94].2 Wolfe’s feature-specificmapsareusedby parallelprocessesto analyzea

scenein orderto guideattention.Theinformationfrom featuremapsis combinedin anactivationmap.The

activationmapis a weightedsumof theactivationsin theparallelfeatureprocessors.Attention is deployed

from locationto locationin orderof decreasingactivation. Wolfe’s GuidedSearch occurswhenthe signal

from theparallelprocessesis often(but not always)largerthanthebackgroundnoise.

BecauseWolfe’sstrategy is goal-directedit is consideredby thepresentauthorto beapartialmodelof visual

attention(e.g.,covert or voluntaryattention).Visualattentioncanalsobe involuntaryor reflexive. Wolfe’s

modelis mentionedherebecauseit adheresto generalattentionalprinciples,i.e.,themodeldividesthesearch

taskinto a preliminaryparallelstage(the“where”) followedby asequentialsearchprocess(the“what”).

15.4.5 Tsotsos’Model

Recently, Tsotsoshasproposeda modelof visual attentionmotivatedby complexity analysisof the visual

system[Tso95]. Tsotsosarguesthat vision (computationalandhuman)is intractableif performedin toto

over the visual scene[Tso90]. Specifically, it is suggestedthat unboundedvisual search(wherea target is

eitherexplicitly unknown in advanceor is notusedin theexecutionof thesearch)is NP-complete.Theproof

relieson a directreductionof visualsearchto theKnapsackproblem.Boundedsearch,on theotherhand,is

claimedto have linear time complexity in thesizeof the image.Althoughtheresultof Tsotsos’complexity

analysismay be questionable(seecommentariesof HeathcoteandMewhort, KruegerandTsav, andKube

in [Tso90]), it leadsto thegenerallyacceptedconclusionthatselectiveattentionis essentialfor vision.

A descriptionof Tsotsos’attentionalmodelappearsin variousplaces[CT92a, CT92b, Tso90, Tso95]. The

model is similar to Koch andUllman’s algorithmwith two distinctions: (1) the modeldoesnot rely on a

2Visualsearchcanbeconsidereda goal-directedsubtaskof visualattention,e.g.,thecovert or voluntary
component.For moreinformationon this topic,see[BKB93, BM93, DMS93, Dol93, GS93, JCB93,Liu93,
TK93, VOD93].
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saliency map,and(2) theWTA strategy is modifiedby “biasunits” allowing multiplewinners(see[CT92a]).

Theselectionmechanismis similarto bothAhmad’sandWolfe’smodelsin thatbothbottom-upandtop-down

pyramidalsearchesareemployed(see[Tso95]). TheimagepyramidresemblesSandon’sGaussianstructure

sinceit is composedof progressively spatiallyaveragedimagesat higherlevels(see[CT92b]).

The pyramidalrepresentationis computedbottom-up,modifiedby biasesif available,andthe mostsalient

item is detectedandlocalizedin a top-down fashion,pruningpartsof thepyramid thatdo not contributeto

the mostsalientitem. The top-down “attentionalbeam”inhibits regionsoutsidean internalpasszonenot

unlikea moving center-surroundreceptivefield.

Tsotsosclassifieshis modelasan instanceof theselectivetuninghypothesiswhich claimsattentionis used

to tunethevisualprocessingarchitecturein orderto overcomepyramidalcomputationproblemsandto allow

task-directedprocessing.This classof attentionalmodelsis contrastedby the authorwith two othermajor

computationalhypotheses,namelytheselectiveroutingandtemporal tagging hypotheses.The formercon-

tainsmodelssimilar to KochandUllman’s andAnderson,OlshausenandVanEssen’s (see 3 15.4.6below).

The lattercategory containsmodelsbasedon single-cellperformancepredictions(e.g.,firing ratesandfre-

quency modulations).The main distinctionsbetweenthe selective routing andselective tuning hypotheses

arethe inclusionof inhibitory processesusedin spatialselectionanda multiple-winnermodificationof the

WTA mechanism.

15.4.6 Anderson,Olshausen,and Van Essen’s Model

Falling underTsotsos’selectiverouting classof modelsof visual attention,Anderson,Olshausen,andVan

Essenproposea routing circuit modelof visual attention[AOV95]. Theauthorsaddressthe issuesof shift

andscaleinvarianceby incorporatinga switchingmechanismfor shifting andrescalingsensoryinput data.

Thegeneralpurposeof a (low-level) switchingmechanismis to rescale,reposition,andotherwisereformat

visual informationinto a standardrepresentationfor later(higher-level) recognitionprocesses.Visualatten-

tion playsa key role in this processsinceattendingto an objecttheoreticallyplacesit into a canonical,or

object-based,referenceframe.

Thequintessentialpredictionof theroutingcircuit modelis thatcorticalreceptivefieldsshouldbedynamic;

shifting andrescalingwith attention. The modelprovidesa view of preattentive vision which, in general,

providesinput to a saliency mapincludingcolorandtexturegradients.
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15.4.7 SurveySummary

Thebrief survey of computationalmodelsof visualattentionpresentedhereis by nomeansexhaustive.Four

highlightedcomputationalstrategies,however, appearcommonto mostapproaches.First,visualinput is pop-

ularly representedby a coarse-to-finepyramidalstructure.Second,someform of featureor saliency mapis

derivedfrom thepyramidalrepresentation(e.g.,luminance,edge,or motion).Third, a (possiblymulti-layer)

gatingnetwork is arrangedto selectthemostsalientcomponent(s)from thesaliency map.Theselectionmost

oftenappearsto behandledby a variantof theWinner-Take-All strategy. Fourth,a controlmechanism(such

asselective routingor tuning)is proposedasameansfor feedinginformationto furtherprocessingareasand

for dynamicallyrelocatingthefocusof attention.

Componentsof computationalmodelsof visual attentionare generallyfashionedafter their hypothesized

neurologicalcounterparts.In broadterms,thefour majorcomputationalmodulesidentifiedherecorrespond

to four corticalareasimplicatedin visualattention:(1) Thepyramidalrepresentationcorrespondsto retino-

geniculo-corticalreceptive fields. (2) Saliency mapsencodevisual informationasrepresentedby feature-

sensitivecellsfoundin thestriatecortex (areaV1). (3) TheWTA gatingstrategy representsneuronsin either

the superiorcolliculus, frontal eye fields, parietalcortex, or Pulvinar. (4) The control mechanismmodels

neuronsthoughtto residein the Pulvinaranddeep(possiblyposteriorparietal)layersof the cortex. For a

recent,althoughbrief, survey of computationalmodelsof visualattentionsee[OK95].

15.5 Computational Modeling of Visual Attention: A ProposedFramework

Computationalmodelsof visual attentionrely on a pyramidal framework for representationof the visual

sceneasthebasisfor furtherattentionalprocessing.In mostcases,thefeatureor saliency mapbuilt from this

coarse-to-finerepresentationincludeseitheredgeor luminanceinformation. The inclusionof both features

typically requirestheconstructionof severalsaliency maps.Here,a wavelet-basedmodelof visualattention

is proposedwhich utilizesthewavelet transform’sability to representboth luminanceandedgeinformation

simultaneously. In thecaseof multi-componentimagery(e.g.,colorvideo),thewavelettransformprovidesa

unifiedframework for therepresentationof luminance,chrominance,andspatiotemporaledgeinformation.

The following outline presentsdetailsthe applicationof the spatiotemporalwavelet framework to the de-

sign of a wavelet-basedmodel of visual attention. Recommendationsfor model designare presentedin

threestages,describing(1) thewaveletsaliencypyramid in 3 15.5.1,(2) thegatingnetwork (the“where”) in3 15.5.2,and(3) thecontrol mechanism(the “what”) in 3 15.5.3. Preliminaryimplementationdirectionsare

suggestedin 3 15.5.4,anda proposedmodelevaluationmethodologyis discussedin 3 15.5.5.
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15.5.1 The SaliencyPyramid (the encodingof visual input)

Thebottomlayerof theproposedattentionalmodelrepresentsthesubstrateusedfor parallelidentificationof

visualfeatures.Following thereasoningusedin previousmodels,acoarse-to-finepyramidalencodingis sug-

gested.Thewavelettransformis recommendedfor thispurposesinceit readilyprovidesahierarchical,pyra-

midal multiscalerepresentationof thevisual input. With appropriatewaveletfunctions,e.g.,Gaborwavelets

modelingretino-geniculo-corticalorientation-selectivecells,thewavelettransformcombinestraditionalfirst

andsecondmodelelements.That is, bothpyramidalaverageandsaliency maprepresentationsof the input

arecontainedin the wavelet structure.To emphasizethis duality, the wavelet representationis termedthe

saliencypyramid. With the exceptionof chrominanceandcontrastinformation,a singlesaliency pyramid

encodesmultiple visualcomponents,includingresolution,luminance,andspatio-temporalfrequency.

15.5.2 The Gating Network (the “wher e”)

The next layer of the model representsthe gating functionality of the superiorcolliculus, the frontal eye

fields, the parietalcortex, andthe Pulvinar. It is suggestedthat the gatingnetwork is representedby three

subnetworksmodelingthethreecorticalcentersimplicatedin eyemovementcontrol: (1) thesuperiorcollicu-

lus (involuntaryattention),(2) the middle temporal(MT) area(voluntary, or covert attention),andcortical

centersassociatedwith vestibulo-oculareye movements(reflexiveattention).Gatingsubnetworksshouldbe

incorporatedvia aswitchingcircuit alternatingamongvoluntary, involuntary, andreflexiveattentionalmodes.

Thegatingnetwork’s overall functionshouldselectthemostsalientcomponentfrom thesaliency pyramid,

dependingon thecurrentattentionalmode.For example,if thecurrentmodeis voluntary, involvedin task-

directedselection,the gatingnetwork shouldsimulatevisual search.Someform of WTA strategy may be

implementedastheselective mechanism,e.g.,a neuralnetwork incorporatingcentral-excitatory, peripheral-

inhibitory (center-surround)interactionamongfeatures.

15.5.3 The Control Mechanism(the “what”)

Thecontrolmechanismshouldbeinvolvedin theselectionof thenext focusof attention.An inhibitory fea-

ture interactionlayermaybeprovidedin thegatingnetwork which attenuatespreviously inspectedregions.

Thecontrolmechanismshouldmodelthefunctionalityof areaswithin thePulvinarandtheposteriorparietal

cortex.
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15.5.4 Preliminary Dir ections

The centralproblemidentifiedin the context of videoprocessingis the predictionof gaze.Sinceit is sus-

pectedthatmotionis thedominantattentionalstimulusto which thevisualsystemresponds,theabovemodel

of visual attentionshouldinitially be implementedwith only one temporalsaliency pyramid representing

motion features.The spatiotemporalpyramid shouldideally be constructedin real-time,following recom-

mendationsfor real-timeeye movementanalysispresentedin 3 15.3.2.Otherfeaturessuchascolor maybe

incorporatedat a laterdate.

15.5.5 ProposedModel Evaluation

Thepurposeof thecomputationalmodelof visualattentionis to predicteyemovementpatternsovera video

sequenceof arbitrarylength.Metricsbasedon VolumesOf Interestareproposedasmethodsfor preliminary

evaluationof themodel.Predictedeyemovementpatternsmayberepresentedby VOIs from whichobjective

measuresshouldbe derived for the given stimulus. Variability measuresmay alsobe obtainedto test the

model’s performanceon successive runsover the samevideosequence.Next, VOIs obtainedfrom experi-

mentalsubjecttrials shouldbeusedto derive subjectivemeasures.An estimateof themodel’s performance

shouldbedrawn from a comparisonof VOI-basedmeasures.Suggestionsfor thedevelopmentof subjective

andobjectivemetricsaregivenbelow in 3 15.5.5.1and 3 15.5.5.2,respectively.

15.5.5.1 SubjectiveVOI Measureof Eye MovementVariability

VOIs obtainedfrom experimentalsubjecttrials may be usedto derive subjectivemeasuresof humaneye

movementvariability over visual stimuli. Qualitatively, the VOI modeldepictsthe variability of subjects’

eye movementpatternsover thecourseof thevisualstimulus.As seenin theexperimentalresults,a single

VOI over thecourseof avideosequencesuggestslittle variability in eyemovementsoverthescene(recallan

individual’sthreeviewing trialsof thecnnsequencediscussedin 3 12.6).Thisobservationmaybeinterpreted

aseitherdue to the subject’s familiarity with the contentor the uninterestingquality of the contentitself.

Quantitatively, thenumberof VOIs detectedovera sequencegivesa numberof visualfeatureson which the

subjectfixated.Thenumberof aggregateVOIs givesa numberof featuresfixatedby multiple subjects.

In essence,theVOI modelmaybeusedto derivea measureof eyemovementvariability overvisualstimuli.

Furthermore,this measuremay alsobe usedasa qualitative degreeof disorientationof subjectspresented

with particulartypesof stimuli. For example,considerthreetypesof videosequences:(a) a movie or com-

mercial,(b) a sportingeventsuchasa football game,and(c) a streetsurveillancescene.In (a), thedirected

natureof thecompositionsuggestsanexpectedsmallnumberof similar scanpaths.In (b), virtually oneVOI



259

is expectedcenteredontheplayeror objectof interest,e.g.,thefootballor thequarterback.In (c), thediverse

amountof information(e.g.,crowds,cars,etc.) suggestsanexpectedlargenumberof diverse(sparselysitu-

ated)VOIs.

The video sequencesusedin the presentwork areratherextremeexamplesof video sequences:the flight

andbrain2sequencescontainasingle(possibly)moving objectsuitablefor visualtracking,while thecnnse-

quenceis composedof relatively motionlesscontent.In thesequencesusedin thevisual trackingparadigm,

generallya singleVOI wasobserved, asexpected. The free-viewing paradigmevoked somewhat diverse

responseswith identifiablefixation pointsthroughtheaggregateVOI composition.At this stageonly qual-

itative observationscanbemaderegardingtheVOIs generatedover thesevideosequences.Thevariability

foundin theVOIsshouldbeexpressedquantitatively. Thismeasuremaybedependentonboththenumberof

VOIs andtheir spatiotemporaldispersion.Theresultantmetricwould providea subjectivemeasureof video

content.

15.5.5.2 ObjectiveVOI Quantification of DiverseVisual Stimulus

Analogousto thesubjectivemeasuresof videocontentderivedfrom humaneyemovementpatternsproposed

in 3 15.5.5.1,objectivemeasurescanbeobtainedfrom eyemovementpatternspredictedby thecomputational

modelof visualattention.Thismetricdichotomyis similar to subjectivequality ratingsof imagerycompared

to statisticalobjective measures(e.g., the mean-squarederror (MSE)). In the presentcontext, an objective

measureof videocontentis soughtbasedon computationallygeneratedVOIs.

The three-dimensionalwavelet analysisof eye movementsis directly applicableto video processing.An

objective measureof video contentestimatesthe variability of potentialvisual attractorswithin the video

sequence.This is a moredifficult problemthan the subjective measuresinceit relieson the detectionof

salientimagefeatures.Correctdetectionof visualattractorsis acentralissuein thedevelopmentof acompu-

tationalmodelof visualattention,discussedin 3 15.4. Nevertheless,certainimagefeatures,suchasmotion,

may be readily detectedcomputationally. Sincevideomotion is essentiallymanifestedby temporaledges,

thewavelet-basedsaccadedetectionalgorithmmayserve asa suitablestartingpoint for thedevelopmentof

an objective motion metric.3 Congruencebetweendevelopedobjective andsubjective metricswould offer

encouragingprogresstowardsa computationalmodelof visualattention.For this reasonalone,thedevelop-

mentof objectivemeasuresof diversestimuli shouldbepursued.

3As aninformal test,thesaccadedetectionalgorithmwasrun over the tennissequence.Surprisingly, the
“informative details”detectedby thealgorithmcorrespondedto the tennisplayer’s arm,paddle,andtennis
ball, asexpected.Backgroundfeatureswereeliminated(or “inhibited”) uponreconstruction.
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15.6 Epilogue

Researchuncoveredin this investigationidentifiesopenproblemsin the interdisciplinarystudyof human

vision andvisualattention.Resultsof thework performedin this dissertationoffer a spatiotemporalframe-

work suitablefor the developmentandevaluationof computationalmodelsof visual attention.More work

liesahead,promisingexciting discoveriesin computergraphicsandscientificvisualization,signalprocessing

andeyemovementmodeling,andgaze-contingentdisplays.
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APPENDIX A

BI-ORTHOGONAL WAVELET FILTER COEFFICIENTS

Filter coefficientsof the Barlaud,Burt andAdelson,Mallat, andChui (multiplicity-2), bi-orthogonalfilters

aregivenin Tables14,15,16,and17(roundedto fit thetablewidth). Dueto thesymmetryof thesequences,

only half of the Chui splinewavelet coefficientsareshown in Table17, wherehk 4 h2 = k 8 gk 4 g4 = k, and

similarly for theduals.

TABLE 14
Barlaud’snear-orthonormalsplinefilters.

k hk gk Ihk Igk

-4 0.0378285 0.0378285
-3 -0.0645389 0.0238495 -0.0238495 0.0645389
-2 -0.4068942 -0.1106244 -0.1106244 -0.4068942
-1 0.4180922 -0.3774029 0.3774029 -0.4180923
0 0.7884856 0.8526987 0.8526987 0.7884856
1 0.4180923 -0.3774029 0.3774029 -0.4180923
2 -0.4068942 -0.1106244 -0.1106244 -0.4068942
3 -0.0645389 0.0238495 -0.0238495 0.0645389
4 0.0378285 0.0378285

TABLE 15
Burt andAdelson’sLaplacianpyramidfilters.

k hk gk Ihk Igk

-3 0.0151523 -0.0151523
-2 -0.0707107 -0.0757614 -0.0757614 -0.0707107
-1 0.3535534 -0.3687057 0.3687057 -0.3535534
0 0.8485281 0.8586297 0.8586297 0.8485281
1 0.3535534 -0.3687057 0.3687057 -0.3535534
2 -0.0707107 -0.0757614 -0.0757614 -0.0707107
3 0.0151523 -0.0151523
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TABLE 16
Mallat’squadraticsplinefilters.

k hk gk Ihk Igk

-3 0.0078125 0.0078125
-2 0.0546850 0.0468750
-1 0.125 0.1718750 0.1171875
0 0.375 -2.0 -0.1718750 0.6562500
1 0.375 2.0 -0.0546850 0.1171875
2 0.125 -0.0078125 0.0468750
3 0.0078125

TABLE 17
Chui’s (multiplicity-2) cardinalsplinefilters.

k hk 8 h2 = k gk ? 1 8 g3 = k Ihk 8 Ih2 = k Igk? 1 8 Ig3 = k

1 0.683012701892 0.866025403784 1.000000 0.8333333
2 0.316987298108 -0.316987298108 0.500000 -0.5000000
3 -0.116025403784 -0.232050807569 0.0833333
4 -0.084936490539 0.084936490539
5 0.031088913246 0.062177826491
6 0.022758664048 -0.022758664047
7 -0.008330249198 -0.016660498395
8 -0.006098165652 0.006098165652
9 0.002232083545 0.004464167091

10 0.001633998562 -0.001633998561
11 -0.000598084983 -0.001196169967
12 -0.000437828595 0.000437828595
13 0.000160256388 0.000320512777
14 0.000117315818 -0.000117315818
15 -0.000042940569 -0.000085881139
16 -0.000031434679 0.000031434678
17 0.000011505891 0.000023011782
18 0.000008422897 -0.000008422897
19 -0.000003082990 -0.000006165980
20 -0.000002256905 0.000002256905
21 0.000000826079 0.000001652159
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APPENDIX B

MATRIX TENSOR PRODUCTS

Giventwo matricesA 8 B with dimensionsJ F K andL F M, respectively, thetensor(or Kronecker, or direct)

productof thematrices,denotedby A J B, is definedas

C 4 A J B 4LKMMMN a11B a12B OPOHO a1KB
a21B a22B OPOHO a2KB

...
aJ1B aJ2B OPOHO aJKB

Q%RRRS
where

a jkB 4LKMMMN a jkb11 a jkb12 OHOHO a jkb1M

a jkb21 a jkb22 OHOHO a jkb2M
...

a jkbL1 a jkbL2 OHOHO a jkbLM

Q RRRS 8
giving C dimensionJL F KM. An elementof C in termsof the elementsof A andB is written as C T6 c j l U km9 whererow andcolumnsof C aredenotedby dualsymbols : j l ; , : km; , respectively, suchthatc j l U km 4
a jkblm [Jos95, p.167]. Relabeling 6 c j l U km9 with two new indicesp 8 q 8 1 V p V P8 1 V q V Q, so that C T6 cpq9W4X6 c j l U km9 , theindicesp 8 q aregivenby:

p 4X: j > 1; L < l 8 and8 q 4 : k > 1; M < m5
For example,given

A 4 KN a b
c d
e f

QS andB 4ZY r s t
x y z [ 8

C 4 A J B is a 6 F 6 matrix:

C 4 KMMMMMMN
ar as at br bs bt
ax ay az bx by bz
cr cs ct dr ds dt
cx cy cz dx dy dz
er es et f r f s f t
ex ey ez f x f y f z

Q RRRRRRS 5
Thetensorproductis associative,: A J B ;WJ C 4 A J\: B J C ;]4 A J B J C 8
anddistributivewith respectto addition:

A J^: B < C ;_4 A J B < A J C 5
For furtherdetails,see[Jos95].
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APPENDIX C

EXPERIMENT 1 SUPPLEMENTARY MATERIAL

C.1 Experiment Approval and Consent

Experiment1 (initially entitled“Eye MovementModeling”) hasbeenreviewed andapprovedby the Insti-

tutional Review Board(IRB)–HumanSubjectsin Research,TexasA&M University. The official approval

form is shown in adigitizedreproductionin Figure99. All subjectssignedandreceivedanInformedConsent

Form,asapprovedby theIRB. A blankexampleform is shown in a digitizedreproductionin Figure100.

C.2 Verification of Eye Tracker Slippage

Analysisof varianceof eye trackerslippageis givenin Table18.

TABLE 18
Pre-vs. post-stimulusviewing averagecalibrationerrorone-wayANOVA.

ANOVA TABLE
Source SS df MS F
Columns 0.5976 1 0.5976 0.3825
Error 62.5 40 1.563
Total 63.1 41
p = 0.5398

C.3 Evaluation of PARIMA Model of Eye Movements

Hit andcorrectnessratesfor detectedsaccadesin observedeye movementsarepresentedin Tables19–21.

Symbols1 and0 denotethepositiveandnegative identificationof a saccade,respectively.
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Fig. 99. Experiment1 approval.
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Fig. 100.Experiment1 InformedConsentForm.
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TABLE 19
Experiment1 saccadedetectionstatisticsoversequencesim1.

Expected
saccade
location

Subject #
Per--
subject
hit rate

Saccade
Amplitude

(inter-frame
location)

(degree
visual
angle)

21 22 23 26 27 28 29
003-004 0 1 1 1 0 1 1 71 2.78
010-011 1 0 1 1 1 1 1 86 2.12
017-018 1 1 1 1 1 1 0 86 5.38
023-024 1 1 1 1 1 1 0 86 4.20
030-031 1 1 1 1 1 1 1 100 1.34
035-036 1 1 1 0 1 0 0 57 4.78
042-043 1 0 1 0 1 0 0 43 6.27
054-055 0 0 0 0 0 0 1 14 4.54
066-067 0 1 1 0 1 1 0 57 6.42
099-100 1 1 1 1 1 1 1 100 4.83
110-111 0 0 1 0 1 0 1 43 2.62
117-118 0 1 0 0 1 0 0 29 3.02
123-124 1 1 0 0 0 1 0 43 1.76
124-125 1 1 0 0 0 0 0 29 1.78
Total expected Total found
14 27 20 21 19 23 30 21

Percent correct over total expected
64 71 71 43 71 57 43

Percent correct over total found
33 50 48 32 43 27 29
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TABLE 20
Experiment1 saccadedetectionstatisticsoversequencesim2.

Expected
saccade
location

Subject #
Per--
subject
hit rate

Saccade
Amplitude

(inter-frame
location)

(degree
visual
angle)

21 22 23 26 27 28 29
041-042 0 0 0 0 0 0 0 0 2.84
046-047 1 0 0 0 0 1 0 29 2.49
053-054 0 0 1 0 0 0 0 14 2.34
072-073 0 1 0 1 0 1 1 57 2.72
078-079 0 1 0 0 1 0 0 29 2.42
084-085 0 0 1 1 0 0 0 29 4.40
090-091 0 1 1 1 1 1 1 86 4.79
097-098 1 0 1 0 1 0 0 43 1.91
099-100 0 0 1 0 1 0 0 29 4.70
113-114 1 0 0 1 0 1 0 43 6.59
119-120 1 0 1 0 1 0 1 57 6.68
Total expected Total found
11 18 18 28 22 20 22 22

Percent correct over total expected
36 27 55 36 45 36 27

Percent correct over total found
22 17 21 18 25 18 14
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TABLE 21
Experiment1 saccadedetectionstatisticsoversequencesim3.

Expected
saccade
location

Subject #
Per--
subject
hit rate

Saccade
Amplitude

(inter-frame
location)

(degree
visual
angle)

21 22 23 26 27 28 29
002-003 1 0 1 0 0 0 0 29 1.37
003-004 1 1 0 0 0 0 0 29 1.51
009-010 0 1 0 1 0 0 1 43 0.99
015-016 0 0 1 0 1 0 0 29 2.96
021-022 1 1 0 0 0 0 1 43 1.73
022-023 1 1 0 0 0 0 0 29 2.10
037-038 1 1 1 1 1 0 1 86 3.81
042-043 0 1 0 0 0 0 0 14 1.97
074-075 1 0 1 0 1 1 1 71 8.14
080-081 1 0 0 1 0 0 0 29 3.56
085-086 0 0 0 1 1 0 0 29 0.97
091-092 0 0 0 1 0 1 0 29 3.60
097-098 0 1 0 0 0 0 0 14 4.09
104-105 0 0 0 0 1 0 0 14 12.33
111-112 0 1 1 1 0 1 0 57 4.21
117-118 0 1 1 1 0 0 1 57 2.82
123-124 0 1 0 0 1 1 1 57 2.68
Total expected Total found
17 20 22 21 25 27 21 25

Percent correct over total expected
41 59 35 41 35 24 35

Percent correct over total found
32 59 29 28 22 19 24
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APPENDIX D

EXPERIMENT 2 SUPPLEMENTARY MATERIAL

D.1 Experiment Approval and Consent

Experiment2 (initially entitled“DetectingVolumesof Interestin Video”) hasbeenreviewedandapproved

by theInstitutionalReview Board(IRB)–HumanSubjectsin Research,TexasA&M University. Theofficial

approval form is shown in a digitized reproductionin Figure101. All subjectssignedandreceived an In-

formedConsentForm, asapprovedby theIRB. A blankexampleform is shown in a digitizedreproduction

in Figure102.

D.2 Verification of EyeTracker Slippage

Analysisof varianceof eye trackerslippageis givenin Table22.

TABLE 22
Pre-vs. post-stimulusviewing averagecalibrationerrorone-wayANOVA.

ANOVA TABLE
Source SS df MS F
Columns 0.1488 1 0.1488 0.2845
Error 4.185 8 0.5231
Total 4.334 9
p = 0.6082
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Fig. 101.Experiment2 approval.
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Fig. 102.Experiment2 InformedConsentForm.
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APPENDIX E

EXPERIMENT 3 SUPPLEMENTARY MATERIAL

E.1 Experiment Approval and Consent

Experiment3 (initially entitled“GazeContingentVideo Processing”)hasbeenreviewed andapprovedby

the InstitutionalReview Board (IRB)–HumanSubjectsin Research,TexasA&M University. The official

approval form is shown in a digitized reproductionin Figure103. All subjectssignedandreceived an In-

formedConsentForm, asapprovedby theIRB. A blankexampleform is shown in a digitizedreproduction

in Figure104.

E.2 Verification of EyeTracker Slippage

Analysisof varianceof eye trackerslippageis givenin Table23.

TABLE 23
Pre-vs. post-stimulusviewing averagecalibrationerrorone-wayANOVA.

ANOVA TABLE
Source SS df MS F
Columns 7.392 1 7.392 1.063
Error 639.9 92 6.955
Total 647.3 93
p = 0.3053

E.3 Verification of GazePosition

Overall mediangazepositionerror for differentviewing conditionsis givenin Table24. Two-way ANOVA

TABLE 24
Experiment3 gazeerror.

Video sequence Median of medians Median of iqr variance
(deg. visual angle)

flight (ideal) 2.09 1.94
flight (preat) 1.36 1.32
brain2 (ideal) 0.55 0.35
cnn (agg) 2.98 1.63
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Fig. 103.Experiment3 approval.
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of mediandatabetweenviewing conditionsis givenin Table25. One-wayANOVA of pairwisecomparisons

TABLE 25
Two-wayANOVA of gazeerrorbetweenviewing conditions.

ANOVA TABLE
Source SS df MS F
Columns 1.655 2 0.8273 0.3334
Rows 97.14 3 32.38 13.05
Interaction 10.34 6 1.724 0.695
Error 148.9 60 2.481
Total 258.0 71
p = 0.7178 0.0000 0.6546

of medianmeansbetweenresolutionmappingsaregiven in Tables26, 27, and28. One-way ANOVA of

TABLE 26
One-wayANOVA of gazeerror(LIN mappingvs. HVS mapping).

ANOVA TABLE
Source SS df MS F
Columns 14.15 1 14.15 1.434
Error 533 54 9.87
Total 547.1 55
p = 0.2364

TABLE 27
One-wayANOVA of gazeerror(LIN mappingvs. ORGmapping).

ANOVA TABLE
Source SS df MS F
Columns 14.84 1 14.84 1.609
Error 498.2 54 9.226
Total 513 55
p = 0.2101

pairwisecomparisonsof medianmeansbetweenviewing conditionsaregiven in Tables29, 30, 31, 32, 33,

and34.
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TABLE 28
One-wayANOVA of gazeerror(HVS mappingvs. ORGmapping).

ANOVA TABLE
Source SS df MS F
Columns 0.0083 1 0.0083 0.0005
Error 921.7 54 17.07
Total 921.7 55
p = 0.9825

TABLE 29
One-wayANOVA of gazeerror(flight (ideal)vs. flight (preat)).

ANOVA TABLE
Source SS df MS F
Columns 99.92 1 99.92 0.0000
Error 682.0 40 17.05
Total 781.9 41
p = 0.0201

TABLE 30
One-wayANOVA of gazeerror(flight (ideal)vs. brain2 (ideal)).

ANOVA TABLE
Source SS df MS F
Columns 84.33 1 84.33 7.995
Error 358.6 34 10.55
Total 443.0 35
p = 0.0078

TABLE 31
One-wayANOVA of gazeerror(flight (ideal)vs. cnn(agg)).

ANOVA TABLE
Source SS df MS F
Columns 13.32 1 13.32 0.735
Error 724.8 40 18.12
Total 738.1 41
p = 0.3964

TABLE 32
One-wayANOVA of gazeerror(flight (preat)vs. brain2 (ideal)).

ANOVA TABLE
Source SS df MS F
Columns 16.56 1 16.56 7.604
Error 74.07 34 2.179
Total 90.64 35
p = 0.0093
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TABLE 33
One-wayANOVA of gazeerror(flight (preat)vs. cnn(agg)).

ANOVA TABLE
Source SS df MS F
Columns 186.2 1 186.2 38.87
Error 191.6 40 4.79
Total 377.8 41
p = 2.2103e-07

TABLE 34
One-wayANOVA of gazeerror(brain2 (ideal)vs. cnn(agg)).

ANOVA TABLE
Source SS df MS F
Columns 281.6 1 281.6 81.92
Error 116.9 34 3.438
Total 398.5 35
p = 1.4064e-10

E.4 Impairment PerceptionAnalysis

Videosequenceimpairmentratings(5-pointscale,1 = imperceptible,5 = very annoying) overall conditions

aregivenin Table35.

E.4.1 Impairment PerceptionAnalysis BetweenConditions

Overall two-wayanalysisof variance(videosequence& resolutionmapping)is givenin Table36. Rowsrep-

resentviewing conditions(ideal,preat,agg)andcolumnsrepresentresolutionmappings(LIN, HVS, ORG).

Pairwisetwo-wayANOVA betweenviewing conditionsis compiledin Tables37,37,38,39,and40.

E.4.2 Impairment PerceptionAnalysis Within Conditions

One-wayanalysisof varianceof perceptionimpairmentwithin viewing conditions(differentresolutionmap-

pings)is givenin Tables41,42,43,and44. Columnsrepresentresolutionmappings(LIN, HVS, ORG).

E.4.2.1 Impairment PerceptionAnalysis Within the AggregateVOI Viewing Condition

Pairwiseone-way ANOVA betweenresolutionmappingswithin theaggregateVOI conditionis compiledin

Tables45,46,and47.
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TABLE 35
Experiment3 videosequencesubjectiveratings.

Video sequence Exp.#-Subj.# Sequence order Scores
L H N

flight (ideal)
03-05 L,H,N 1 2 2
03-06 L,H,N 2 2 2
03-07 H,N,L 1 2 2
03-08 L,H,N 2 2 2

flight (preat)
04-05 L,H,N 1 2 1
04-07 N,L,H 2 2 1
04-09 L,N,H 2 1 1
04-11 L,N,H 1 2 3

brain2 (ideal)
03-11 L,N,H 2 1 2
03-15 L,N,H 3 3 2
03-18 H,N,L 2 2 2
03-19 H,L,N 2 1 2

cnn (agg)
03-22 N,L,H 3 2 2
03-23 L,N,H 4 3 2
03-24 H,N,L 5 3 3
03-25 N,L,H 4 3 2

TABLE 36
Overall two-wayANOVA.

ANOVA TABLE
Source SS df MS F
Columns 1.625 2 0.8125 2.34
Rows 13.42 3 4.472 12.88
Interaction 5.708 6 0.9514 2.74
Error 12.5 36 0.3472
Total 33.25 47
p = 0.1180 0.0000 0.0269

TABLE 37
Flight (ideal)vs. flight (preat)two-wayANOVA.

ANOVA TABLE
Source SS df MS F
Columns 0.25 2 .125 0.4091
Rows 0.6667 1 .6667 2.182
Interaction 0.08333 2 .04167 0.1364
Error 5.5 18 .3056
Total 6.5 23
p = 0.6703 0.1569 0.8734



292

TABLE 38
Flight (ideal)vs. brain2 (ideal)two-wayANOVA.

ANOVA TABLE
Source SS df MS F
Columns 0.08333 2 0.04167 0.1765
Rows 0.04167 1 0.04167 0.1765
Interaction 0.5833 2 0.2917 1.235
Error 4.25 18 0.2361
Total 4.958 23
p = 0.8397 0.6794 0.3143

TABLE 39
Flight (ideal)vs. cnn(agg)two-wayANOVA.

ANOVA TABLE
Source SS df MS F
Columns 2.333 2 1.167 4.941
Rows 7.042 1 7.042 29.82
Interaction 4.333 2 2.167 9.176
Error 4.25 18 0.2361
Total 17.96 23
p = 0.0195 0.0000 0.0018

TABLE 40
Brain2 (ideal)vs. cnn(agg)two-wayANOVA.

ANOVA TABLE
Source SS df MS F
Columns 4.75 2 2.375 6.107
Rows 6.0 1 6.0 15.43
Interaction 2.25 2 1.125 2.893
Error 7.0 18 0.3889
Total 20.0 23
p = 0.0095 0.0010 0.0814

TABLE 41
Flight (ideal)one-wayANOVA.

ANOVA TABLE
Source SS df MS F
Columns 0.1667 2 0.08333 1.0
Error 0.75 9 0.08333
Total 0.9167 11
p = 0.4053

TABLE 42
Flight (preat)one-wayANOVA.

ANOVA TABLE
Source SS df MS F
Columns 0.1667 2 0.08333 0.1579
Error 4.75 9 0.5278
Total 4.9167 11
p = 0.8563
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TABLE 43
Brain2 (ideal)one-wayANOVA.

ANOVA TABLE
Source SS df MS F
Columns 0.5 2 0.25 0.6429
Error 3.5 9 0.3889
Total 4.0 11
p = 0.5483

TABLE 44
Cnn(agg)one-wayANOVA.

ANOVA TABLE
Source SS df MS F
Columns 6.5 2 3.25 8.357
Error 3.5 9 0.3889
Total 10.0 11
p = 0.0089

TABLE 45
Cnn(agg)LIN vs. HVS mappingone-wayANOVA.

ANOVA TABLE
Source SS df MS F
Columns 3.125 1 3.125 6.818
Error 2.75 6 0.4583
Total 5.875 7
p = 0.0401

TABLE 46
Cnn(agg)LIN vs. ORGmappingone-wayANOVA.

ANOVA TABLE
Source SS df MS F
Columns 6.125 1 6.125 13.36
Error 2.75 6 0.4583
Total 8.875 7
p = 0.0106

TABLE 47
Cnn(agg)HVS vs. ORGmappingone-wayANOVA.

ANOVA TABLE
Source SS df MS F
Columns 0.5 1 0.5 2.0
Error 1.5 6 0.25
Total 2.0 7
p = 0.2070
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APPENDIX F

LETTER OF PERMISSION

Proofof permissionfor useof thecnnsequencewasobtainedfrom theLegal Departmentof TurnerBroad-

castingSystem,Inc. Theofficial copyright permissionletter(3 pages)is shown in adigitizedreproductionin

Figures105–107.
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Fig. 105.Copyright permissionfor cnnsequence(page1).
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Fig. 106.Copyright permissionfor cnnsequence(page2).
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Fig. 107.Copyright permissionfor cnnsequence(page3).
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