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ABSTRACT

Gaze-Contingenisual Communication(August1997)
Andrew Ted Duchawski, B.Sc.,SimonFrasetUniversity

Chairof Advisory Committee:Dr. BruceH. McCormick

Virtual ervironmentstoday lack realism. Real-timedisplay of visually rich sceneryis encumberedby the
demandof renderingexcessve amountsof information. This problemis especiallyseverein virtual reality.
To minimize refreshlateng, imagequality is often sacrificedfor speed. What's missingis knowledge of
the participants locusof visual attention,andan understandingf how anindividual scanghe visualfield.
Neurophysiologicahnd psychophysicaliteratureon the humanvisual systemsuggestshe field of view is
inspectedminutatimthroughbrief fixationsover smallregionsof interest. Significantsazingsin scenepro-
cessingcanbe realizedif fine detail informationis presentedjust in time” in a gaze-contingntmanney

deliveringonly asmuchinformationasrequiredby the viewer.

An attentive modelof vision is proposedvhereVolumesOf Interest(VOIs) representixationsthroughtime.
The visual scanpathcomposedf raw two-dimensionapoint of regard (POR) data,is analyzedover a se-
guenceof video framesin time. Fixation locationsare predictedby a piecevise auto-reyressve integrated
moving average(PARIMA) time seriesmodelof eye movements.PARIMA modelparametersrederived
from establishedpatio-temporatharacteristicef eye movements PORdatais fitted to the PARIMA model
throughthe applicationof the three-dimensionalvavelet transform. Identifiedfixationsare assemblednto

volumesin three-dimensionapace-timedelineatingdynamicfovealattention.

TheattentvevisualmodelutilizesVOlsto synthesizevideosequencematchinghumanvisualacuity. Specif-
ically, spatialresolutiondropsoff smoothlywith the degreeof eccentricityfrom the viewer’s point of gaze.
Seamlesslegradationof individual video framesis accomplishedhroughinhomogeneousvavelet recon-
structionwheretheintersection®f VOIs andframesconstituteexpectedfovealregions. Peripherabllegrada-
tion of videois evaluatedthroughhumansubjectve quality testingin a gaze-contingenervironment. The
proposednethodof visual representatiors applicableto systemswith inherentlyintensve displayrequire-

mentsincludingteleoperatoandvirtual ervironments.
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CHAPTER |

INTRODUCTION

“Vision is investigatedoy threedifferentschoolsof the scientificcommunity Neuwophysiolo-
gistsattemptto understandiow sensoryandneuralmechanismsf biological systemdunction.
Perceptual Psytologiststry to understandhe psychologicaissuesgoverningthe taskof per
ception,and ComputerVision Scientistsinvestigatethe computationaland algorithmic issues
associatedavith imageacquisition processingandunderstanding.

— TrivediandRosenfeldasfoundin [JR94 p.1]).

Computerscientistsuild systemsThis dissertatioraddressethe designof a gaze-contingergystemaimed
at matchingthe requirement®f humanvisual attention. This differs significantlyfrom the goal of building
a systemto replicatehumanvision throughcomputationalmeans. The latter is reminiscentof early artifi-
cial intelligenceefforts which, althoughambitious,have not yet beenfully realized. In contrast,the work
developedhereis concernegrimarily with adaptingvisual displaysystemgo exploit inherentlimitations of

humanperception.

Neurophysiologicahnd psychophysicaliteratureon the humanvisual systemsuggestshe field of view is
inspectedminutatimthroughbrief fixations over small regions of interest. This allows perceptionof detail
throughthefovea.Fovealvision, subtending® (visualangle),allows fine scrutiry of 3% of theentirescreen
(21in monitorat ~60cmviewing distance) Approximately90% of viewing time is spentin fixations.When
visual attentionis directedto a new area,fasteye movements(saccadesjepositionthe fovea. Significant
savings in sceneprocessingcanbe realizedif fine detail informationis presentedjust in time” in a gaze-

contingentmanney deliveringonly asmuchinformationasrequiredby theviewer.

1.1 Reseach Objective

The objective of this dissertatioris to build a gaze-contingenfGC) visual display systemto matchhuman
vision. GC systemdlisplay computermediatedmagery(e.g.,video or graphics)manipulatedn a manner
dependenbn (the systems) knowledgeof the viewer’s point of regard. Application examplesinclude, but

arenotlimited to, videotelepholy, flight simulation,andvirtual reality. Thesevisualcommunicatiorsystems

This dissertatiorfollows the styleandformatof SIAM Journalon NumericalAnalysis.



displayinformationto the viewer throughimagery The term“communication”asusedherelooselyrefers
to human-computecommunicatiorratherthanto communicatiorbetweencomputerge.g.,over networks),
or betweerprocessoandmonitor (e.g.,real-timedisplay). The lattertype of communicatioris a subsidiary
consideratiorasa resultof bandwidth-limitedinformation requirement®utsidethe viewer’s field of view.

Themainobjective of the currentwork is to adaptvely presentvideoinformationmatchingthe visual atten-

tion andperceptua(not performanceapacityof the humanvisual systemt

Thetaskof avisualcommunicatiorsystemis to displaynaturalscenenby either:

¢ replicatingthe ervironmentthrougha digitally-processedacsimile(e.g., video), in a mannerindis-

cerniblefrom theoriginal, or

¢ syntheticallymodelingthe environment(e.g.,graphics)o evoke its perception.
Examplesof the former include digital imagerywhere naturalscenesare manipulatediencoded/decoded)
in animperceptiblemanner A prominentinstanceof this methodologyis the Joint Photographer&xperts
Group (JPEG)imagecompressiorstandardWal91]. The JPEGstandardquantizedigital imageryat just-
perceptibledegradationquality levels. An exampleof thelatteris virtual reality, wheresceneryis generated
to imitatereality. Virtual reality createsanillusory ervironmentwherecomputergeneratedmageryis meant
to evoke the perceptionof naturalscenes.Realismand computationakfficiency are commongoalsof the
two domains. The visual communicatiorsystemproposecdhereinfalls in the former classsincethe objec-
tive is a methodof video degradationimperceptibleto the humanobsener. The methodsfor imperceptible
degradationdevelopedn thisthesisaredirectly applicableto thelatterdomain(e.qg.,virtual reality) wherethe
distinction betweennaturaland syntheticsceneryis becomingincreasinglyblurred. The principlesbehind

theimperceptibledisplaymethodologyareapplicableto bothdomains.

The experimentaltestbeddevelopedto evaluateimperceptiblevideo display techniquess a multithreaded
programwhich simultaneoushtransfersvideo and tracks eye movementsin real-time. Treatingthe eye
tracker asan ordinarypositionalsensorthe architecturesharesnary similaritieswith traditionalvirtual en-

vironmentsystemdesigns.

It is tacitly assumedhat the measuregoint of regard: (1) coincideswith the subjects true point of gaze,
and(2) indicatesthe subjects focusof attention. Underthis assumptionthe objectivesof this dissertation
arethree-fold: (1) the study of the dynamicaspectof eye movements(2) the visualizationof attentionin

space-timeand(3) the quantificationof perceptualimitations of humanfovealandperipheralision.

1Thedistinctionbetweervisual perceptiorandperformances relevantto the empiricalevaluationof the
peripheraimagedegradatiortechniqueandis addresseth §XIIl.



1.2 SpecificAims

To addresshegaze-contingenequirement®f thevisualdisplay this dissertatiortargetsthreespecificaims:
1. Developmentof eye movementanalysisand modelingtechniquedor the spatiotemporalocalization
of saccadedjxations,andsmoothpursuitmovements.
2. Visualizationof eye movementsin space-timehroughVolumesOf Interest providing an aggreyate
graphicalrepresentatioof visual attention.
3. Implementatiorof videoresolutiondegradationrmethodsmatchinghumanvisualacuity.
The first andthird objectvesare realizedusing the multiresolutiondiscretewavelet transformthroughits
propertiesof frequeng localizationand multiscalesubsampling. A real-timeeye tracker is usedfor eye

movementdataacquisitionandperformancef subjectve quality experiments.

1.3 Dissertation Organization

The humanvisual systemis studiedfrom threeconceptuabperspecties. First, the phenomenorof visual
attentionis presentedn Chapterl. Secondthe structureandfunctionality of the visual systemis described
in Chaptedll. Third, characteristicef eye movementsarereviewedin ChaptedV. Chapterdl throughlV

constitutethe theoreticafoundationfor the developmentof the gaze-contingerdystem.

ChapterV introduceswavelettheory which formsthe mathematicaframeawork for deterministicdigital sig-
nal analysis.ChapterVI reviews time seriesanalysisappropriat€for modelingstochastigprocessesThese
chapterprovidethemathematicaframework for eye movementanalysisandmodeling,andgaze-contingent

videosynthesisReadergamiliar with waveletandtime seriesanalysistheoriesnay omit thesechapters.

ChapteVIl integratesvaveletanalysisn the context of time seriesandproposes wavelet-basedime series
modelof eye movements.ChapterVIll introducesa three-dimensionajraphicaltechniquefor visualizing
eye movementsin space-time.Aggregatethree-dimensionadye movementpatternsconstitutean attentive
modelof vision in the form of VolumesOf Interest(VOIs) representinglynamicfixations. Chapterl X de-
velopsa wavelet-basedmage synthesigechniquematchinghumanvisual acuity  This methodis usedto
smoothlydegraderesolutionin peripheralregionsof animage. ChaptersvIl throughlX resole thethree

specificaimsof this dissertation.

Evaluationof the proposedechniquess presentedn chaptersxX throughXIIl. ChapterX presentghe ex-
perimentalmethodandapparatusandempiricalresultsof threeexperimentsaregivenin Chaptersxl, XilI,
andXIlIl.



Concludingremarksareofferedin ChapterXlV andfuturedirectionsarerecommendeéh ChapterXV.



CHAPTER I

VISUAL ATTENTION

“Everyoneknows what attentionis. It is the taking possessiofvy the mind, in clearandvivid
form, of oneout of whatseemseveralsimultaneouslypossibleobjectsor trainsof thought. Fo-
calization,concentrationpf consciousnesareof its essencelt implies withdrawal from some
thingsin orderto dealeffectively with others.”.

—William JamegJam81 pp.381-382]

Humansarefinite beingsthat cannotattendto all thingsat once. Attention is usedto focusour mentalca-
pacitieson selectionf the sensoryinput sothatthe mind cansuccessfullyprocesshe stimulusof interest.
Our capacityfor informationprocessings roughly boundedby the “magic” number7 + 2 [Mil56]. While
listeningto anorchestrait is possibleto concentraten specificinstrumentse.g.,the flute or the oboe.The
brainprocessesensoryinputby concentratingn specificcomponentsf theentiresensoryrealmsothatin-
terestingsights,soundssmells,etc.,maybeexaminedwith greaterattentionto detailthanperipheraktimuli.
Thisis particularlytrueof vision. Visualscendnspectioris performedminutatim notin toto. Thatis, human
vision is a piecemealprocesgelying on the perceptualntegrationof small regionsto constructa coherent
representatiof the whole. In this chapter attentionis recountedrom a historical perspectie following
the narratve foundin [Van93. The discussiorfocuseson attentionalmechanisménvolvedin vision, with

emphasi®on two maincomponent®f visual attention namelythe“what” andthe“where”.

2.1 ChronologicalReview of Visual Attention

The phenomenorof visual attentionhasbeenstudiedfor over a century Early studiesof attentionwere
technologicallimited to simpleocularobsenationsandoftentimego introspection Sincethenthefield has
grown to aninterdisciplinarysubjectinvolving the disciplinesof psychophysics;ognitive neuroscienceand

computerscienceto namethree.This sectionpresents qualitative historicalbackgroundf visualattention.

2.1.1 Von Helmholtz's“wher e”

At thestartof the 20" century Hermannvon Helmholtzpositedvisualattentionasanessentiamechanisnof
visual perception.In his Treatiseon Physiolajical Optics he notes,“We let our eyesroamcontinuallyover
thevisualfield, becausehatis the only way we canseeasdistinctly aspossibleall theindividual partsof the

fieldin turn” [VonH25 p.63]. Noting thatattentionis concernedvith asmallregion of space)yon Helmholtz



obsenedvisualattentions naturaltendeng to wanderto new things. He alsoremarledthatattentioncanbe
controlledby a consciousandvoluntaryeffort, allowing attentionto peripheralobjectswithout makingeye
movementgo thatobject. Von Helmholtzwasmainly concernedvith eye movementgo spatiallocations,or
the“where” of visualattention.In essencealthoughvisualattentioncanbeconsciouslydirectedat peripheral
objects,eye movementgeflectthe will to inspecttheseobjectsat fine detail. In this sensegye movements

provide evidenceof overtvisualattention.

2.1.2 James’“what”

In contrasto Von Helmholtzs ideas,William Jameselievedattentionto be a moreinternally covertmech-
anismakinto imagination anticipation,or in generalthought[Jam81 § XI]. Jamesglefinedattentionmainly
in termsof the “what”, or theidentity, meaning or expectationassociatedavith the focusof attention.James
favoredthe active andvoluntaryaspect®of attentionalthoughhe alsorecognizedts passie, reflexive, non-

voluntaryandeffortlessqualities.

Both views of attention,which are not mutually exclusive, bearsignificantlyon contemporaryconceptsof
visual attention. The “what” and“where” of attentionroughly correspondo foveal (Jamesyandparaforeal

(Von Helmholtz)aspect®f visualattention respectiely.

2.1.3 Broadbent’s“selectivefilter”

Attention,in onesensejs seenasa “selectie filter” responsibldor regulatingsensoryinformationto sen-
sory channelsof limited capacity In the 1950, Donald Broadbentperformedauditory experimentsde-
signedto demonstrat¢he selectve natureof auditoryattention[Bro58]. Theexperimentpresentealistener
with informationarriving simultaneouslyfrom two differentchannelse.g.,the spolennumerals{7, 2,3} to
the left ear {9,4,5} to theright. Broadbentreportedlisteners’reproductionf either{7,2,3,9,4,5}, or
{9,4,5,7,2,3}, with no interwoven (alternatingchannel)responsesBroadbentconcludedthatinformation

entersin parallelbut is thenselectvely filteredto sensorychannels.

2.1.4 Deutschand Deutsch’s “importance weightings”

In contrastto the notion of a selectve filter, J. Anthony Deutschand Diana Deutschproposedhatall sen-
sorymessageareperceptuallyanalyzedat the highestlevel, precludinga needfor a selectve filter [DD63].

Deutschand Deutschrejectedthe selectve filter andlimited capacitysystemtheory of attention;they rea-
sonedthatthe filter would needto be at leastascomplex asthe limited capacitysystemitself. Instead they

proposedhe existenceof centralstructureswith preset‘importanceweightings” which determinedselec-



tion. Deutschand Deutscharguedthatit is not attentionassuchbut the weightingsof importancethat have
acausalkolein attention.Thatis, attentionakffectsarearesultof importancepr relevance jinteractingwith

theinformation.

It is interestingto note that Broadbents selectve filter correspondgo Von Helmholtz's “where”, while

DeutschandDeutschsimportanceneightingscorrespondo Jamesexpectationpr the“what”. Theseseem-
ingly opposingideaswere incorporatednto a unified theory of attentionby Anne Treismanin the 1960's

(althoughnot fully recognizeduntil 1971). Treismanbroughttogetherthe attentionalmodelsof Broadbent
andDeutschandDeutschby specifyingtwo component®f attention:the attenuatiorfilter followedby later
(central)structuregeferredto as'dictionary units’. The attenuatiorfilter is similar to Broadbents selectve

filter in thatits functionis selectionof sensorymessagesUnlike the selectve filter, it doesnot completely
block unwantedmessagedyut only attenuateshem. The later stagedictionaryunitsthenprocessvealened
andunwealenedmessageslheseunitscontainvariablethresholdgunedto importancerelevance andcon-
text. Treismanthus broughttogetherthe complementarynodelsof attentionalunit or selectve filter (the

“where”), andexpectation(the “what”).

2.1.5 Noton and Stark’s“scanpaths”

In their studyof eye movementsNoton and Starkhelpedcastdoubton the Gestalthypothesighatrecogni-
tionis aparallel,one-steprocesgNS71a NS71H. TheGestaltview of recognitionis awholistic onewhich
suggestghat vision reliesto a greatextenton the tendeng to group objects. Although well known visual
illusionsexist to supportthis view (e.g.,subjectve contoursof the Kanizsafigure,see[Mar82, p.51]),results
of NotonandStark's work suggesthatvisualrecognitionis serialin nature.Notonand Starkmeasureaye
movementsover imagesandidentifiedthesepatternsas“scanpaths”. Scanpathshow that subjectstendto
fixateidentifiableregionsof interest,or “informative details”, eventhoughthe orderof eye movementover
theseregionsis quitevariable.Thatis, givenapictureof asquaresubjectawill fixateonthecornersalthough
theorderin which the cornersarevieweddiffersfrom viewer to viewer andevendiffersbetweerconsecutie
obsenationsmadeby the samendividual ! In contrasto the Gestaltview, NotonandStark’s work suggests
thata coherenfpicture of the visualfield is constructecgpiecemeathroughthe assemblyof serially viewed
regionsof interest.Notonand Stark’s resultssupportJames*what” of visualattention.With respecto eye
movements the “what” correspondgo regionsof interestselectvely filtered by foveal vision for detailed

processing.

1Seealsothework of Yarbus[Yar67.



2.1.6 Posner’s“spotlight”

Contraryto theserial‘what” of visualattentiontheorienting,or the“where”, is performedn parallel[PSD8Q.
Posnesuggestednattentionamechanisnableto move aboutthe scenén amannersimilarto a“spotlight”.
The spotlight,beinglimited in its spatialextent, seemgo fit well with Noton and Stark's empiricalidenti-
fication of fovealregionsof interest.Posnerhowever, dissociateshe spotlightfrom fovealvision. Instead,
the spotlightis an attentionalmechanismindependenbf eye movements.Posnelidentified two aspectof
visual attention: the orientingandthe detectingof attention.Orientingof attentionmay be an entirely cen-
tral (covert, or mental)aspectof attention,while the detectingaspectis contect-sensitve requiringcontact
betweenthe attentionalbeamandthe input signal. The orienting of attentionis not always dependenbn
the movementof the eyes. Thatis, it is possibleto attendto an objectwhile maintaininggazeelsevhere.
Accordingto Posnertheorientingof attentionmustbedonein parallelandmustprecedehe detectingaspect

of attention.

2.1.7 Treisman's“glue”

Thedissociatiorof attentionfrom fovealvisionis animportantpoint. In termsof the“what” andthe“where”,
it seemdikely thatthe “what” relatesto serialfovealvision. The “where”, on the otherhand,is a parallel
procesperformedparafoseally, or peripherally which dictatesthe next focusof attention? PosneandNo-
ton andStarkadvancedhetheoryof visualattentionalongsimilar linesforgedby Von HelmholtzandJames
(andthenBroadbentaindDeutschandDeutsch).Treismanonceagainbroughttheseconceptsogethemwith a
featureintegrationtheoryof visualattention[TG80, Tre8q. In essenceattentionprovidesthe “glue” which
integratesthe separatedeaturesn a particularlocationsothatthe conjunction,i.e., the object,is perceved
asa unifiedwhole. Attention selectdeaturesrom a mastemmap of locationsshoving whete all the feature
boundariesarelocated,but not what thosefeaturesare. Thatis, the mastemapspecifiesvherethingsare,
but notwhatthey are. Thefeaturemapalsoencodesimpleandusefulpropertiesof the scenesuchascolor,

orientation size,andstereadistance.

2.1.8 Kosslyn's“window”

Recently Kosslynproposeda refinedmodel of visual attention[K0s94. Kosslyndescribesattentionasa
selectve aspectof perceptuaprocessingand proposesan attentional‘window” responsibleor selecting
patternsin the “visual buffer”. The window is neededsincethereis moreinformationin the visual buffer

thancanbe passedlowvnstreamandhencethe transmissiorcapacitymustbe selectvely allocated.Thatis,

2This point will be examinedfurther whenindependenprocessingf objectshapeandlocationis dis-
cussedn §3.1.2.



someinformationcanbe passedilong,but otherinformationmustbefiltered out. This notionis similar to
Broadbent selectve filter and Treismans attenuatiorfilter. The novelty of the attentionalwindow is its
ability to be adjustedncrementallyi.e., thewindow is scalable Anotherinterestingdistinctionof Kosslyns
modelis the hypothesif a redundanstimulus-basedttention-shiftingsubsystenfe.g.,a type of context-
sensitve spotlight)in mentalimagery Mentalimageryinvolvesthe formationof mentalmapsof objects,or
of theervironmentin generallt is definedas"...the mentalinventionor recreatiorof anexperiencehatin at
leastsomerespectsesembleshe experienceof actuallyperceving anobjector anevent, eitherin conjunc-

tion with, or in the absencef, directsensorystimulation”[Fin89, p.2].

2.1.9 ChronologicalReview Summary

An historicalaccounbf attentionis a prerequisiteo forming anintuitiveimpressiorof the selectie natureof
perception.The singularidioms describingthe selectve natureof attentionarethe “what” andthe “where”.
The “where” of visual attentioncorrespondso the visual selectionof specificregionsof interestfrom the
entirevisualfield for detailedinspection.Notably, this selectionis often carriedout throughthe aid of pe-
ripheralvision. The “what” of visual attentioncorrespondso the detailedinspectionof the spatialregion

througha perceptuathannelimited in spatialextent.

2.2 Visual Search

The areaof fixation is referredto asthe perceptualspan or perhapsmore appropriately the attentional
span[Hen93. Theshapeof theattentionakpanmaybe asymmetricatiueto attentionafactors:readersnay
have a stratgy for reading,anticipatingoncomingwords[Ore9d. For example,the window is skewed to
theright for readersof English,andit is skewedto the left for readersof Hebrew text. Irwin useda moving
window to limit the numberof text characterpresentedo readerqlrw92]. A window of only the current
word plus 14 charactersvassufiicient for readingpurposesThe generakhapeof the attentionalspanis not
well understoodIn viewing imagery thereis no “right way” to look ata picture[Ken93. If thepictureis ac-
companiedy text describingt, the descriptionrmay presentanovert strateyy to thereadeffHeg92 Koo8§.

In eithercase(with or without text) thereappeardo be no canonicakcanpattor viewing pictures|NS714.

Posners spotlightmodeland Treisman$ FeaturdntegrationTheory(FIT) arebothwell known theoriespre-
dicting visual searchto limited extents[KKP92, Ser92. Extensiongo thesetheorieshave sparled debate
asto whethervisual attentionis carriedout in sequencer in parallel. Hendersors sequentialattention
modelpredictssaccadigrogrammingoasedon an estimated350ms“timeout,” wherebyif the next fixation

hasnot beenprogrammedthe eyesre-fixateon the currenttarget[Hen97. Wolfe’'s GuidedSearch(version
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2.0) extendsFIT and arguesthat a limited numberof basicvisual featuresare analyzedin parallelacross
large portionsof the visual field [Wol93]. The plausibility of parallel,attentionalprocessingf the periph-
eryis gainingacceptancekvidenceto supportparallelaspect®f Wolfe's theorywasrecentlydemonstrated

throughelectrophysiologicalecordingsf brainactivity in [Luc93].

Visualsearchs atleastpartially deterministicfor anindividual, andnot completelyrandom[DMS93]. The
next fixation location canbe determinedn eitheror both the following ways: the viewer’s stratgy (asin
reading),and/orbasedon knowledgeof surroundingstimuli gainedthroughperipheralvision. The relative
importanceof the surroundingstimulus,however, is still underinvestigationalthoughit is known thatin its

absencgazedurationsncreasesuggestingroblematicprocessingf thescene.

2.3 Scenelntegration

Given that the attentionalspanis constrainedspatiotemporallyan interestingproblem arises: how is an
individual able to “piece together”the entire scene?This is known asthe sceneintegration problem. At
presentno coherentheoryof scenerecognitionexists[DeG93. Proposegartialtheoriesof scenantegra-
tion suggesthatin orderto perceve anentirescenethe piecesobsenedfoveally (during fixations)needto
be splicedtogetherfHLM92]. Extrafovealinformationmay contribute to sceneperceptionaswell. There
may be informationin the peripherythataddsto the processingf the scene.Thisis known aspre-attentive
(or preview) benefit.For the purpose®f visualcommunicationit is clearthatin orderto present coherent
video sequencéo the viewer, bothfoveal andperipherakegionsmustcontainsufiicient informationfor the
viewer to perceve theimage.In orderto minimize the amountof datafrom the systems point of view, both
fovealandperipheraimageryneedto be characterizeth termsof salieny. Thenotionthatinformationfrom
pixel-to-pixel is retainedis almostcertainlywrong—thereis no “integrative buffer”, “retinoid”, or “stable
featureframe” representatiofirw92]. Thisis dueto the motion-sensitie, single-cellphysiologicalorgani-
zationof the humanvisual system(see§3.2.2.5). The “images” that are storedare probablymoreabstract,
akinto Marr's 2 1/2D sketch[Mar82]. This maybe the reasorsmalldifferencesn successie videoframes
aredifficult to perceve. Thus,characterizingsalieny requiresdeterminingjust the right, or perhaps‘just

perceptible” imagecomponents.

2.4 Summary

Theattentional'what” and“where” duality is relevantto displayandinterfacedesignsincethis conceptcan
guideinformationalcontentpresentatioty matchingthe processingapacityof fovealandperipheravision.

In visualsearchwork, the consensusiew is thata parallel,pre-attentie stageacknavledgeshe presencef
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four basicfeatures:color, size,orientation,and presenceand/ordirectionof motion [Dol93, Wol93]. Doll
etal. suggesthatfeaturedikely to attractattentionincludeedgesgcornersbut not plain surfacegDMS93].
Todd andKramersuggesthat attention(presumablyin the periphery)is capturedby suddenonsetstimuli,
uniquelycoloredstimuli (to alesserdegreethansudderonset),andbrightanduniquestimuli [TK93]. There
is doubtin the literaturethat humanvisual searchcanbe describedasan integration of independentlypro-
cessedeaturedV0OD93. VanOdenandDiVita suggesthat“...any theoryon visual attentionmustaddress
thefundamentapropertiesof early visualmechanisms.To attemptto quantify the visual systems process-
ing capacity the neuralsubstrateof the humanvisual systemis examinedin Chapterlll which suneys the

relevantneurologicaliterature.
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CHAPTER 1l

NEUROPHYSIOLOGY

The limited information capacityof the HumanVisual System(HVS) providesepistemologicateasongor

visual attentionfrom a phylogeneticaktandpointandis the raisond’&tre of visual attention. The dynamics
of visual attentionprobablyevolvedin harmory with (or perhapsn responseo) the perceptualimitations
imposedby the neurologicalsubstrateof the visual system.For this reasonthe designof a visualcommu-
nicationsystemmatchedo humanperceptiormustconsiderthe neuralmechanismsef the HVS. The neural
substratenf the humanvisual systemis examinedin this section. Emphasids placedon differentiatingthe

processingapabilityof fovealandperipheralision.

3.1 TheBrain and the Visual Pathways

Thecerebralcortex is composedf numerougegionsclassifiedby their function[Zek93. A simplifiedrep-

resentatiorof corticalregionsis shovn in Figurel. Thehumanvisualsystems functionallydescribedy the
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connectiondetweenthe retinaand cortical regions,known asvisual pathways. Pathwaysjoining multiple
cortical areasinvolved in commonvisual functionsarereferredto as streams.Figure 1 highlightsregions
andpathwaysrelevantto selectve visual attention.For clarity, mary connectionsparticularlyinvolving the

Pulvinar, areomitted.

Theremay be asmary astwenty regionstopographicallycodingall or part of the visual field. The visual
stimulusis represente@encodedpy atleasttwo functionallydistinctcognitive andsensorimotorepresenta-
tions[Bri95]. Thecognitiverepresentatioprovidesvisualknowledge(perceptionpf identitiesandlocations
of objects,while the sensorimotoencodingdrivesvisually guidedbehaior. Thesedual vision systemsdo

notalwaysfunctionindependentlyaswill bediscussedn §3.1.1.

Visualpathwaysnenatefrom theretina,throughtheoptic chiasmandtheLateralGeniculateNucleus(LGN).
TheLGN isthevisualnucleusbodyin theThalamugMum95]. TheThalamuss acollectionof smaller(func-
tionally specificandnon-specifichuclei. Essentiallyall input to the cortex is relayedthroughthe Thalamus.
ThePulvinaris anothememberof the ThalamuqdOK95]. It is alargesubcorticabktructurejtself dividedinto
atleastfour smallernuclei. Althoughnot shavnin Figurel, it is heavily interconnectedvith visualcortical
areas.Theprojectionof the LGN to thevisual(striate)cortex (areaV1) preseresthetwo-dimensionatetinal
layoutof thevisualimage. Thalmacorticapathwaysarereciprocatedy feedbackpathwaysfrom the cortex
backto the Thalamusforming a massve systemof local loopsbetweerthe Thalamusandthe entirecortex.
It is believedthatcorticalfeedbaclgatesthalamictransmissiorof subcorticaldata,i.e., feedbackallows the
cortex to attendto partof thesedataselectvely. Along theretinocorticalprojections pathwaysbranchoff to
the SuperiorColliculus (SC), a region implicatedin saccadigrogramming.In a double-stegparadigm sin-
gleunitrecordingshave shovn that,beforethefirst saccadethe brainencodeshe secondarget's retinotopic
locationwithin the parietalcortex, frontal eye field, andthe SC [PS95. During executionof the first eye
movementthis informationis updatedo representhelocationof the secondargetasit would befoundon
theretinaafterthefirst saccadeThe SC alsomediateghe function of remappingauditoryspaceinto visual
coordinategpresumably)or the purposeof target foveationthroughsaccadiceye movements.In general
terms, it is thoughtthe parietalcortex “disengagesttention”,the SC “movesattention”, and the Pulvinar

“engagesattention”[OK95].

TheLGN projectsparallelIMagno-andParvo-cellular(M-, P-) pathwaysto the striatecortex. Thevisualcor

tex (areal?, or V1) is the primary visual processingenter(top of the visual hierarchy).Pathwaysproceed
from the visual cortex to highervisual centers V2—-V4, the Middle Temporal(MT) area,or areaV5, and
the Middle SuperiorTemporal(MST) cortex. Functionally centerV1 is responsiblégor the detectionof a

completerangeof stimuli, e.g.,color, motion, andorientation.Centersv2, V3, V3A, V4, MT, etc.,arethe



14

secondaryspecializedvisual centersresponsibleor a hostof higherlevel visual functionssuchasretinal
disparity orientationof contours,directionof motion, size,shapeandcolor. The MT andMST furnisha

large projectionto the DorsolateraPons known to contributeto smoothpursuiteye movement§GN95).

Nenvationsemanatingirom V1 to the parietalandtemporalcorticesare referredto asthe parietal(dorsal
stream)jandtemporal(ventralstream)pathways,respectiely [Nel95]. Thetemporalcortex is associateavith
cognitive aspectf vision while the parietalcortex is involved with sensorimotofunctions. The ventral
streamcorrespondso the centralvisualfield, andis generallyidentifiedasthe “what” of visual processing.
The dorsalstreamis affiliated with the peripheralvisual field and performsthe “where” function. Specif-
ically, the ventral streamperformsprecisefigure synthesisand recognitionof successiely fixated objects
andshareghe outputwith the dorsalstream. Parietalareasalongthe dorsalstreamperceve andlearnthe
spatialarrangementsf objects.Nelsonalsorefersto the ventralanddorsalpathwaysasthe objectandplace
streamsyespectiely. Dorsalcells encodingperipheralinformationaremore numerousandexchangemore
spatialinformationthanventralcells which shareperceptualnformationregardingthe fixated objectof in-

terest.

Thetemporalpathway containsregionsin which neurongespondo specificfeaturesor propertiesof fixated
objects[Bri95]. The pathway culminatesn theinferotemporaktortex, a region composeaf largereceptve
fields, requiringvery specificand comple trigger features.The nonretinotopiaepresentatiofiound within
theinferotemporalkortex suggestshatit specializesn recognition. Neuronsin this region usuallyinclude

thefixation point.

Theparietalpathway specializesn physicalfeaturesof thevisualworld, e.g.,motionandlocation.Its spatial
functionis furthersubdvidedby two processingegions,the Laterallntra-Parietal(LIP) areain the Posterior
ParietalCortex (PPC)andarea7a. Thelatterareais involvedin ocularfixation andcontainsneuronswhich
provide informationsufiicient for reconstructiorof the fixated object’s spatialpositionin head-centeredo-
ordinates.Responsesf theseneuronsdependon the retinal targetlocationandthe orbital positionof both
eyes.TheLIP areacontaingeceptvefieldswhicharecorrectedeforeeachsaccadsothatthey mayrespond
to future stimuli. Changesn thesereceptve fields canbe conceved asactvity that signalscandidatesor
plannedeye movements. The LIP areadirectly projectsto eye movementcentersandis active during the

programmingpf saccadieye movementdMA95].
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3.1.1 Independenceof Visual Channels

The humanvisual system(HVS) hasbeencomparedo a setof independenprocessorsn the sensethat
visual componentsuchascolor, motion, orientation,etc., are processedhroughseparateloosely coupled
channelsBorrowing parallelalgorithmterminology tightly coupledmachineqalsoreferredto asmultipro-
cessorsgharea commonmemory while loosely coupledmachinegmulticomputersyely on anintercon-
nectionnetwork [Akl89, p.17]. The essentiabifferencebetweernthe two is that “multicomputers”areable
to performwork independentlywhereas'multiprocessors’aremoredependenbn eachothet In this view,
thereis more evidencefor loosecoupling of visual areasthan strongcoupling. The neurologicalsubstrate
of the HVS proffersa parallelview of computationramongvisual areasover a serialview of a hierarchical
visualpipeline. Thelatterview, consideringa serial‘flow of data’from areasv1 to V2 to V3, throughto V5,
wherethe sequencef visual areassuccessiely computesand addsdifferentfeaturesof the visual array is
nolongercommonsinceit doesnotrecognizeheknown complexity of thesystemKaa89. Kaasstateghat
“the obvious problemwith this line of reasonings thatthe proposalultimately seemsunworkablebecause

too mary classe®f very specificneuronswvould be neededat the highestlevel”

Evidencefor loosecouplingcomesfrom two majorphysiologicaffindings:

1. Thereis apparenhigh modularityof visual processingparticularlyfor handlingcolor, shapemotion
andlocation[LH88]. Eachvisualattribute seemdo correspondo a highly specializectortical center
thatrespondgo theattribute’s presenceThis physiologicakegregationis evidentfrom the high degree
of parallelismof magno-cellulatM) andpano-cellular(P) channelglefiningfour functionalpathways,
carryinginformationfrom X, Y, andW retinalganglioncells[VOD93 Zek93 Kaa89. Thesecelltypes
aredescribedelow.

2. Lesionstudiesshown that somefunctionsremainintactwhile selectednechanismsredestrged. For
example,selectve destructiorof centersgesponsibldor motion perceptiorallows subjectgo perform
saccadeto targets,but disablegpursuiteye movement§And89].

The evidencefor the existenceof specializedrisual processingenterssupportghe notion of loosecoupling
in thatthereis no‘commonmemory’for theindependenprocessorso share Paradoxically evidencefor the
interconnectionetweerthe centerssupportsheideaof “re-entry” of visualinformationinto areasvl and

V2, which maysuggesstrongcoupling[Zek93.

Therehasbeensomeoppositionraisedio acompletelymodularview of visualprocessingSA93]. Stonerand
Albright arguethattheremay be a high degreeof cooperatioramongprocessorskor example,eventhough
motionprocessings consideredo bespecializedn themiddletemporal(MT) area,jt maybestronglylinked
to othervisualcenterssuchasthosethoughtto beresponsibldor processinghapeanformation. The cooper

ationof bothareasnay berequiredfor shape-from-motioprocessing.
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Anotheramgumentagainstotalindependencandspecializatiorof visualprocessorss thateachcontrolzone
may be ableto undertale at leasttwo operationspossiblymore[Zek93. Zeki notesthatwhile the visual
systemappearsunctionally segregated processorsindinterconnectionarenot hard-wired,insteacthey are
adaptableproviding “brain plasticity” This type of dynamicreconfigurabilitywould requirestrongcooper
ationamongvisual centers possiblyeven a centralizedcontrol mechanisnto allocateprocessingunctions

(i.e.,somethingakinto ajob scheduler).

Theideaof a modular loosely coupledvisual processingenterseemso endin paradox—whileheremay
be independentmultiple areas parallel pathways,anda “deep division of labor”, the visual experienceis

one of wholenesgZek93. The paradoxraisesthe openquestionof how the brain integratesinformation
processetby specializedrisualareas Accordingto Zeki, integrationis inherentlynon-modulaiin character
For a strongly coupled,integrative (sharedmemory)mechanismtherewould have to be an areawhereall

specializegrocessorprojectto. Thereis no sucharea,althoughmary visualcenterge-enter(back-project)
to areas/1 andV2. Theexistenceof feedbaclkconnectionsmpliesstrongerconnectioneamongvisualzones

thanpurelyindependenprocessors.

The evidencefor loose coupling suggestghat highly specializedvisual areasexist, capableof processing
variousvisualfeaturessimultaneouslyBecausdheseareasareadaptablecapableof carryingout morethan
onefunction,andbecaus®f thefactthatthe brainmustsomehav accomplishcoherensceneantegration, it

seemghattheapparentlyjjooselycoupledareasnustbe highly interconnected.

3.1.2 IndependentProcessingof Object Shape(“what”) and Location (“where”)

The existenceof parallelmagno-cellulaand parno-cellularpathwaysemanatingrom the retinathroughthe
lateralgeniculatenucleus(LGN) suggeststrongevidencefor theindependenprocessingf shapeandloca-
tion. HubelandLivingstonreportthe existenceof segyregationof shapeform), stereocolor, andmovement
pathwaysevidentin the LGN, primaryvisualcortex (areaV1), which carriesthroughareaVv2, ontothe mid-
dle temporalarea(MT), V4, andpossiblyhighervisual areag[LH88]. The authorsalsoreportthatlesion
studieshave defined“two functionally distinct divisions of visual associatiorareas:the temporal-occipital
region, necessarfor learningto identify objectsby theirappearancegndthe parieto-occipitategion, needed

for tasksinvolving the positionsof objects; thefamiliar distinctionof “what” versus‘'where” [LH88, p.744].

The“what” and“where” dichotomyhasbeenattributedto the parno- andmagno-cellulaP/M) channeldy

Zeki [2ek93. Selectve destructionof the P layersof the LGN resultsin deficitin shapeperceptionwhile
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selectve destructionof M layersresultsin inhibited motion perceptionbut doesnot affect shapediscrim-
ination. The “what” and“where” notionsare also supportedoy psychophysicastudiesof visual attention
whereattentionis characterizedby spatiallocation(attention the “where”) andby content(expectationthe
“what”) [Van93.

Zeki warns,haowever, thatthe what/wherehypothesisnay be too simplistic a view. He states,'the precise
positionof anobjectandits relationshipto otherobjects(spatialvision) cangive thevital clueto theidentity
of the object,andthe preciseshapeof an objectcangive thevital clueto its position. Thereare,in brief, far
too mary factsmilitating againsthe ‘what andwhere’doctrinefor it to beretainedasa seriousindicatorof
how thevisualcortex is organized. [Zek93, p.194]Again, theconclusiorthatpresentstself is thatalthough
shapeandlocationmaybe anatomicallyindependenthereis probablya high degreeof cooperatiorbetween
theseprocesseslndeed,informationbetweentemporaland parietalstreamss exchangedvia connections
betweenseveral higher cortical areas particularlytemporalareaTEO and parietalareaFST aswell asby
areadn therostralSTS[Nel95].

In summaryalthougha descriptionof the neurologicakubstratef humanvisionin termsof the“what” and
“were” may be somavhatof a simplified view, neurologicalevidencegenerallysupportghis functionalsey-
regation. Thereview of the corticalvisual regionssupportghe generalpsychophysicadlescriptionof visual
attention.Specifically relevantcortical structureshave beenidentifiedasthe centergproviding the neuronal
attentve mechanismTo gainfurtherinsightinto the limitations of the visual channelslower level neuronal

pathway componentsaredescribedn the next section.

3.2 Physiologyof the Eye

Often called “the world’s worst camera”,the eye, shavn in Figure 2, suffers from numerousoptical im-
perfections,ncluding sphericalaberrationschromaticaberrationslight scatter diffraction, andimperfect
focus.Dimensionf retinalfeaturesareusuallydescribedn termsof projectedscenedimensionsn unitsof
degreesvisualangle definedas

S
A= 2arctan—
2D’

whereS is the size of the sceneobjectandD is the distanceto the object(seeFigure 3). Commonvisual
anglesinclude a thumbnailat arm’s length (1.5-2), the sunand moon (.5° or 30" of arc). An American

guartercoin atarm’s lengthsubtend®°, 1’ at 85 metersand1” at 5km.

Theretinacontainsreceptorsensitve to light (photoreceptorsivhich constitutethe first stageof visual per

ception. Neuralsignalsleadingto cortical visual centersoriginate at thesereceptors. Photoreceptorsire
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Fig. 2. Theeye. Adaptedfrom [BL88b, p.34(Fig. 1)].

Fig. 3. Visualangle.Adaptedfrom [HH73, p.15(Fig. 2.7)].
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functionally classifiedinto rodsand cones. Rodsare sensitve to dim and achromatidight (night vision),
while conesrespondo brighter, chromaticlight (daylightvision). Theretinacontainsl20million rodsand7

million conesandis is arranged:oncentrically

The innermostregion is the foveacentralis(or foveola) which measure€l00um in diameterand contains
25,000cones. The foveapropermeasure4.50Qum in diameterand holds 100,000cones. The macula(or
centralretina)is 500Qum in diametey andcontains650,000cones.Onedegreevisual anglecorrespondso
approximately300um distanceon the humanretina[DD88, p.48]. The foveola,measuringdOQum subtends
1.3 visual angle,while the foveaand maculasubtend5® and 16.7, respectiely (seeFigure 4(a)). Fig-

ure 4(b) shaws the retinal distribution of rod and conereceptors. The foveacontains147,000cones/mri

(a) Degreesvisualangle. (b) Approximaterod/conedensity
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Fig. 4. Retinotopicreceptordistribution. Adaptedfrom [HH73, p.25(Fig. 2.16)].

anda slightly smallernumberof rods. At about1(® the numberof conesdropssharplyto lessthan20,000

cones/mnrA while at 30° the numberof rodsin the peripherydropsto about100,000rods/mnt [HH73].

The entirevisualfield roughly correspondso a 23,400squaredegreeareadefinedby an ellipsoid with the
horizontalmajoraxis subtendindl8(C° visualangle,andthe minor verticalaxis subtendindl3C°. Thediame-

ter of the highestacuity circularregion subtend®°, the paraforea(zoneof high acuity) extendsto about4°
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or 5°, andacuity dropsoff sharplybeyond. At 5°, acuityis only 50%[lrw92]. Theso-called‘useful” visual
field extendsto about30°. The restof the visual field hasvery poor resohable power andis mostly used
for perceptiorof ambientmotion. With increasingeccentricitythe conesincreasean size,while the rodsdo
not[DD88]. Coneshotrods,make the largestcontributionto theinformationgoingto deepetbraincenters,

andprovide mostof thefine-grainedspatialresohability of thevisual system.

3.2.1 Optics and Visual Acuity

The ModulationTransferFunction(MTF) theoreticallydescribeshe spatialresohability of retinal photore-
ceptorsby consideringthe cells asa finite array of samplingunits. The 400um-diameterod-freefoveola
contains25,000cones.Using the areaof a circle, 25000= 1r?, approximately2,/25000/t= 17841 cones
occupy a 400um linear cross-sectiorof the foveolawith an estimatedaveragelinear inter-conespacingof
2.24um. Conesin this region measureaboutlum in diameter Sinceonedegreevisualanglecorrespondso
approximately300um distanceon the humanretina,roughly 133 conesare pacled per degreevisual angle
in the foveola. By the samplingtheorem this suggests resohable spatialNyquist frequeng of 66 c/deg.
Subjectve resolutionhasin factbeenmeasuredt about60 c/deg [DD88, pp.46-53].1n the fovea,a similar
estimatebasedn thefovealdiameterof 150Qum anda 100,000conepopulation givesanapproximatdinear
conedistribution of A/W‘[: 356.82conesper150Qum. Theaveragdinearinter-conespacings then
71 cones/dg suggestinga maximumresohable frequeng of 35 cycles/de, roughly half the resohability
within the foveola. This is somavhat of an underestimateince conediametersincreasetwo-fold by the
edgeof the foveasuggesting slightly milder acuity degradation. Theseone-dimensionahpproximations
arenotfully generalizableo the two-dimensionaphotoreceptoarrayalthoughthey provide insightinto the
theoreticresolutionlimits of the eye. Effective relative visual acuity measuresire usually obtainedthrough

psychophysicaéxperimentation.

At photopiclight levels(day, or conevision), fovealacuityis fairly constanwithin the central2°, anddrops
approximatelylinearly from thereto the 5° foveal border Beyond the 5°, acuity dropssharply (approx-
imately exponentially). At scotopiclight levels (night, or rod-vision), acuity is poor at all eccentricities.
Figure5 shaws the variationof visual acuity at variouseccentricitiesandlight intensitylevels. Intensityis
shawn varyingfrom 9.0to 4.6 log micromicrolambertsdenotedy log mmL (9.0log micromicrolamberts
10° micromicrolamberts 1 mL, see[Dav80, p.311]). The correspondenceetweerfoveal receptorspacing
and optical limits generallyholdsin foveal regions of the retina, but not necessarilyin the periphery In
contrastto the approximates0 c/deg resohability of foveal cones the highestspatialfrequenciesesohable
by rodsareontheorderof 5 c/deg, suggestingroorresohability in therelatively cone-fregoeriphery Visual

acuity beyond the foveal 5° is discussedn §9.2.1. Although visual acuity correlategfairly well with cone
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distribution density it is importantto notethatsynapticorganizatiorandlaterneuralelementge.g.,ganglion
cells concentratedn the centralretina) are also contributing factorsin determiningvisual acuity. Retino-

geniculo-corticabnatomyandphysiologyis discussedh the following sections.

3.2.2 RetinogeniculateAnatomy and Physiology

Theretinais composedf multiple layersof differentcell types[DD88]. Surprisingly the“inverted”retina
is constructedn suchaway thatphotoreceptorarefoundatthebottomlayer. Thisconstructioris somevhat
counterintuitve sincerodsandconesarefurthestaway from incominglight, buried beneatha layer of cells.
The retinaresembles three-layercell sandwich,with connectionbundlesbetweeneachlayer. Thesecon-

nectionallayersarecalledplexiform or synapticlayers.

Theretinogeniculat®rganizationis schematicallydepictedn Figure6. Theoutermostayer(w.r.t. incoming

light
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}inner synaptic layer
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horizontal cells

} outer synaptic layer

receptor nuclei

cone rod

Fig. 6. Theretina. Adaptedfrom [HH73, p.24(Fig. 2.15)].

light) is the outer nuclearlayer which containsthe photoreceptofrod/cone)cells. The first connectional
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layeris the outerplexiform layer which housesconnectiondbetweerreceptorandbipolar nuclei. The next
outerlayerof cellsis theinnernucleardayercontainingbipolar(amacrinebipolar, horizontal)cells. Thenext
plexiform layeris theinner plexiform layerwhereconnectiondetweennnernucleicellsandganglioncells

areformed. Thetop layer, or theganglionlayer, is composef ganglioncells.

Thefoveasphotoreceptorarespecialtypesof neurons—th@enoussystems basicelementgseeFigure?).

Retinalrodsandconesarespecifictypesof dendritesln generaljndividual neuronscanconnecto asmary

synapse

dendrite

axon

myelin sheath

N

Fig. 7. Schematiof theneuron.Adaptedfrom [BL88a, pp.31-32(Fig. 2.1,Fig. 2.2)].

as10,0000therneurons.Comprisedof suchinterconnectedbuilding blocks,asa whole,the nernoussystem

behaeslike alargeneuralcircuit.

Certainneuronge.g.,ganglioncells)resemblea “digital gate”,sendinga signal(firing) whenthe cell's acti-
vationlevel exceedsathreshold.Ganglioncell activationcomesasan effect of the potassium-sodiurpump.

Signalspropagatehroughthe axonin a wave of depolarization—thection potential. The action poten-
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tial (lastinglessthan 1ms)occursassodiumions (Na+) permeatdhe depolarizecheuronalmembrane As
sodiumionsflow in, potassiun(K+) ionsflow outrestoringrestingpotential.Inhibitory signalsallow inflow
of chlorideions (CI-) preventingdepolarization.The myelin sheaths anaxonalcover providing insulation
which speedsip conductiorof impulses.Unmyelinatecaxonsof theganglioncellscorvergeto theoptic disk
(anopaquemyelin sheathwould block light). Axonsaremyelinatedat optic disk, andconnecto the Lateral
GeniculateNuclei (LGN) andthe SuperiorColliculus (SC).

3.2.2.1 The Outer Layer

Rodsand conesof the outerretinal layer respondto incominglight. A simplified accountof the function
of thesecellsis that rods provide monochromaticscotopic(night) vision, and conesprovide trichromatic,

photopic(day)vision. Both typesof cellsarepartially sensitve to mesopiqtwighlight) light levels.

3.2.2.2 Thelnner Nuclear Layer

Outerreceptorcells arelaterally connectedo the horizontalcells. In the fovea,eachhorizontalcell is con-
nectedto about6 conesandin the peripheryto about30-40cones.Centrally the conebipolar cells contact
oneconedirectly, andseveralconesndirectly throughhorizontalor receptofreceptorcoupling.Peripherally
conebipolar cells directly contactseveral cones. The numberof receptordncrease®ccentrically Therod

bipolarcells contacta considerabljfargernumberof receptorghanconebipolars. Therearetwo maintypes
of bipolar cells, onesthat depolarizeto incrementsof light (+), andothersthatdepolarizeto decrement®f

light (-). Thesignalprofile (cross-sectiondf bipolarreceptve fieldsis a “Mexicanhat”, or centersurround,

with anon-centeror off-centersignature.

3.2.2.3 The Ganglion Layer

Ganglioncellsform an“active contrast-enhancingystent, nota camera-lile plate. Centrally ganglioncells
directly contactone bipolar. Peripherally ganglioncells directly contactseveral bipolars. The receptve
fieldsof ganglioncellsaresimilar to thoseof bipolarcells (centersurroundpn-centeyoff-center).Ganglion
cellsaredistinguishedy their morphologicalandfunctionalcharacteristicsMorphologically, therearetwo
typesof ganglioncells,thea andf cells. Approximately10% of retinalganglioncellsarea cells possess-
ing large cell bodiesand dendrites,and about80% are 3 cells with small bodiesand dendrites[LWL95].
The a cells projectto the magnocellulaf(M-) layersof LGN while the 3 cells projectto the panocellular
(P-) layers. A third channelof input relaysthroughnarrow, cell-sparsdaminaebetweenthe main M- and
P-layersof the LGN. Its origin in the retinais not yet known. Functionally ganglioncells fall into three

classestheX, Y, andW cells[DD88, Kap9]]. X cellsrespondo sustainedtimulus,locationandfine detail,



25

TABLE 1
Functionalcharacteristicef ganglionicprojections.

Characteristics Magnocellular| Parvocellular
ganglionsize large small
transmissiorime fast slow
receptvefields large small
sensitvity to smallobjects poor good
sensitvity to changein light levels large small
sensitvity to contrast low high
sensitvity to motion high low
color discrimination no yes

andnenatealongboth M- and P-projections.Y cells nenateonly alongthe M-projection,andresponcdo
transientstimulus,coarsefeaturesandmotion. W cellsrespondo coarsefeaturesandmotion, andproject

to thesuperiorcolliculus. Thefunctionalcharacteristicsf ganglionicprojectionsaresummarizedn Tablel.

3.2.2.4 Cellsin the Striate Cortex

Thalamicaxonsfrom the M- andP-layersof the LGN terminatemainly in the lower andupperhalves(, a
divisions,respectiely) of layer4C in middle depthof areaV1 [LWL95]. Cell receptve field sizeandcon-
trastsensitvity signaturesredistinctly differentin the M- andP- inputsof the LGN, andvary continuously
throughthe depthof layer4C. Unlike the centersurroundreceptve fields of retinalganglionandLGN cells,
cortical cellsrespondo orientation-specifistimulus[Hub88 pp.67-71].Cortical cells aredistinguishedy

two classessimpleandcomplex.

The sizeof a simplecell’s recepte field dependn its retinal position,relative to the fovea. The smallest
fieldsarein andnearthe fovea,with sizesof aboutl1/4 x 1/4 degree. This is aboutthe size of the smallest
diametersf the smallestreceptvefield centersof retinalganglionor LGN cells. In thefar periphery simple
cell receptie field sizesareaboutl x 1 degree. Simple cells fire only whena line or edgeof preferred
orientationfalls within a particularlocationof the cell’s receptie field. Complex cellsfire wherever sucha
stimulusfalls into the cell’s receptve field [LWL95]. The optimumstimuluswidth for eithercell typeis, in

thefovea,about2 minutesof arc. Theresolvingpower (acuity) of bothcell typesis the same.

About 10-20% of complex cells in the upperlayersof the striate cortex shov marked directional selec-
tivity [Hub88 p.77]. Directional selectvity (DS) refersto the cell's responseo a particulardirection of
movement. Cortical directionalselectvity (CDS) contributesto motion perceptionand to the control of
eye movementdGN95]. CDS cells establisha motion pathway from V1 projectingto MT andV2 (which

alsoprojectsto MT) andto MST. In contrastthereis no evidencethatretinal directionalselectvity (RDS)
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contributesto motion perception.RDS contritutesto oculomotorresponse$GSA9S. In vertebratesit is

involvedin optokineticnystagmusatype of eye movementdiscussedn §IV.

3.2.2.5 Significanceof Motion-Sensitive Single-Cell Physiologyfor Perception

Therearetwo someavhatcounterintuitve implicationsof the visual systems motion-sensitre single-cellor-
ganizationfor perception. First, dueto motion sensitive cells, fixations are never perfectly still but make
constantiny movementscalled microsaccadegHub88, p.81]. Thesemovementsaremoreor lessspatially
randomvaryingover 1 to 2 minutesof arcin amplitude.The counterintuitve factregardingfixationsis that
if animageis artificially stabilizedon theretina,vision fadesaway within abouta secondandthe scenebe-
comedblank. Fixationsandsaccadearefurtherdiscussedh §1V. Seconddueto theresponseharacteristics
of single(cortical)cells,the“retinal buffer” representatioof naturalimagess muchmoreabstracthanwhat
intuition suggestsAn objectin thevisualfield stimulatesonly atiny fractionof thecellsonwhosereceptve
field it falls [Hub88 pp.85-87]. Perceptionof the objectdependsmostly on the responseof (orientation-
specific)cellsto the objects borders.For example,the homogeneouslghadednterior of anarbitraryform
(e.g.,a kidney bean)doesnot stimulatecells of the visual system. Awarenes®f the interior shadeor hue
dependsn only cells sensitve to the bordersof the object. In Hubel's words,"“...our perceptiorof theinte-
rior asblack, white, gray, or greenhasnothingto do with cellswhosefieldsarein theinterio—hardasthat
may be to swallow...Whathappensat the bordersis the only informationyou needto know: the interior is
boring” [Hub88 p.87]

3.3 Implications for Attentional Visual Display Design

From the above discussionboth the structureand functionality of humanvisual systemcomponentgplace
constrainton the designparametersf a visualcommunicatiorsystem.n particulat the designof thegaze-

contingentsystemmustdistinguishthe characteristicef fovealandperipheralision.

The panocellularpathway in generalresponddo signalspossessinghe following attributes: high contrast
(the panocellularpathway is lesssensitve to luminance),chromaticity low temporalfrequeng, and high
spatialfrequeng (dueto the small receptve fields). Corversely the magnocellulapathway canbe char
acterizedby sensitvity to the following signals:low contrast(the magnocellulapathway is more sensitve
to luminance),achromaticity moderate-to-higttemporalfrequeng (suddenonsetstimuli), andlow spatial
frequeng (dueto thelarge receptve fields). In termsof motion responsienessKoenderinket al. provide
supportthatthe fovealregion is morereceptve to slowver motionthanthe periphery althoughmotionis per

ceiveduniformly acrosghevisualfield [KDG85].
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M andP ganglioncellsin theretinaconnectto M andP channelsrespectiely. Zeki suggestshe existence
of four functional pathways definedby the M and P channeldZek93: motion, dynamicform, color, and
form (sizeandshape) Furthermoreit is thoughtthatfibersreachingthe superiorcolliculusrepresentetinal
receptve fields in rod-rich peripheralzones,while the fibersreachingthe LGN representone-richareas
of high acuity [BL88a]. It seemdikely thatthe M ganglioncells correspondo rods, mainly foundin the
periphery andthe P cells correspondo coneswhich arechromaticcells concentratednainly in the foveal
region. A visuotopicrepresentatiomodelfor imagerybasedn theseobsenationsis proposed:

1. Spatial Resolution should remainhigh within the foveal region and smoothly degradewithin the
peripheralmatchinghumanvisualacuity.

2. Temporal Resolutionmustbeavailablein the periphery Sudderonseteventsarepotentialattentional
attractors.

3. Luminance shouldbe codedfor high visibility in the peripheralareassincethe peripheryis sensitve
to dim objects.

4. Chrominanceshouldbe codedfor high exposurealmostexclusively in the fovealregion, with chro-
maticity decreasingharplyinto the periphery This requiremenis a direct consequencef the high
densityof conesandpanwocellularganglioncellsin thefovea.

5. Contrast sensitvity shouldbe highin the periphery correspondingo the sensitvity of the magnocel-
lular ganglioncellsfound mainly outsidethefovea.

6. Spatial frequency High frequeng componentsnustbe more pronouncedn fovealregions,thanin
the periphery High spatialfrequeny featuresin the peripherymustbe madevisible “just in time” to
anticipategaze-contingerfixation changes.

Specialconsideratiorshouldbe givento suddernonset,luminous,high frequeng objects(i.e., suddenlyap-

pearingbrightedges).

A gaze-contingentisualsystenfacesanimplementationatiifficulty notyetaddressedmatchingthedynam-
ics of humaneye movement.Any systemdesignedo incorporatefor example,aneye-slavedhigh resolution
of interestmustdealwith theinherentdelayimposedy the processingequiredto trackandprocesseal-time
eye trackingdata.To considerthetemporalconstraintgdhatneedto be metby suchsystemsthe dynamicsof

humaneye movementsarestudiedin thefollowing chapter
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CHAPTER IV

EYE MOVEMENTS

Perceptiorof the ervironmentis achieved throughthe integrationof small high-resolutiort‘spotlights” pro-
jectedontothe fovea. Portionsof the scenearerepositionedor foveal inspectionthroughrapid movement
of the eyes. Eye movementmeasuremeris an essentiacomponenof gaze-contingengpplications. Suc-
cessfulsystemgely on anaccurateneasuremerdevice andsoundanalysistechniquedasedon knowledge
of the underlyingphysicalprocessesA primary goalis the properidentificationof expectedcharacteristic
patterndn therecordedsignal. This sectionstartswith a brief descriptionof the device usedto measureye
movementspamelytheeyetracker. Thenanoutlineof the neuronakubstratef eye movementss presented,

followedby anitemizeddescriptionof characteristi@ye movementpatterns.

4.1 EyeTrackers

The measurementievice mostcommonlyusedfor measuringeye movementsis an eye tracker. The first
methodfor objectve eye measurementssingcornealreflectionwasreportedn 1901. To improve accurag,
techniqueausinga contactlenswere developedin the 1950's. Devicesattachedo the contactlensranged
from smallmirrorsto coils of wire. For a shortreview of early eye trackingmethodssee[Rob68 §ll]. Mea-
surementevicesrelying on physicalcontactwith theeyeballgenerallyprovide very sensitve measurements.
The obvious dravbackof thesedevicesis their invasive requiremenof wearingthe contactlens. So-called
non-invasive (sometime<alledremote)eye trackerstypically rely on the measuremeruf the cornealreflec-
tion of a closelypositioneddirectedlight source.Inexpensve devicesavailabletodayutilize a videocamera
to obsenetheeyeballandcalculatethe point of regardin real-time.The cornealreflectionof thelight source
(typically infra-red)is measuredelative to the locationof the pupil center Cornealreflectionsareknown
asthe Purkinjereflections,or Purkinjeimages[Cra94. Dueto the constructionof the eye, four Purkinje
reflectionsare formed, as showvn in Figure 8. Video-basedye trackerstypically locatethe first Purkinje
image.With appropriatecalibrationprocedurestheseeye trackersarecapableof measuringa viewer’s point
of regard (POR) on a suitably positioned(perpendicularlyplanar)surfaceon which calibrationpointsare
displayed. Two points of referenceare neededto separateeye movementsfrom headmovements. Posi-
tional differencebetweerthe pupil centerandcornealreflectionchangeswvith pureeye rotation,but remains
relatively constantwith minor headmovements.Approximaterelative positionsof pupil andfirst Purkinje
reflectionsare graphicallyshavn in Figure 9, asthe left eye rotatesto fixate 9 correspondinglyplacedcal-
ibration points. The Purkinje reflectionis shovn asa small white circle in close proximity to the pupil,

representedy a black circle. Sincethe infra-redlight sourceis usually placedat somefixed positionrel-
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PR, Purkinjereflections:1, reflectionfrom front surfaceof the cornea;2, reflectionfrom rearsurfaceof
thecornea;3, reflectionfrom front surfaceof thelens;4, reflectionfrom rearsurfaceof the lens—almost
the samesize and formedin the sameplaneasthe first Purkinjeimage,but dueto changein index of
refractionatrearof lens,intensityis lessthan 1% of that of thefirst Purkinjeimage;IL, incominglight;
A, aqueousumor;C, cornea;S, sclera)V, vitreoushumor;l, iris; L, lens;CR, centerof rotation;EA, eye
axis;as 6mm;ba 12.5mm;c~ 13.5mm;d ~ 24mm;r ~ 7.8mm[Cra94.
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Fig. 8. Purkinjeimages.Adaptedfrom [Cra94 p.19(Fig. 1)].
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Fig. 9. Relatve positionsof pupil andfirst Purkinjeimagesasseenby the eye tracker’s camera.

ative to the eye, the Purkinjeimageis relatively stablewhile the eyeball, andhencethe pupil, rotatesin its
orbit. So-calledgeneration-Veye trackersalsomeasurehe fourth Purkinjeimage[CS89. By measuring
thefirst andfourth Purkinjereflections thesedual-Purkinjeimage (DPI) eye trackersseparatdranslational
androtationaleye movements.Both reflectionsmove togetherthroughexactly the samedistanceuponeye

translatiorbut theimageanovethroughdifferentdistancesthuschangingheir separationyponeyerotation.

4.2 The Oculomotor System

In generalthe eyesmove within six degreesof freedom:threetranslationswithin the soclet, andthreerota-

tions. Therearesix musclesesponsibldéor movementof the eyeball: the medialandlateral recti (sidevays
movements)the superiorand inferior recti (up/dovn movements) andthe superiorandinferior obliques
(twist) [Dav80]. Theseareshownn in Figure10. Theneuralsysteminvolvedin generatingeye movementss

known asthe oculomotorplant. The generalplantstructureandconnectionsareshovn in Figure11l andde-

scribedin [Rob6d. Eye movementcontrol signalsemanatdrom severalfunctionally distinctregions. Areas
17,18, 19, and22 areareasn the occipital cortex thoughtto be responsibldor high-level visual functions
suchasrecognition. The superiorcolliculus bearsafferentsemanatingdirectly from the retina, particularly
from peripherakegionscorveyedthroughthe magno-cellulapathway. The semicircularcanalseactto head
movementdn three-dimensionapace All threeareasj.e., the occipital cortex, the superiorcolliculus,and
the semicircularcanalscorvey efferentsto the eye muscleghroughthe mesencephaliandpontinereticular
formations. Classificationof obsened eye movementsignalsreliesin parton the known functionalcharac-

teristicsof thesecorticalregions.
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Left (view from above): 1, superiorrectus;?2, levator palbebraesuperioris;3, lateralrectus;4, medial
rectus;5, superioroblique;6, reflectedtendonof the superioroblique; 7, annulusof Zinn. Right(lateral
view): 8, inferior rectus;9, inferior oblique.
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Fig. 10. Extrinsicmusclesof the eye. Adaptedfrom [Dav80, p.385(Fig. 16.2),p.386(Fig. 16.3)].

Two pertinentobsenationsregardingeye movementsanbedravn from theoculomotomplant’s organization:
1. Theeye movementsystemis, to alarge extent,afeedbackcircuit.
2. Signalscontrollingeye movementmanatdrom corticalregionswhich canbefunctionallycategorized
asvoluntary(occipital cortex), involuntary(superiorcolliculus),andreflexive (semicircularcanals).
The feedback-lile circuitry is utilized mainly in the typesof eye movementsrequiring stabilizationof the
eye. Orbital equilibriumis necessitatetbr the steadyretinal projectionof an object,concomitantwith the

objects motionandmovementof the head.Stability is maintainedby a neuronakontrolsystem.

4.3 Taxonomyand Models of Eye Movements

Almost all normalprimateeye movementsusedto repositionthe fovearesultascombinationsof five basic
types: saccadicsmoothpursuit, vergence vestihular, and physiologicalnystagmugminiaturemovements
associatedvith fixations) [Rob68 p.1033]. Vergencemovementsare usedto focusthe pair of eyesover
a distanttarget (depthperception).Other movementssuchas adaptatiorand accommodatiomefer to non-
positionalaspect®f eye movementgi.e., pupil dilation,lensfocusing).With respecto visualdisplaydesign,

positionaleye movementsareof primaryimportance.
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CBT, corticolulartract; CER, cerebellum]CTT, internalcorticotectatract; LG, lateralgeniculatebody;
MLF, mediallongitudinalfasciculusMRF, mesencephaliandpontinereticularformations;PT, pretectal
nuclei; SA, stretchafferentsfrom extraocularmuscles;SC, superiorcolliculi; SCC,semicircularcanals;
T, tegmentalnuclei; VN, vestitular nuclei; Il, optic nere; Ill, IV, andVI, the oculomotortrochlearand
abducenswucleiandnenes;17, 18, 19, 22, primary and associatiorvisual areas occipital and parietal
(Brodmann)38, thefrontal eye fields.

Fig. 11. Schematiof the major known elementf the oculomotorsystem.Adaptedfrom [Rob68 p.1035
(Fig. 2)].
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4.3.1 Saccades

Saccadearerapideye movementaisedn repositioninghefoveato anew locationin thevisualervironment.
Theterm comesfrom anold Frenchword meaning‘flick of a sail” [Gre9Q p.64]. Saccadianovementsare
bothvoluntaryandreflexive. The movementsanbevoluntarily executedor they canbeinvokedasa correc-
tive optokineticor vestitular measurgseebelow). Saccadesangein durationfrom 10msto 100ms,which

is a sufficiently shortdurationto renderthe executoreffectively blind duringthe transition[SF83. Thereis

somedebateover the underlyingneuronalsystemdriving saccadesOn the one hand,saccadefave been
deemedballistic and stereotyped.The term stereotypedefersto the obsenationthat particularmovement
patternscanbe evokedrepeatedly The termballistic refersto the presumptiorthatsaccadealestinationsare
pre-programmedThatis, oncethe saccadianovementto the next desiredfixation locationhasbeencalcu-
lated (programmindatenciesof about200mshave beenreported) saccadesannotbe altered. Onereason
behindthis presumptionis that during saccadeshereis insufficient time for visual feedbackto guide the

eye to its final position[Car77, p.57]. Onethe otherhand,a saccadideedbacksystemis plausibleif it is

assumedhatinsteadof visual feedbackaninternalcopy of head,eye, andtarget positionis usedto guide
the eyesduringa saccadg¢LR86, FKS85. Dueto their fastvelocities,saccadesay only appeatto be bal-

listic [ZOCR+76 p.251].

Variousmodelsfor saccadigprogramminghave beenproposedFin92). Thesemodelswith the exceptionof
onesincluding“centerof-gravity” coding(seefor example[HK89]), mayinadequatelypredictunchangeable
saccadgaths.Instead saccadideedbacksystemsasedon aninternalrepresentatioonf targetpositionmay
be moreplausiblesincethey tendto correctlypredictthe so-calleddouble-stepxperimentalparadigm.The
double-steparadigms anexperimentwheretargetpositionis changediuringa saccadén mid-flight. Scud-
deretal. proposed refinementof Robinsons feedbackmodelwhich is basedon a signal provided by the
superiorcolliculusandalocal feedbackoop [FKS85. Thelocalloop generateseedbackn theform of mo-
tor error producedoy subtractingeye positionfrom a mentaltarget-in-spacgosition. Sparksand Mays cite
compellingevidencethatintermediateanddeeplayersof the SC containneuronghatarecritical components
of theneuralcircuitry initiating andcontrolling saccadianovement4SM90]. Thesdayersof the SCreceve
inputsfrom corticalregionsinvolvedin the analysisof sensoryvisual,auditory andsomatosensongignals
usedto guidesaccadesTheauthorsalsorely onimplicationsof Listing’s andDonders Laws which specify
anessentiallynull torsioncomponentn eye movementsrequiringvirtually only two degreesof freedomfor
saccadieye motions[Dav80, SM9(. Accordingto thesdaws, motionscanberesohedinto rotationsabout

thehorizontalx- andverticaly-axes.

Modelsof saccadigeneratiorattemptto provide an explanationof the underlyingmechanisnresponsible

for generatinghe signalssentto the motor neurons.Although thereis somedebateasto the sourceof the
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saccadigrogram,the obsened signalresembles pulse/stegunction [SM90, p.315]. The pulse/stegunc-
tion refersto a dual velocity and positioncommancdto the extraocularmusclegLZ91, p.180]. A possible
simplerepresentationf a saccadicstepsignalis a differentiationfilter. Carpenteisuggestsucha possible
filter arrangementor generatingsaccadesoupledwith anintegrator[Car77, p.288]. Theintegratingfilter is
in placeto modelthe necessargorversionof velocity-codednformationto position-codedsignals[LZ91,
p.182]. A perfectneuralintegratorcorvertsa pulsesignalto a stepfunction. An imperfectintegrator(called
leaky) will generate signalresemblinga decayingexponentialfunction. The principle of this type of neural
integrationappliesto all typesof conjugatesye movements Neuralcircuitsconnectingstructuresn thebrain
stemandthe cerebellumexist to performintegrationof coupledeye movementsncluding saccadessmooth

pursuits,andvestitular andoptokineticnystagmugseebelow) [LZ91, p.183].

A differentiationfilter canbe modeledby a linear moving averagefilter asshown in Figure12. In thetime

linear moving average system

input filter output

S g X

Fig. 12. Block diagramof a simplelinear moving averagesystemmodelingsaccadianovements.

domain,the moving averagefilter is modeledby thefollowing equation

X gos +01§-1+---

Z)gksc—k,
k=

wheres is the input (pulse), X is the output(step),and by arethe moving averagefilter coeficients. To

ensurdifferentiation thefilter coeficientstypically mustsatisfypropertieavhich approximatenathematical
differentiation.An exampleof suchafilter is the Haarfilter with coeficients{1, —1}. Underthez-transform

(see§VI) thetransferfunctionX(z)/S(2) of thislinearfilter is

X = 0o+ 0181
x = (Ds+(-1)s-1
x = (Ds+(-1zs
x = (1-2%
X(2 = (1-2807)
@ = 1-z
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TheHaarfilter is alength-2filter which approximateshefirst derivatebetweersuccessie pairsof inputs.

4.3.2 SmoothPursuits

Pursuitmovementsareinvolved whenvisually trackinga moving target. Dependingon the rangeof target
motion, the eyesare capableof matchingthe velocity of the moving target. Pursuitmovementsprovide an
exampleof a control systemwith built-in negative feedbacl{Car77, p.41]. A simpleclosed-loopfeedback
loop usedto modelpursuitmovementss shovn in Figure13,wheres is thetargetposition,x; is the(desired)

eye position,andh is the (linear, time-invariant)filter, or gain of the system[Car77, LZ91]. Tracingtheloop

linear feedback system

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

filter
h

Fig. 13. Block diagramof a simplelinearfeedbacksystemmodelingsmoothpursuitmovements.

from thefeedbackstartpoint givesthefollowing equationin thetime domain
h(s —%) = X+1-

Undertheztransform(see§VI) thetransferfunctionX(z)/S(2) of thislinearsystemis

H(2)(S?)-X(2) = X2
H(2S2 = X(2(1+H(2)
H@ _ X
1+HD = So°

Signalsfrom visualreceptorsonstitutetheerror signalindicatingneededompensatioto matchthetarget's

retinalimagemotion.

4.3.3 Fixations

Fixationsareeye movementsvhich stabilizethe retinaover a stationaryobjectof interest.lt seemsntuitive

that fixations should be generatedy the sameneuronalcircuit controlling smoothpursuitswith fixations
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beinga specialcaseof atargetmoving atzerovelocity. Thisis probablyincorrect[LZ91, pp.139-140] Fix-
ations,instead arecharacterizedby the miniatureeye movements:tremor, drift, andmicrosaccadesThese
eye movementsareconsideredhoisepresentn the control system(possiblydistinctfrom the smoothpursuit
circuit) attemptingto hold gazesteady This noiseappearasa randomfluctuationaboutthe areaof fixation,
typically no largerthan5° visualangle[Car77, p.105]. Althoughthe classificationof miniaturemovements
asnoisemaybeanoversimplificationof theunderlyingnaturalprocessit allows thesignalto be modeledby
a feedbacksystemsimilar to the oneshowvn in Figure13. The additive noisein Figure13is representethy
a = & — X%, wherethe (desired)eye positionx; is subtractedrom the steadyfixation positions atthe sum-
ming junction. In thismodel,the errorsignalstimulateghefixation systemn a mannersimilarto the smooth
pursuitsystem.exceptthathereg is anerrorpositionsignalinsteadof an errorvelocity signal(see[LZ91,
p.150]). Thefeedbacksystemmodelingfixations,usingthe noisy “datareduction”’method,s in factsimpler
thanthe pursuitmodelsinceit implicitly assumesa stationarystochastigrocesgCar77 p.107]. Stationarity
in the statisticalsenseefersto a processwith constantmean.Otherrelevantstatisticalmeasuresf fixations
includetheir durationrangeof 150msto 600ms,andthe obsenationthat 90% of viewing time is devotedto

fixations[lrw92].

4.3.4 Nystagmus

Nystagmuseye movementsareconjugatesye movementsharacterizety a savtooth-like time course(time
seriessignal) pattern. Optokineticnystagmuss a smoothpursuitmovementintersperseavith saccadei-
vokedto compensatéor the retinal movementof the target. The smoothpursuitcomponenof optokinetic
nystagmusappearsn the slow phaseof the signal[Rob6§. Vestitular nystagmuss a similar type of eye
movementcompensatindor the movementof thehead.Thetime courseof vestihular nystagmuss virtually

indistinguishabldrom its optokineticcounterparfCar77.

4.4 Implications for Eye MovementAnalysis

From the above discussiontwo significantobsenationsrelevant to eye movementanalysiscanbe made.
First, basedon the functionality of eye movementspnly threetypesof movementseedbe modeledto gain
insightinto the overt localizationof visual attention. Thesetypesof eye movementsarefixations, smooth
pursuits,andsaccadesSecondpasedon signalcharacteristiceindplausibleunderlyingneuralcircuitry, all

threetypesof eye movementsnaybeapproximatedby alinear, time-invariant(LTI) systemj.e.,alinearfilter.

The primary requirementof eye movementanalysis,in the context of gaze-contingensystemdesign,is

the identificationof fixations, saccadesand smoothpursuits. It is assumedhat thesemovementsprovide
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evidenceof voluntary overt visual attention. This assumptiordoesnot precludethe plausibleinvoluntary
utility of thesemavementspr corversely the covert non-useof theseeye movementge.g.,asin the caseof
paraforealattention).Fixationsnaturallycorrespondo the desireto maintainone's gazeon anobjectof in-
terest.Similarly, pursuitsareusedin the samemanneifor objectsin smoothmotion. Saccadeareconsidered

manifestation®f the desireto voluntarychangehefocusof attention.

Eyemovementsignalscanbeapproximatedy linearfilters. Fixationsandpursuitsaredrivenby arelatively
simple neuronalfeedbacksystem. In the caseof fixations, the neuronalcontrol systemis responsiblefor
minimizing fixation error. For pursuitmovementsthe erroris similarly measure@sdistanceoff thetarget,
but in this casethe targetis non-stationaryFixationsandpursuitsmay be detectedy a simplelinearmodel

basedon linearsummation.

Thelinearapproacho eye movementmodelingis an operationakimplificationof the underlyingnonlinear
naturalprocesse$Car77, p.44]. The linear model assumeghat position and velocity is processedy the
sameneuronaimechanismThevisual systemprocessethesequantitiesin differentways. The positionof a
targetis signaledby the activation of specificretinalreceptors.Thevelocity of the target,on the otherhand,
is registeredby thefiring rate (amplitude)of thefiring receptors Furthermorenonlinearitiesareexpectedn
mosttypesof eye movements Accelerationahnddecelerationatonsiderationgslonesuggestheinadequayg
of thelinearassumptionNeverthelessfrom a signalprocessingtandpointjinearfilter analysisis sufficient
for thelocalizationof distinctfeaturesn eye movementsignals.Althoughthis approachs a poorestimateof
the underlyingsystemjt nonethelessstablishes usefulapproximatiorof the signalin the senseof pattern

recognition.

4.5 Implications for Pre-Attentional Visual Display Design

In estimatingparameteri the designof gaze-contingerdisplays peripherakegionspresent curiousprob-
lem: if the humanvisual systems$ processingcapacityis peripherallylimited, why not simply eliminate
peripherainformation? The reasorfor providing peripheralinformationis to assurepreview benefit. With-
out peripheralinformation, the humanvisual systemwould not be able to selectfuture fixation regions.
Corversely peripheralinformationdesignedo attractattentionmay be inducedartificially if the objective
is to draw (or cueor direct) visual attention. The manipulationof peripheralinformationshouldcaterto the

characteristicef peripheralision.

Theneuralcenterthoughtto beresponsibldor directingattentionto peripheralvisualstimuli (the “foveation

hypothesis'{Dav8(]) is the superiorcolliculus (SC). FromFigure 11, connectiongrom the SCto the MRF



38

suggesthatthe SChasdirectinfluenceon eye movement.Sinceconnectiongrom highervisualareagareas
17,18,19,22andthe frontal eye fields) alsoterminatein the MRF, it appearghat voluntary eye movement
control emanategrom higher cortical areaswhile peripherallystimulatedmovementoriginateswithin the
superiorcolliculus. Thusonepossibleview of the peripheralkregionsof the visual systemis thatthey arere-
sponsiblan partfor the orientingof attention.Consequentlyfrom the standpoinof visualdisplaydesignto
attractone’s attention displaysshouldtriggerperipherareceptors Corversely in orderto build unobtrusie

displays,no distractorystimulusshouldbe shonvn peripherally

An obtrusive systemdesignedo attractattentionshoulddo soby displayingappropriatestimulusin the pe-
riphery. SudderonseteventsareparticularlysuitablecandidatesfFor example,bright, blinking stimuliin the
peripheryarelikely to attractattention. Presentatiorof suchstimuli allows degradationof spatially distant
objectsoncegazehasbeendiverted. It shouldbe notedthat suchattentionalfactorsmay not be limited to
visual cues.Virtual reality systemsncorporatingthree-dimensionadudiomay alsouseauralcuesto attract

attention.

An unobtrusve systemmatchingvisual perceptuatapacityshouldprovide a fovealregion of interestin the
periphery‘just in time” to meetthe participants changeof fixation. This anticipatorystratgyy meetsfoveal
vision insteadof reactingto it. Unfortunatelythis designrequiresthe nontrivial ability of predictingvisual
patterng(scanpaths)Predictionof eye movementds complicatedby the systems needfor aninternalrep-
resentationmodel) of the underlyingimageryin termsof potentialvisual regions of interest. Automatic

identificationof theseregionsis currentlyanopenproblemin computewision.

In eithersystemdesign,caremustbe exercisedin manipulatingperipheralimageryso that performanceif
notperceptionjs notimpaired.In this dissertationperipheradegradatioreffectsarestudiedin termsof per
ceptualimpairment(see§X). The problemof eye movementpredictionis handledin two ways: (1) avisual
tracking paradigmis usedto effectively eliminatescanpathvariability, and (2) potentialregionsof interest
in videoareidentifiedby analyzingmultiple viewers’ eye movementpatterns.Both stratgyiesareutilized to

empiricallytestmethodsof peripherakpatialresolutiondegradation.
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CHAPTER V

INTRODUCTION TO WAVELETS

Waveletshave generatedremendouinterestin boththeoreticaendappliedareasgspeciallywithin thelatter
half of this decade.Wavelettheory canbe viewed asa synthesisof ideasoriginatingin engineeringsub-
bandcodingin part with quadraturemirror filters), physics(coherentstates,renormalizationgroup), and
pureandappliedmathematic¢Caldeibn-Zygmundoperators]Dau9d. Historically, fundamentamathemat-
ical conceptsof wavelettheory canbe tracedbackto Fourier's work of 1807, Haar’s algorithmic structure
of 1909, with mostof the developmentmore directly relatedto wavelettheoryoccurringin the 1930sand
19609Mey93]. Wavelettheoryhasrecentlyrecevedwide acclaimdueto theamalgamatioof thediverseyet
relatedanalyticaltechniquesnto oneelegant,coherenframevork. Numerougesearchersontributedto this
effort. GrossmannMorlet, DaubechiesMeyer, and Chui [Dau88 Mey93, Chu93 have greatlyinfluenced
the developmentof the mathematicatheory while Mallat and Meyer are creditedwith the introductionof
multiresolutionanalysisin the waveletcontext [Mal89a Mal89b, Mey93]. Most of theanalyticaltechniques
developedhereinfor image/videgrocessingindeye movementmodelingarebasedn Mallat’s multiresolu-
tion results asthey relateto pyramidalimageprocessingechniquepioneeredy Burt [Bur81, BA83b], and
Mallat etal’s singularitydetectiortheoryin thewaveletdomainlMH91, MH92, MZ924. This sectionstarts
with thereview of fundamentatoncept®of wavelettheorycloselyfollowing Chui's derivations thenpresents
thetheoryof multiresolutionanalysiswaveletfilters andthe discretewavelettransform,andconcludeswith
threeapplicationsof waveletanalysisnhamely:

1. multiscalesharpvariation(edge)detectionin spatiotemporatiata,

2. anisotropianultidimensionabiscretewaveletanalysisand

3. multiresolutionimagerepresentatiothroughMIP mapping.

5.1 Fundamentals

The centralideabehindwaveletanalysisis the useof compactlysupportedasisfunctionswhich areusedto
approximatearbitrarysignals.In essencea waveletbasisis a generalizedfunctionalextensionof a vector
basis. This sectionexaminesthe fundamentaktonceptof a basisandits usein the expressionof arbitrary
vectorsand functions. The ideaof a basisis studiedin the domainsof linear algebra,Fourier series,and

waveletseries.Corventionsfor mathematicaéxpressionsareshovn in Table2.
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Notationalcornventions.

C1,Co,...,Cn Constantsscalars.
Y Vectot
(V1,V2,- -+, Vn) Vectorcomponents.
{v1,...,vn} Vectorset.

n

(U,V) = 3 UVic =U1va+ -~ + UnVn
k=1

1/2
M= 0= 5

Vi

4
R

[ 1 forj=1;
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En

L2(0,2m)

L*(R)

L%(R?)

(o) = [ @09 dx

(f,9) =/_Z/_Zf(x,y)g(x,y)dxdy
1] = (f, )"

fl.d

{he}, {gm}

H,G
H,G

Innerproductof vectorsu, v.

Vectornorm.

Vector space(n-dimensional),i.e., setof all n-

dimensionalectors.
Setof integers.

Setof realnumbers.
Kroneclerdelta.

Euclidean(n-dimensionalspace.

Vector spaceof 2reperiodic square-intgrable
one-dimensiondunctionsf (x).

Vector spaceof measurablesquare-intgrable
one-dimensiondunctionsf (x).

Vector spaceof measurablesquare-intgrable
two-dimensionafunctionsf(x,y).

Innerproductof f,g € L?(R).

Innerproductof f,g € L?(R?).

Normof f € L?(R) or f € L?(R?), wherethecor-
respondingnnerproductis assumed.
Representationsf functions f,g at ji" and [t
levelsof resolutionrespectiely.

Digital filter sequences.

Digital filters.
Matrices(usuallyrepresentingnultidimensional
digital filters).
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5.1.1 Linear Algebra and Vector Spaces

Recall,from linearalgebraa vectorv in n-dimensionaEuclideanspaceE" is definedasanorderedn-tuple

(v1,Va,...,Vn) of realnumbersrecognizedasvectorcomponentsVectorsarelinearly independenivhenthe

equation
n
Z CkVk = 0, kez
k=1
canonly holdif ¢c; = ¢ = --- = ¢y = 0. A vectorbasisin n-dimensionakpacds definedasary setof linearly

independenvectors{vi,va,...,Vn}. Linearindependencguaranteeshatary vectorv in n-spacecanbe

expressediniquelyasa linearcombinationof the basisvectors,i.e.,

n
= ZCka, keZ.
k=1

Thevectorsareorthogonal (perpendicular)f

n
(VI,Vm) = Z Vi Vm, = Vi;Vimy + ViV, + - + ViV, =0, VI,m, | #m, kI, me Z,
K=1

where(v,vm) denoteshevectorinner (or scalaror dot) product.Every orthogonabkystenof n vectorsforms
abasisfor thesetof all vectorsin n-space)/", althoughthe orthogonalityconditionis notstrictly necessary

The orthogonakystemof n vectorsis orthonormalif eachof the vectorshasunit norm,
il = v i ™2 = 1.

Thetheoryof avectorspaceof infinite dimensionis closelyrelatedto thetheoriesof afunctionspaceFourier
andwaveletseries.The binding threadamongthesetheoriesis the expressionof anarbitraryfunction f (x)

by a seriesexpansiorusinga setof basisfunctions{yy(x)} suchthat f (x) = chwk(x).

5.1.2 Function Spaces

Wavelet theoryis concernedwith a particularfunctional vector space namelythe spacel?(R) of all real,
(Lebesgue)neasurablesquareintegrablefunctionsdefinedon therealline R. The spacel?(R) is a vector
(Hilbert) spacein which wavelet functionsaretypically constructedo sene asbasisfunctions. Dueto its
pertinenceto wavelettheory the definition and propertiesof L?(R) arebriefly discussedere. The present
outline closelyfollows the very readabletext by Holland [Hol90] wherethe readeris referredfor further

clarifications.Referenceso particularsectionsandpagesaregivenwhereappropriate.

1Givenn linearlyindependentectors{vy, ...,vn}, it is alwayspossibleto construcanorthogonakystem
of nvectors{us,...,un}, eachof which s alinearcombinationof {v,...,vn} (Gram-Schmidbrthogonal-
izationprocess]Kap84, p.55].
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Thetermsfunctionalvectorspace vectorspaceof functions andfunctionspace referto a setof functions
possessinthe sameformal propertiesasa vectorspaceof n-tuplesin linearalgebraj.e., closureundersum
andclosureunderscalamultiplication. Thatis, asetV of functionsformsavectorspacef for any functions
f,ginV, f + g, andcf arealsoin V. ThesetW is a (functional)subspacef V if W is a vectorspacen its
own right [Hol90, pp.22-23]. Note thatthe linear algebraconceptf linear dependencandindependence
carry over seamlesslyo functionalvectorspaces.The function spaceV is calledaninner productspaceif
ascalarvaluedexpressiorcalledtheinner product denoted f,g), canbedefinedfor all f,g € V, satisfying
thefollowing threeconditions:

1. linearin thefirst variable,conjugatdinearin the secondconjugatebilinear):

(5.1) {(af +bg,hy = a(f,h) +b(g,h), and(f,ag+ bhy =a(f,g) +b(f,h);
2. Hermitiansymmetric:

(5.2) (f,9) =(g,f) Vf,geV;
3. positive definite:

(5.3) (f,fy>0VfeV, and (f,f) =0impliesf =0,

wherethe symbol( =) denotescomplex conjugation. In the caseof real-valuedfunctionsandreal scalars,
complex conjugationhasno effect, i.e., a = a for all scalarsa. In this case,condition(5.1) statesthatthe
inner productis linearin eachvariableseparatelycondition(5.2) stateshat(f,g) = (g, f), Vf,geV, and
condition(5.3) statesthat f,g are“essentially”equalif, in the senseof theinnerproduct,{(f,g) = 0, and f

is “essentially”zeroif (f, f) = 0. Thelastconditionis someavhatsubtlein thatfor f(x) to be “essentially”
zero(zero“almosteverywhere”)doesnot necessarilyneanthat f (x) hasto be zeroat every point, only that

whateveris usedto definetheinnerproduct(e.g.,anintegral) evaluatego zero[Hol90, §3.6].

The above conditionsdefinethe abstractscalarvalue of aninner productaxiomatically In the caseof the

real-valuedfunctionalspacel.?(R), theinnerproductis specifiedas:

54 (1.9 = [ 1093mdx

Noting thatconjugatiorhasno effectonreal-valuedfunctions theinnerproductsatisfiegsheabove properties
(se€[HolI90, pp.108-111]).
1. Bilinearity:

(af +bgh) = / (af +bg)hdx

— / afh+ bghdx

/ fhdx + b/ ghdx

a(f,h) +b(g, h)
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with a similar agumentfor the secondvariable.

2. Hermitiansymmetry:

(o= [ foax= [ gtax = (g1).

3. Positive definiteness:

(0 = [ (1092 dxz0

becauséf (x))? > 0 sincef (x) is real,and

(1,1) = [ (1x0)dx = 0
implies f (x) is “essentially”zero,meaninghat f (x) integratego zeroovertherealline R. Thesubtlety
of this propertycanbeillustratedby thefunction

1 ifx=0,
) _{ 0 otherwise

which has(f, f) = [ |f(x)|?dx = 0 althoughf(x) is not zeroat every point. In fact, ary function
f(x) thatis zeroexceptat a finite numberof pointshasa zerointegral.
The positive definite condition provides a definition of function equality: using the principle that abso-
lute corvergenceimplies corvergence(so permittingthe inspectionof the integral of | f(x)@| insteadof

f(xX)g(x)) andthe factthat|z| = |z for ary complex numberz, functionsf andg are“essentially” equalif
20 1F(X) —g(x)|dx = 0 and f is “essentially”zeroif [ |f(x)|>dx= 0.

Any function f is saidto belongto the space ?(R) if it satisfies:

(5.5) /m 1 ()2 dx < oo,

wheretheintegralis notrequiredto have ary particularvalue,only thatit befinite [Hol90, pp.138-139F The
mainissuein testingwhethera given f (x) belongsto L?(R) is to considemwhetheror nottheintegralin (5.5)

is cornvergentor divergent. If it is not divergent,then f (x) is saidto bein L?(R). With the above definitions

2Technically attentionis usuallyrestrictedto Lebesguameasurabldéunctionswhereall integralsshould
be interpretedas Lebesguentegrals. UnderLebesgueheory of integration, f(x) is differentiable“almost
everywhere’meaninghat f (x) is the Lebesguentegral of its derivative f'(x), i.e.,

f(x)=/:f’(t)dt+f(a).

Suchfunctionsarecalledabsolutelycontinuous AlthoughLebesgugheoryis beyondthescopeof thepresent
discussior{(seg[Hol90, p.165,p.253for anintroduction),it is tacitly assumedyithoutlossof generalitythat
all functionsin L?(R) areabsolutelycontinuous This assumptioronly excludesfunctionswhereintegration
by partsmay fail, i.e., functionsof the CantorLebesguetype, and practically restrictsthe discussionto

functionsthatarepiecavise continuougChu92 p.1].
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of thespace_?(R), andof theinnerproductfor L?(R) in (5.4),it is clearthatL?(R) is aninnerproductvector
spacgsee[Hol90, pp.141-143]).

SinceL?(R) is aninner productspace all propertiesassociateavith aninner producthold in L(R). The

propertiegarticularlyapplicableto wavelettheoryarelistedbelow (seealso[Chu92 p.4]):

1=t = | [ 10T 0 g I If(x)lzdx]l/z

—00

e Norm

e Mean-squae (distance)metric

1/2

I1-al=| [ 1160 - g0 e

e Schwarz'inequality.

<[ ncorad [ lawea]

The above definition of L2(R) spacesaturallyextendsto the generalclassof inner productspacesthe L2

(.9l <11l = | | 1900 o

spacesL? spacesaredenotedyy

L?(a,b), —0<a<b< +o

whereary function f is saidto belongto the spacel.?(a, b) if it satisfies:

b
/ £ (X)[2 dx < oo,
a

Theinner productspacel?(R) is a particularinstanceof the classof L? spacesvith a= —ow, b= ». The
formal propertiesof a vector spaceand inner product,aswell asthe propertiesassociatedvith the inner
product,definedfor L?(R) above, extendanalogouslyto the generalclassof L? spaces.All L? spacesare
Hilbert spacesincethey satisfythe propertyof metriccompletenesfiHol90, p.143]. Althoughthe notion of
aHilbert spacas somevhatsuperfluousn the context of wavelettheory someof theconceptsanddefinitions
of aHilbert spacedo applyandareworth mentioning.In particular the propertieof densenessepaability,
and completenesgequiredfor the definition of the Hilbert space are given belon. The readeris referred
to [Hol90, §3.10]for the completeaccount.

e DensenessA subspac®V of anabstracinnerproductspaceV is densef, givenary v € V thereexists
anw € W suchthat||v—w|| < g, for ary smalle. This propertystateghatW is densdn V if elements
of W canbefoundascloseasdesiredo ary elemeniof V.

e Sepanbility: An innerproductspaceV is sepambleif it containsa sequencef elementswy,wo, ...
that spana densesubspacef V. All finite-dimensionalectorspaced/ are separablesincea basis
canbefoundfor V wherethe subspacespannedy thebasisis V itself. NotethatV is trivially dense
in itself. All L? spacesareseparableAs a consequencef this property any separablénner product

spacehasanorthogonabasis.
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e CompletenessThe notion of completeness definedin termsof whatis calleda Cauchysequence.
A sequencef elementsy, k= 1,2,... in aninnerproductspaces a Caudy sequencéf: givenary
smallpositive numbere, anintegerN (generallydependenbn €) canbefoundsuchthat||vk —vi|| < €
wheneerbothk,| > N. Looselyspeakinga Cauchysequencés onewhosetermseventuallycluster
together An inner productspaceV is saidto be completeif, givenarny Cauchysequences, k =
1,2,... €V, thereexistsav € V suchthatthe sequencey corvergesto v. Roughly the notion of
completenesstateghatevery Cauchysequencén V mustcorvergeto anelemeniof V.
¢ Hilbert space TheHilbert spaceis a separableeal (or comple) innerproductspacehatis complete
in the metricderivedfrom its innerproduct.
Although conceptsuchasdensenesandseparabilityappeathroughoutthe waveletliterature,arguablythe
mostusefulproperty(or atleastnotation)of wavelettheoryis theideaof theinnerproduct(-,-) of L?(R), and
by analogousxtension,of n-dimensional? spacesienotedby L?(R"). Thisis dueto thefactthatwavelets

arefunctionsgenerating basisin L2(R") which, asexplainedbelow, is definedin termsof theinnerproduct.

5.1.3 Fourier Series

Shifting from n-dimensionalEuclideanspaceE" to the spaceof 2r-periodic square-intgrablefunctions

L?(0,2m), ameasurabléunction f is definedon theinterval (0,2m) as

21
/ I£(X)[2 dx < oo,
0

It may be assumedhat f is a piecavise continuousfunction, extendedperiodically to the real line R =

(—00,00) in L%(0,2m) by f(x) = f(x— 2m),¥x [Chu92 p.1]. Any f in L?(0,2m) hasaFourierseriesexpansion:

[

fo=3 e,

k=—o0

wherei = v/—1 andthe Fouriercoeficientscy of f aredefinedby

k= 1 /Zn f(x)e~ ¥ dx.
21tJo

Omittingthecorvergenceconsiderationsf Fourierserieqdetailedin [Kap84, Chu93), theimportantfeature
to notehereis thatthefunctione€ formsanorthonormabasisof L?(0, 2mm) whichitself is avectorspace The
original (2r-periodicsquare-intgrable)function f is decomposedhto (infinitely mary) mutuallyorthogonal
components, &< by the generatiorof the orthonormalbasis{w} from the dilation of the basisfunction
w(x) = €, i.e.,w(x) = w(kx), overall integersk.® Sincethesinusoidawavee* is theonly functionrequired
to generatell 2re-periodicsquare-summableinctions,every functionin L?(0, 2m) is composedf wavesof

variousfrequencies.

3TheFourierbasisis oftenreferredto asabasisof sinesandcosineglueto theidentity: €* = cosx+ isinx.
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5.1.4 WaveletSeries

Consideringhespacd_2(R) of (Lebesguejneasurabléunctionsf definedontherealline R, againasingle
basisfunctionis soughtwhich canbe madeto expressary function f in L?(R). The function spacel.?(R)

differs from L?(0, 2m) in thatthe local averagevaluesof every function mustattenuateo zeroat +o. The
sinusoidalwave functionswg(x) do not belongto L?(R), andcannotbe useddirectly to generatea basisin

L2(R). Instead short-term”(quickly decaying)vaves,known aswaveletsarerequired.In orderto coverthe
entirespacethesecompactlysupportedvavelet functionsmustbe shifted (translated)n space.Theregion
wherethe function is nonzerois saidto be its support hencewaveletsare nonzeroin limited (compact)

regions. The setof waveletfunctionsareformedby dilationsandtranslation®f a singlefunction(x) called

” o

the“motherwavelet”, “basicwavelet”, or “analyzingwavelet’ [RBC+92]. Thetermwaveletrefersto wavelet
functionsof theform

1 x—b
(5.6) w&b(x):ﬁw(%), a>0beR,

wheredilationsandtranslationsaregovernedby parameters, b, respectiely. Every wavelet generates

seriesrepresentatioof f € L(R):

[ee]

f)= 3 CapWap, a>0,beR,
a,b=—

with waveletcoeficients{c,} givenby theintegral transform,:

Cab = {Wyf(x)}(a,b)

1 x—b 2
- %/_mf(x)w(T)dx, feL2(R), a>0,beR,

(5.7) = (f,Wap).

Thelineartransformationy is calledthe integral wavelettransform or simply wavelettransform relative
to .4

For reasongoncerningsamplingtheoryandcomputationakfficiencgy, the parameters, b arechosersothat
frequeng spacas partitionedinto consecutre frequeng bandgor “octaves”) by abinary dilation,andspace

is coveredby adyadictranslationj.e.,

i k
a= 2 J, b = E,
4The resemblancef the wavelet function to the ket of quantummechanicss not accidental. Both the
waveletandthe ket areusedto representectorbases.The vectorbasisbra, associatedvith the ket, corre-
spondsto the scalingfunction @ in the wavelet contet, an essentiacomponenof multiresolutionanalysis,
describedn §5.4. Furthersimilaritiesbetweerthe two domainsincludetheinnerproduct(-,-) whichis used
in placeof the Dirac notation(- | - ). The projectionoperatorPy, = |P) (Y| usedin quantummechanicds
not expresslyusedin the waveletliteraturealthoughthe wavelettransformitself definesthe projectionof an
arbitrary function onto the wavelet basisgeneratedy Y. The tensorproductof two vectorbasesdefined
in guantummechanicsas |@) ® |P) is significantin the wavelet domaininsofar asit is usedto construct
multidimensionalvaveletbasegsee§5.585.7) [CDL77].

j,kez.
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Thedyadicwaveletcannow be expressedn termsof dilation andtranslationparameterg, k,
(5.8) Wik = 272p@2x—k), jkez.

Henceforthexpression5.8) is usedto defineboth dyadicwaveletsandwaveletsalthoughit shouldbe noted
that a dyadic waveletis technicallydistinguishedrom the basicwavelet, as definedin (5.6), not only by
the binary dilation and dyadictranslation,but alsoby a “stability condition” imposedon the basicwavelet
(se€[Chu92 p.11]).

Thedyadicwavelety; x generates dyadicseriesepresentationf f € L2(R):

[

(5.9) =5 cibjk kez,
j7k:_°°

with waveletcoeficients{c; x} givenby theintegral transform:

Cik = {Wq_.f(X)}(j,k)
_ zj/z/” fWx—Kydx, feLl?R), j,kez,

(5.10) = <f,l.|Jj’k).

Thatis, the (j,k)!" wavelet coeficient of f is given by the integral wavelet transformatiorof f at dyadic
positionb = k/2} with binary dilation a = 2~1. Providedthe waveletys is orthogonal the samewavelet
is usedto generateéhe waveletseries(5.9) andto definethe integral wavelettransform(5.10)[Chu92 p.5].

Orthogonalandotherclassification®f waveletsarediscussedn §5.2.

5.1.5 From Vectorsto Wavelets

The commongoal amongthe above threemethodologiess the representatiomf an arbitrary function (or

generalizedrector) f (x) by alinearcombinationof basiselementsi.e.,
f(x) = Z CkWk(X).
k=—o0
For vectors,a setof basisvectorsis used,i.e., {ux(X)} = {vk}. In the Fourierdomain,thelinearcombina-
tion is formedfrom the frequeng dilation of the basisfunction {yx(x)} = {€*}. In the wavelet domain,
the linear combinationis formed from the frequeng dilation and spatialtranslationof the basisfunction

{W(®)} = {W;k(x)}.> Notethatfor wavelets, j, k arethe dilation andtranslationparametersiespectrely,

SThe preciserepresentationf f(x) is anl?-linear combination/Chu92 p.3], wherel? denoteghe space
of all square-summablai-infinite sequenceghatis, {cc} € |2 if andonly if

00
z |C|(|2 < 00,

k=—o0
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whereasn thethe Fourierdomaintheseparameterarereversedthatis, k is thefrequeng dilation parameter
andthereis no explicit translationparameteri.e., j = 1, sincethe Fourier basisfunctionsareinfinite in ex-
tent[GB92]. Thedilation of the basisfunctionin bothcasegyeneratesherepresentationf f(x) at multiple

frequencies.

The primary distinction betweerthe Fourier andwavelet representationis that the Fourier seriesusesone
basisfunctionat multiple frequencie®ver all space Thewaveletrepresentatioalsousesonebasisfunction
atmultiple frequenciesbut to cover all spaceijt usesmary shiftedversionsof the compactlysupportedasis
function (the motherwavelet),eachover a limited spatialregion. Thatis, eachwaveletis localizedin space.
Furthermore the wavelet basis{y; x(x)} analyzesa function over a consecuire distribution of frequeng
bandsgovernedby the parameterj. This frequeng distribution resultsin a hierarchicalpartitioning of the
functionby a flexible space-fequencywindowwhich automaticallynarravs at high frequenciesandwidens
at low frequencie$. The dimensionsf the window on the space-frequernycgrid aregovernedby j,k with
constaniaread\ A, WhereAy denoteghe spatialextentandA, the frequeny extent. The Heisenbeg un-
certaintyprinciple stateghatthe areaof the space-frequencwindows (alsocalledHeisenbeg boxe$ canbe
no greatetthan2. Theautomatiadilation of thewaveletHeisenbeg boxesmaintainsconstanfrea but asthe
boxesshrinkin spacethey stretchover frequeng. This characteristiof the waveletrepresentatiors known
asthewavelets’zoomingpropertyandit is thewavelets’ paramountadwantageover traditional Fourier tech-
niguesfor signalanalysis.For further detail and precisedefinition of the wavelet space-frequencwindow
see[JS94aChu9l.

Thebenefitgainedby the wavelets’ flexible space-frequencwindow canbeillustratedby the following ab-
stractexampleof burstsignaldetection Becausehe Fourierrepresentatiomtegrateshebasisfunctionover
all space,.e., over the entiresignal, the frequeng contentis recordedover all space.If a high-frequeng
burstis presentin the signal, Fourier analysiswill only reportthat sucha high frequeng componentis
presenisomevhee in the signal. The wavelet representationpn the otherhand,dueto its hierarchicalfre-
gueng partitioning, enablesthe detectionand localizationof transientsignal componentsuchas bursts.
In aneffort to provide similar functionality, short-termFourier approache¢suchasthe Short-Time Fourier
Transformor STFT)usespatiallylocalizedbasisfunctions,but still suffer from afixedspace-frequenowin-
dow (se€[Chu92 §1.2]for details).A schematiof the STFTandwaveletspace-frequenctiling is shovnin

Figurel4.

5The space-frequencwindow is alsoknown asthe time-frequeng window. Thereis no realdistinction
betweenspaceand time exceptwithin the contect of the analysis. Typically time refersto time-varying
signalssuchasspeechwhereaspacemayreferto the spatial(x,y) locationof animagepixel.
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(a) STFT. (b) Wavelet.
frequency frequency

space space

Fig. 14. Space-frequenctiling of the STFT and Wavelet representations.Adaptedfrom [Bar94, p.9
(Fig. 2.1)].

5.2 Wavelet Functions

Denotingthe closureof thelinearspanof {Y; k: k€ Z} by W; for eachj € Z, i.e.,
W = clog 2y (Wik: k€ Z),
L?(R) canbedecomposedsa directsumof thespacesV;:
(5.11) L%(R) = %vv,- = PWo FWo WA+ - -,
IE
where+ indicates'direct sum”,in the sensehatevery function f € L?(R) hasa uniquedecomposition:
(5.12) f) =497 +°0) +g" (%) + -,

whereg! € W, andg' € W. Any waveletgenerates directsumdecompositiorof L?(R).

5.2.1 Bi-orthogonal Wavelets

Everywavelety € L?(R), asdefinedby (5.8),hasadual i € L?(R) definedby
O m(x) = 272Q(2'x—m), I,meZ.

If thebases{y; «} and{U m} generatedy the dualwaveletsy and{ satisfy

(5.13) (Wi Wm) =0j)-&m, J.kl.meZ,

i.e., the basesestablishinter-scale(d;,|) andintra-scale(dx m) orthogonality then (y, ) form a pair of bi-

orthogonalwaveletsandevery f € L?(R) canbewritten asa waveletseries

5.14 f = di P
( ) (X j,;eZ i kUj k(%)
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(5.15) = Z dj kWj k(X),
j7 EZ
where,analogougo Fouriercoeficients,waveletcoeficientsaregivenby

dix = (f,Wjx) in(5.14)
= (f,Pjx) in(5.15)

If Y and{] constitutea bi-orthogonalwavelet pair, thenthey generatewo subspacegWw,}, {V~Vj} of L’(R)

wherethe subspacearenot generallymutually orthogonal,
(5.16) Wi LW, andWj LW, #1,
but insteadareorthogonain thedualsense,

(5.17) W LW, j#LL

Sinceboth {yj x} and{{) n} arebaseof L2(R), the spacecanbedecomposedy eitherbasis,i.e.,

L’(R) = ZWJ- = FW 1 Wo+ WA F - - -
j€

(5.18) = ZWJ = PWo W WA - -
j€e

Equationg(5.14) and (5.15) effectively statethatary functionin L2(R) projectedonto onebasiscanbe re-
coveredby expansionin the other In contrasto anorthogonalwaveletbasis(seebelow), the bi-orthogonal
systempermitsgreateifreedomin theconstructiorof waveletfilters (see§5.6.4). For detailspertainingto the

convergenceof theseriessee[Chu92 p.5and§3.6].

5.2.2 Orthogonal Wavelets

A function s € L%(R) is calledan orthogonal waveletif the family {yj x} forms an orthonormalbasisof
L2(R),

(5.19) WikWm) = 0ji-%m, Jjkl,meZ.

An orthogonalwaveletis self-dualwith Y = § generating{j x} sothatevery f € L?(R) canberepresented

by thewaveletseries

f(x) = di kWi k(x),
() j,ZeZ kW k(%)

with waveletcoeficients

dixk = (f,0jK-
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Givenanorthogonalwavelety, the subspace$W, } of L2(R) generatedy the waveletaremutually orthog-

onal,

(5.20) W LW, j#L

Thefunctiondecompositionsasgivenby (5.12),arealsoorthogonalj.e.,
(@d)=0, j#£I,

andthedirectsumof subspaceéb.11)becomesnorthogonalsum

(5.21) LAR) = PW, =--- oW1 oW W e,
jez

where® indicates‘orthogonalsum” (see[Chu92 pp.14-15]for details).

5.2.3 Semi-orthogonalWavelets

A functiony € L?(R) is calledasemi-orthgonalwaveletif thegeneratedasis{y; x} satisfies
(522) <LIJj,k7LIJ|,m>=07 J #la j,k,l,mGZ,

where (Y k, j,m) may be non-zero. Thatis, the wavelet doesnot necessarilyprovide intra-scaleorthog-
onality. The distinction betweenorthogonaland semi-orthogonalvaveletsis analogougo orthogonaland
orthonormakectorbasesSemi-orthogonalvavelets,alsoknown as“pre-wavelets”,canproduceorthogonal
waveletsthroughan orthogonalizatiorprocedurgRBC+92, p.8]. Every semi-orthogonalvaveletgenerates
an (inter-scale)orthogonaldecompositionbut not necessarilyan orthonormalone), and every orthogonal

waveletis alsoa semi-orthogonalvaveletsince(5.19)guarantee$s.22).

Although semi-orthogonalvavelets are not generallyfully orthonormal,the subspaceshey generateare
mutually orthogonalj.e.,theconditionexpressedy (5.20)holds,andthefunctiondecompositionsasgiven

by (5.12),arealsoorthogonalj.e.,

(g,dYy=0, j#I, jlez.

5.2.4 Non-orthogonal Wavelets

A wavelet | is called non-orthagjonal if it is not a semi-orthogonaivavelet. Bi-orthogonalwaveletsare
generallynon-orthogonalmeaningthatthe resultingbasegypically lack bothinter-scaleandintra-scaleor-

thogonality[RBC+92,p.8].
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5.3 WaveletMaxima and Multiscale Edges

A critical considerationn almostary signalanalysistaskis the detectionof sharpvariation points. The
wavelet transformis closely relatedto multiscaleedgedetectionemployed in computervision [MZ924d)].

Mallat et al. have developedan adaptie samplingtechniqueto locatesignal sharpvariation pointsby de-
tectinglocal maximaof the wavelet transformmodulus. The methodis equivalentto the Canry edgede-
tector[Can8§. Severalpapersandbook chaptersy Mallat canbe found on this topic, including [MZ92a,

MZz92b, MH92, FM92, Mal91]. Becausehisedgedetectiortechniqués directly applicableto eye movement
modelingandvideoanalysisit is summarizedere,closelyfollowing Mallat’s derivations.Whereappropri-

ate,thereferencdo therelevantsources provided.

Thewavelettransformof f atscalej andpositionx, givenin (5.10),definesthe corvolution product

My f093() = fxwj(),

wherethetranslationparametek is madeimplicit. The dyadicwavelettransformis definedasthe sequence

of functions

W = [{(Wyf(9}()] ez
whereW is thedyadicwavelettransformoperator Assuminga twice-differentiablesmoothingunction 6(x)
exists, whoseintegral is equalto 1 andthat corvergesto 0 at infinity, e.g.,a Gaussiandefinethe first- and
second-ordederivativesof 8(x):

d?8(x)
dxz -

W00 =2 ang g9 =

The functionsy’ andy” areby definition waveletssincetheir integral is equalto 0. Denotingthe wavelet

transformsof f(x) relatveto Y/, ¥” as,

Wy FOO3(0) = F (9, and (W F(}() = f# ;" (0,

{Wnp’ f) (). {quf(x)}(j) arethefirst andsecondderivative of the signalsmoothedat scalej [MZ92a]:

. .do; . d

Wy F093(1) = £ (g1 00 = I (F%8))(0), and

W f003(0) = (1258000 = 122 (1 4,

{Wyr F003() = 2 (15300 = P (8 (%),
Thelocal extremaof {Ww/ f(X)}(j) correspondo the zerocrossingsf {WUJ// f(x)}(j) andto theinflection
pointsof f x6;(x). In the particularcasewhere6(x) is a Gaussianthe zero-crossingletectionis equivalent
to a Marr-Hildreth edgedetection[Mar80], and the extremadetectioncorresponds¢o Canry edgedetec-
tion [Can8d. Thewaveletapproactiollowsthelatter, relyingon {Wl“/ f(x)}(j) to distinguishbetweersharp

andslow variationpointsof f % 8;(x), whichis oftendifficult usinga secondderivative operator
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Sharpvariationpointsaredetectedy finding thelocal maximaof themodulus| {Ww/ f(x)}(j)|. At eachscale
j, localmodulusmaximaarelocatedby finding the pointswhere|{WqJ, f(X)}(j)| is largerthanits two closest
neighborvalues,andstrictly largerthanat leastoneof them[MH92]. Thatis, a modulusmaximais located

atscalej andlocation(xo) if:

(5.23) W, o= D}()] < {W F0)}(D)] = [{W,f(%0+1)}(})], and

W, Fx0)} ()| > W f (o= DY), or
(5.24)
W, F00) (D] > [{W, 0+ 1)}())]-
The modulusmaximaof the wavelettransformat scalej andlocation (xp) is a strict local maximaof the

moduluson theright or theleft of locationxp.

Thelocalmaximadetections extendibleto multiple dimensionsf thereexistsasmoothingunction®, which
cornvergesto 0 atinfinity yettotally integratesto 1. In two dimensionstheimagefunction f (x,y) is smoothed
at differentscalesj by corvolution with the two-dimensionakmoothingfunction 8;(x,y). Computingthe
gradientvector O( f % 8j)(x,y), edgesaredefinedaspoints(xo,yo) wherethe modulusof the gradientvector

is maximumin the directionof the gradientin theimageplane.Introducingtwo 2D waveletfunctions,

695)>)<(,y) andyy (x,y) = 20Y)

LIJX(X7 y) = ay )

two component®f the wavelettransformof f(x,y) € L?(R?) atscalej aredefinedwith implicit translation

parametek:

{WEY) Ix(D) = (W F (6 ¥) 3() = by (xy), and
{WEOGY) (1) = {Wy, F ) F() = F ey (6Y)-

Edgepointscanbelocatedfrom the two component§Wf (x,y) }x(j), {Wf(x,y)}y(j) since

{WEy) (i)

Sharpvariation pointsare detectecanalogouslyto the 1D case,wherethe modulusat scalej andposition

(f+8;)(xy) :

o>
—~

(x,y), denotedby {Mf(x,y)}(]j), is proportionalo:

WY} D {MTGYI() =
(5.25) VHWE ) 1) 2+ W (x.9) ()2

At eachscalej, the local modulusmaximaare againfound by comparingthe point {Mf (x,y) }(j) with its

two neighborsasin (5.23)and(5.24),exceptnow neighboringpointsmustbe examinedalongthe direction
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of thegradientvector Theangleof thegradientvectorwith horizontaldirectionatscalej andposition(x,y),
denotedby {Af(x,y)}(]) is givenby [MZ92b]:

{AfTYI0) = ag({WEY) 1)) +I{WT 6 Y) by(i))

L WIY)
(5.26) = ta”l({vvmx,y)}i(j))'

In threedimensionsthe volumefunction f(x,y,t) is smoothedat differentscalesj by corvolution with the
three-dimensionamoothingfunction 8;(x,y,t). Computingthe gradientvector O(f % 8;)(x,y,t), edgesare
definedas points (Xo, Yo,to) wherethe modulusof the gradientvectoris maximumin the direction of the

gradientin thevolume. Introducingthree3D waveletfunctions,

_08(x,y,t) _08(x,y,t)

_ 98(xy,t)
LIJX(Xayat) - X ) LIJy(X7y7t) - ay ) andl-IJ'[(Xayat) -

o’

threecomponentsf thewavelettransformof f(x,y,t) € L2(R®) atscalej aredefinedwith implicit translation

parametek:

{Wf(x7y7t)}X(J) = {waf(x7y)t)}(1) = f* LIJXj(XJth)7
{Wf(xay7t)})’(j) = {\nyf(XaYat)}(J) = f*l.lJyj(X,y,t), and
WERGY ) }() = W FOO Y1) H(J) = el (X, y,1).

Edgepointscanbelocatedfrom the abose threecomponentsince

{W 06yt Ix(j) = (F8))(xyt)
WIxYOh() | =i #(F*8)0ewt) | =i0(f «8)(xyt).
{WE(xy.t)}e (i) L(f%0))(x,y,1)

Sharpvariation pointsare detectedanalogousliyto the 1D case,wherethe modulusat scalej andposition

<

(x,y,t), denotedoy {Mf(x,y,t)}(]j), is proportionalto:

|{Wf(X,y,t)}(])| U {Mf(X,y,t)}(J) =
(5.27) \/|{Wf(xayat)}X(j)|2+ W6y, by (D12 + WXy, D) 1 (52

At eachscalej, thelocal modulusmaximaareagainfound by comparingthe point {Mf (x,y,t) }(j) with its
two neighborsalongthe directionof the gradientvector The angleof the gradientvectoris now determined

by threeplanaranglesatscalej andposition(x,y,t), denotedby {Af(x,y,t)} ,,,(]) where/ab specifieshe

)
)
)

directionalplane,givenby:

(5.28) (AR} /(1) = ta“(%
(5.29) {Af( Y} (1) = ‘a”_l(%
-1 (WY D ()

tan ({Wf(x,y,o} ()

y
t

Y
)

(5.30) {ATCYD} ()



55

5.4 Multir esolutionAnalysis

Multiresolution analysis(MRA), introducedby Meyer and Mallat [Mal894], is an algorithmic framework
for representindunctionsat hierarchicallevels of scale(or resolution). The wavelet basisdescribedabove
analyzeghe underlyingsignalin termsof spatially-localizedrequeny componentsUsing the waveletba-
sis alone,reconstructiorof the signalmay be problematic. In orderto reconstructhe original signalfrom
its wavelet representatiorthe waveletdual I is usedasthe reconstructiorkernelfunctionin the inversion
formula definedby Equation(5.14). In generalhowever, I doesnot exist [Chu92 p.13]. Multiresolution
analysisaddressethis reconstructiorproblemby maintaininga scaledversionof the signalat consecutie
levelsof resolution.The original signalcanbefaithfully reconstructedy successiely combiningthe scaled

signalwith thewaveletcoeficientsat eachlevel of resolution.

5.4.1 ScalingFunctions

At the heartof multiresolutionanalysisis the notion of a scalingfunction denotedby @(x). The scaling
functionis very similarin natureto thewaveletin thatit alsogenerateabasisof L>(R). Thescalingfunction
is alsoa compactlysupportedunction, definedas

1 x-—b
(Pa,b(x) = Ta(p(T)7 a> O7b€ R7

whereagaina, b arethedilation andtranslationparametersAs for the waveletfunction,integral powersof 2
areusedwherethe scalingfunctionis obtainedby a binarydilation (dilation by 21), anda dyadictranslation
(translationof k/21) of asinglefunctiong. Thatis, a, b arechoserasfor thewaveletfunction,andthescaling
functionbecomes

@i x(X) = 2129(21x— k), j,keZ.

5.4.2 ScaleSubspaces

Sincethe scalingfunctiongenerates basisof L?(R), it alsogeneratesubspace$V; }, just asthe subspaces

{W;} aregeneratedy Y above,i.e.,

Vj =closzr) (P k€ Z),
with @ generatingareferencesubspacey, i.e.,

Vo = clos_z(R)((m,k ke Z).

In contrasto thesequencef orthogonakubspace$W;} generatedy anorthogonalp satisfying(5.20),the

nestedsequencef closedsubspace$V;} generatedby thescalingfunctionpossesshefollowing properties:

(5.31) 1.---CV_1CVoCVi--- (containmenk
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(5.32) 2.UjezV) = L%(R) (completeneds
(5.33) 3. NjezV; ={0} (uniqueness
(5.34) 4.F(x) € V) & (2 €Vjs1,j €Z (scalability).

Property(5.31) stateshatthe sequenc®f subspacess nested;property(5.32) statesthat every function f

in L2(R) canbe approximateds closely as desiredby its projectionsin Vj; property(5.33), on the other
hand, statesthat, by decreasing, the projectionscould have arbitrarily small enegy [Chu92 p.16]; and
property(5.34)is the multiresolutionconditionwhich stateshatas j increasesthe spaces/; correspondo

“finer resolution”:if thefunction f is in thebasicmultiresolutionspaceVy, thenthefiner resolutionfunction
f(2).) : x = f(2)x) is in the spaceindexed by j [Fou95 p.43]. The scalingfunction is saidto generatea
multiresolutionanalysisif it generates nestedsequencef subspace$V;} satisfyingthe above properties

suchthat{gx} formsabasisof Vo.

5.4.3 Bi-orthogonal Multir esolution

Givena pair of scalingandwaveletfunctions(g, ), neitherof which necessarilformsanorthogonabasis,
the goalis to specifydual functions (¢, )) sothatthe original function f in L2(R) canbe perfectlyrecon-
structed Recallthatwaveletsarebi-orthogonalf they satisfycondition(5.13)andgeneratelually orthogonal
subspaceasexpressedy Equationg5.16)and(5.17). Assumingthatthe scalingfunctions(¢, ¢) aredualas

per(5.13),andimposingthe following intra-scaleorthogonalityconditions:
(5.35) (@isTj1) =0, and(@y W) =0, jkl€Z,
the doublemultiresolutiongeneratedy (¢, g) with two sequencesf subspace$Vi}, {\7j} thensatisfies
Vi LW, andV; LW, jez,
andL?(R) is decomposedsin (5.18),with
Vis1=Vj+W, and\7,-+1 =\~/j +V~VJ, jEZ.

The pairs (¢, ) and (¢, ) areinterchangeablin the sensethatonly oneof the pairsneedsto be specified.

Thesecondairis derivedfrom thefirst with ¢ connectedo i andy connectedo ¢ (se€$5.6.4)[Fou9s §l1].

5.4.4 Orthogonal Multir esolution

If the scalingfunction @ canbe chosenso thatthe setof translates{ qoc} = {@(x—k)} formsan orthonor

mal basisand generates setof multiresolutionsubspacegV;}, thenan orthonormalwavelet basiscanbe
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constructedrom @ [RBC+92]. DefiningW; asvji, wherethe orthogonalcomplemenis takenin Vj1, so
that
Viy1=V;®W, andV; L W,
L2(R) isdecomposedsin (5.21).A functiony is soughtsothat{; «} formsanorthonormabasisfor L?(R),
andsubsequent{; } is an orthonormalbasisfor Wj. Assumingthatinteger translatesof ¢ generatean
orthonormabasisfor Vy andthereexist ¢, suchthat
o) = 3 am2x—k),
kez
theny(x) is givenby
(5.36) W) = Y (—D*ega2x+K).

kez

By the above constructiorandorthonormalityof @,

<(pj,kal-IJj,|> = Oa j7k7| € ZJ

and @, are eachself-dual, satisfying(5.35). Thatis, orthogonalmultiresolutionis a specialcaseof bi-

orthogonamultiresolutionwhere@ = (Np andy = (.

5.5 WaveletDecompositionand Reconstruction

Giventhe multiresolutionframework, wavelet decompositiorand reconstructioralgorithmscanbe derived
for ary f in L2(R). Sincege L?(R) generate§V;} and( € L?(R) generate§W; }, andby multiresolution
property (5.32) above, every function f in L?(R) canbe approximatecby an N € Wn, for someN € Z.

ConsideVy asthe“samplespace”and fN the“data” (or measurement)f f onVy. Since

W Wh—1+VN_1

= Vhrd o R,

for ary positive integerM, fN hasa uniquedecomposition:
fNoo = N+ gV (),

wherefN=1 € V\_; andgN—! € Wh_1. Recursvely,

(5.37) N = gV100 + V200 + -+ VM) + N M(x),
where
(5.38) fix) = ch,k?p(zix—k)ev,- ol ={cjx}, kez;

(5.39) g (x) Zdj@(zix—k)e\fv,- cdl={djx}, kez;
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and

fN"Mx) eVWnm, =N—M,N—M+1...,N—1,

with thenormalizatiorfactor2i/2 foldedinto the seriescoeficientsandM chosersothat fN~M is sufficiently
decomposedThe decompositionn (5.37)is uniquelydeterminecy the sequences! andd!, in (5.38)and
(5.39)[Chu92 pp.156-157]which arethe scaleandwavelet coeficientsobtainedfrom the multiresolution

projectionof fl ontosubspace¥;,W; asgeneratedy @, ), respectiely:
(5.40) Cik=(tLo), dix= (L.

Note that here,contraryto corvention,, not {, is usedasthe analyzingwavelet, althoughby the duality
principle [Chu92 p.156], the pairs (¢, ), (@, ) areinterchangeabléor decompositiorand reconstruction
purposes.Thatis, incorporatingEquations(5.38) and (5.39)into (5.37), the function fI+1 canbe obtained

from eithercombinationof dualpairsby the following (bi-orthogonaljnversionformula[GB92, p.634]:

(5.41) fitl(x) = Z Cj kP k(X) + ; dj kj k(%)
j,KeZ j,kez

(5.42) = Cik@ik(¥)+ > djkWjk(),
j,gezj j j,ZeZJ j

with scaleandwaveletcoeficients
{CJ,kZ(fJ,(Pj,k% dik=(fl,WjK) in(5.41)

Cik= (o), dix=(f,Pj) in(5.42)
In orthogonaMRA, with self-dualg andy functions,Equationg5.41)and(5.42)condensénto one(orthog-

onal)inversionformula:
fitlx) = Z Cj k@) k(X) + Z dj kW k(X),
js €z j, €Z

with coeficientsasgivenby (5.40).

The mostimportantpropertyof the subspace$V; } and{W,} (or {V;} and {W;}, dependingon which dual
pair is usedfor decomposition)and hencemultiresolutionanalysisin general,is thatas j — —o, more
andmore“variations”of the analyzedfunction areremoved at each“rate of variation”, or frequeng band,
j, andstoredin W;. The remainingcoarserapproximationgo the function remainin V;. The crux of the
recursve natureof MRA is the decompositiorof the coarsefunction at level j into the function’s coarser

approximationand stripped“variation” at level j — 1, asprojectedontoVj_1 andW,_1, respectiely.” The

"Note that someauthorsusea corventionof increasingsubspacefRBC+99. Roughlyspeakingjn the
Meyer corvention (adoptedhere)the functionsin V;j scalelike 2-1, whereasn the Daubechiesonvention
they scalelike 2I. Thatis, in the Meyer corvention, the decompositiorievel j is commensuratevith the
resolutionof the functionunderstudy i.e., level j = 0 representshe coarsestesolution.In the Daubechies
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algorithmicapproachor decomposingndreconstructinghefunction fI betweerresolutionlevelsis accom-

plishedthroughthe useof discretesequencewhich approximatehescalingandwaveletfunctionse, (Np w, .

Sinceboth @ € Vo and{ € W, arein Vy, andsinceV; is generatedy @ k(x) = 21/2¢(2x— k), k € Z, there

exist two sequencedenoteddy { Pk} and{gx} suchthat

(5.43) o) = g Pr@(2x — K);
(5.44) P(x) = ;ak?p@x— k),

for all x € R. Theseare the two-scale dilation, or refinementelationsof the scalingand wavelet func-
tions, respectiely. Theserelationsimply that(Np(x) and{i(x) mustbe generatedy the finer scalefunctions

@(2x— k), andleadto thedecompositioralgorithm.

Corversely sinceboth @(2x) and@(2x— 1) arein V3 andV; = Vp-+Wp, therearetwo sequencesgenotedby
{px} and{ak}, kin Z, suchthat

(5.45) (p(2x—|) = Z[p|_2k(p(x—k)+q|_2kL|J(x—k)], leZ.

This is called the decompositiomrelation of @ and. Mathematically the decompositiorrelationroughly
statesthat the function underanalysisat a given resolutionlevel (scale)canbe decomposedhto a coarser
resolutionapproximatiorplusthestripped-of detail. Computationallyperhapsomevhatcounterintuitvely,

the decompositionleadsto the reconstructionalgorithm. The two pairs of sequence${px},{dk}) and

({px},{ak}), areuniqueoncethenormalizationof @is fixed(see[Chu92 §1.6] for details).

Representindg! andg! from (5.38)and(5.39)by the“digital” sequences! andd!, thefollowing generalized

(bi-orthogonal)decompositiorandreconstructioralgorithmsemepe:

Decomposition

(5.46) o t= Z pac; dit= qu_m(clj’
Reconstruction

(5.47) o= > P2 ¢+ Gead Y,

corvention,thedecompositiotevel j pertaingo thenumberof decompositionappliedto thefunctionunder
study i.e., level j = 0 representghe finest resolutionsince no decomposition$ave beenappliedto the
function. Both corventionsare equally informative sincein the former the “current” resolutionlevel can
be useddirectly in estimatingthe extent of the function (i.e., the numberof samplegresentin the scaled
signal—thisis particularlyusefulwhendealingwith images).The latter conventionprovidesinformationin

termsof numberof decompositionsppliedto the function, which canbe a valuablemeasuren arecursve
implementation.
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where{px} and{qgx} aredecompositiosequencesvhile { px} and{dx} arereconstructiorsequencesThese
sequencesorrespondo digital filtersin signalanalysis® Notethatin thecaseof orthogonaMRA, thefilters
coincide,i.e., {p} = {Px} and{aqx} = {6k}. The decompositiorandreconstructioralgorithmsare shavn

schematicallyn Table3.

TABLE 3
Schematiof waveletdecompositiorandreconstruction.

Wh-1 WN-M+1 WN-M

dN—l dN—M+1 dN—M
/ /‘
N N oN-1 SN cN-M+1 N cN-M
W WN-1 VN-M+1 VN—Mm

(a) Decomposition

Wh-m Wh-M+1 Wh-_1

dN—M dN—M+1 dN—l
¢ N\
cN-M _ cN-M+1 . _ oN-1 _ N
WN-_M WN-M+1 WN-1 W

(b) Reconstruction

The wavelettransformgeneralizeso multiple dimensiongrovidedthe scalingfunctionsandwaveletsgen-
eratemultidimensionabases.In the particulartwo-dimensionatase therearetwo waysin which the 1D

transformcanbe generalizedpamelythroughthe standad andnon-standatd decompositions.

Thestandardlecompositiorof a typical 2D function,i.e.,animage,f(x,y), is obtainedby first applyingthe
1D wavelettransformto eachrow of (pixel) values giving average(smoothedyalueswith detailcoeficients

for eachrow. Thetransformedows aretreatedas1D functionsthemselesandthe 1D wavelettransformis

8Someauthorspreferto concentratenreconstructiofiiltersasthe“nice” filtersanddenotedecomposition
sequencedy a specialsymbol. Becausehe decompositioris more pertinentto signal analysis,herethe
oppositecorventionis usedwherethe“nice” filters areassociateavith decompositiorandthedistinguishing
symbol(™) denoteseconstructiorfilters.
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appliedagainon eachcolumn. The standardlecompositiorgivescoeficientsfor a basisformedby the stan-
dard constructiorof waveletbasisfunctions,consistingof all possibletensomproductsof theone-dimensional

basisfunctions,

X)) @ 9(x), x) @ W(X), W(X) @ G(x), Y(x) @ W(x),

where@(x) ® ¢(x) is the 2D scalingfunctionandthe restarewavelets(see[Fou95 p.20]for detailsandex-

amples).

Thenon-standardlecompositiorof a 2D functionalternatebetweeroperationn rows andcolumns.That
is, thedecompositions obtainedby first applyingthe 1D wavelettransformto eachrow of (pixel) valuesat

oneresolutionlevel, giving average(smoothedyalueswith detail coeficientsfor eachrow. Thetransformed
rows are againtreatedas 1D functionsand one level the 1D wavelet transformis appliedagainon each
column. To completethe transform the procesds repeatedecursvely on the quadrantontainingbothrow

andcolumnaverages.The non-standad constructionof a two-dimensionabasisis similar to the standard
construction gxceptthat the tensorproductsare obtainedusing transposedersionsof the 1D scalingand

waveletfunctions.Thatis, thetwo-dimensionakcalingfunctionis definedas

Po(x,Y) Px) @ @' (%),

andthethreewaveletfunctionsare:
Wxy) = exeu(X),
Pa(x,y) WX @' (x),
We(xy) = W)Y (X).

Both constructionsvill generaterthogonal2D basegivenorthogonallD functions[Fou95. Examplesof

thenon-standardecompositiorandsomeof its propertiesaregivenin §5.7.

In threedimensionsthewavelettransformdepend®nthree-dimensionacalingandwaveletbasesunctions.
The standardlecompositiorof a typical 3D function, e.g.,a videoframesequencef (x,y,t), is obtainedby
first applyingthe 1D wavelettransformon inter-frame pixels betweentwo successie video framesat each
resolutionlevel. This givesthe temporaldecompositiorof the video frames,analogougo the wavelettrans-
form of one-dimensionasignals. The first transformedrame containsthe overall temporalaveragevalue,
while the lastframecontainsthe overall temporaldifferenceof the original frames.The transformedrames

arethentreatedas2D functionsandthe standard®D waveletdecompositions appliedto all frames.

The non-standaralecompositioris obtainedby first applyingthe 1D wavelet transformon eachpixel be-

tweeneachof two successie videoframesin thesequenceOneof thetwo transformedramescontainsthe
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temporalaveragevalues,while the otherframe containsthe temporaldifferenceof the two original frames.
Thetransformedramesarethentreatedas2D functionsandthe non-standardvaveletdecompositions ap-
plied to both frames. Provided therewerefour framesto begin with, the processs repeatedecursvely on
the two quadrantscontainingboth temporaland spatialaverageswhich are containedin the two temporal
averagerames.Thenon-standardonstructiorof athree-dimensiondlasisis similar to thetwo-dimensional
caseexceptthatthetemporalbasisis obtainedfirst. Thatis, thethree-dimensionacalingfunctionis defined

as:

o yt) = 00X @ 9x) @ ' (x),

andthesevenwaveletfunctionsare:

Pyt = X @ex) W (),
Wexyt) = WX e (),
WYY = ) eYx) @Y (),
bepx,yt) = W)X Y (),
beu(xyt) = 0@ ex) oW’ (X),
e yt) = @) @u(X) e (),
PRyt = o)UY @Y (x)

The constructionswill generateorthogonal3D basegyiven orthogonallD functions. Examplesof the non-

standardlecompositioraregivenin §5.7.

5.6 WaveletFilters

Themultiresolutionwaveletdecompositiorandreconstructionglepictedn Table3, canbeimplementedy a
two-bandfilter bank,asshavn in Figure15. To maintainconsisteng with signalprocessingorvention,the
discretesequence$py}, {ak}, { Pk}, {Gk} arereplacedvy thedigital filtersH, G, H, G representeby discrete
sequences$hy}, {0k}, {ﬁk}, {Gk}, respectiely. Figure15 displaysdecompositiorandreconstructiorof the
signal f atoneresolutionlevel. The symbols] 2 and4 2 within circlesrepresentlyadicdownsamplingand

upsamplingrespectiely.

Multiresolutionanalysisat multiple levels resembles nonuniform,tree-structuredilter bank. The nonuni-
form qualificationrefersto theflexible tiling of the space-frequencgrid generatedy waveletanalysis(see
§5.1.5, Figure 14) [Vai93. Multiresolution decompositiorand reconstructiorat threelevels is shovn in

Figuresl6. In general the digital implementatiorof multiresolutionanalysis,asdescribedn §5.4, is often
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Fig. 15. One-level waveletdecompositiorandreconstructionmplementedy a two-bandfilter bank.
referredto asthe DiscreteWavelet Transform(DWT).?

In practice,the filters H and G are chosenas lowpassand and highpasg(in general,bandpassjilters, re-
spectvely. Thelowpassfilter correspondso the scalingfunction @ by subsamplinghe signalat decreasing
levels of resolution. The highpasgor bandpassijilter correspondso the wavelet function ¢ decomposing
the signalby projectionsonto consecutie frequeng bands Thedualfilters H, G arederivedfrom H, G sub-
jectto desiredorthogonalityconstraintdbetweerfilters. Theseconstraintaredelineatedy the four wavelet
classedliscussedn §5.2 resultingin the consonanfamilies of filters, namelyorthogonal, bi-orthogonal,

semi-orthgonal andnon-orthaonal

The DiscreteWavelet Transformcanberepresenteth matrix form [PTVF9Z. At agivenscalej, thefinite,
discretefunction f, representedby the sequences, is transformedinto the sequencesi—1 anddi~1 by
thesquarematrix M consistingof null (zero)elementsandelementsf the scalingandwaveletfilters {hy},
{gk}. Thetransformeaequences 1, d/~1 areeachhalfthelengthof ¢! dueto downsampling For example,

usingscalingandwaveletfilters {hc} and{gk}, eachof length4, the decompositiorof the sequence! of

9Strictly speakingthetermWaveletTransformgenerallyrefersto the Integral WaveletTransform relative
to thebasicwavelety, definedin Equation(5.7),andDiscreteWaveletTransformrefersto thewaveletseries
expansionof f, relative to ). The transformis dyadic whena andb are chosensuchthat the wavelet
basisis obtainedby a binary dilation anddyadictranslationof a singlefunctiony. In the signalprocessing
domain,andespeciallyin imageandvideo processingpplicationsthe termWaveletTransform or Discrete
WaveletTransform(DWT), hascometo meana multiresolutionanalysisof the underlyingsignal. Although
not technicallyaccuratethis terminologyis adoptecheremeaningthat DiscreteWaveletTransformandthe
abbreviation DWT shouldbe interpretedas “discrete, dyadic multiresolutionanalysis”. The term Inverse
DiscreteWaveletTransform(IDWT) shouldbe interpretedas“discrete dyadicmultiresolutionsynthesis”.
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(a) Decomposition

Clpa®

Clpa® o —W

CHANNEL

(b) Reconstruction

CHANNEL

Fig. 16. DiscreteWavelet Transformimplementedyy a nonuniform tree-structuredwo-bandfilter bank.
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length8 is givenby:

ER ] e
?_1 ho h1 hy hs (J)
le_l ho ht hy hg C}
G ho ht hy hg )
Cé_l _ h2 h3 ho hj_ Cé
dé_l B do 01 O2 O3 ¢,
d/™* B 01 9% s cl
dé_l Go 91 92 O3 cl
i dé—l ] | 02 O3 Jgo O1 | i CJ7 ]
(5.48) fi-1 = Mmifl

wheref denotesthe finite, discretefunction f, and null elementsof the matrix M1 are shovn as empty
spaces.The original function f canbe perfectly reconstructedf the inversematrix (M1)~1 canbe found
andthedualfilters {h}, {gi} exist. Constructiorof the dualfilters dependon the choserclassof wavelets.
Reconstructions representedby a similar matrix operationwherethe reconstructiormatrix resemblesvi |

exceptthatthereconstructioriilters {h} and{gi} replacethedecompositiorfilters {h}, {ak}, e.g.,
fl = (m)~i-L

Consideringhefilters {h¢},{gk} ascorvolutionkernels noticethatthe abose matrix operationincorporates
the subsamplingstepby performingdyadic translationsof the kernels. In somesignal processingmple-
mentationscorvolution is carriedout throughmonadictranslationof the corvolution filter, relying on the
subsamplingtepto drop every otherelement.In the above matrix representatiorhowever, the subsampling
stepis madeimplicit by dyadictranslationprecludingthe needfor explicit subsamplingandsupersampling.

In thediscussioronfilters, below, dyadickerneltranslationis assumed.

5.6.1 Orthogonal Filters

The orthogonalityconditionfor the wavelety, initially givenin §5.2.2by Equation(5.19),is restatechere
with respecto the analysisfilter {gx}: if W is anorthogonalwavelet,thenthefilter G formsanintra-scale

orthonormabasisof L?(R),
(549) <gk, gm) = 6|(’m7 k, me Z

Provided the filter {g«} alsosatisfiesinter-scaleorthogonality the subspacesf L?(R) generatedy G are
mutually orthogonalasin Equation(5.20). Condition (5.49) effectively statesthat the translatedwavelet
function , andhencehighpasdilter {gx}, doesnot overlap,or if it does,the overlappedsegmentssumto

zeroin the senseof theL?(R) innerproduct.
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Asoutlinedin §5.4,{gx} canbeobtainedrom theorthonormalowpasdfilter {hx}, correspondingo thescal-
ing function ¢, asperEquation(5.36),in which caseH andG arecalledquadrature mirror filters [Mal894|.

Equation(5.36)canberewritten morecompactlyin termsof thefilters {hy},{ak} by:
(5.50) o = (-Dhy, kez,

sothatthefollowing intra-scaleconditionshold:

(5.51) (i, hm) = (O, Om) = &m, k,me Z (orthonormalfilters),

(5.52) (h,gmy =0, k,meZ (orthogonakubspace¥j L W,).

Underthis constructionthe matrix M is orthogonalin the sensethat the reconstructiommatrix (M1)=1 is
the transposeof M, i.e., (M1)~1 = (M1)T, andthe filters {h}, {gk} areself-dual,i.e., {h} = {h¢} and
{8} = {o}-

Referringto the above matrix decompositiorexamplewith filters {hc} and{gx} of length4, thereconstruc-

tion fl = (M1)~1fi-1is givenby:

R -~

c ho o h % Co

c oG hy G it

c h2 G ho To ¢
(5.53) % — | he B G d{i

Cy h2 @ ho o c)

c hs G3 ht 1 dj

cs ha @ ho Qo ot

= i hs @ o @ || dit |

Substituting{h} by {h} and{Gi} by {ak}, where{gy} is obtainedasin (5.50),andpermutingrows of fi~1

andcolumnsof (M1)~1, Equation(5.53)is rewritten as:

[~ T _ T A1
C(JJ hg hs h, hy C(j)_l
CJl h1 —h2 h3 —ho d(J)_ 1
CJz h, hi ho hg C%_l
C3 _ h3 —ho h1 —h2 dl
(5:54) c B h, h1 ho hg ot
o hs —ho hy —hy gl
CJ h2 hj_ ho h3 Cj—l
i hs —hg hy —-hy 31
| 7 - - Ldg ]

In this example,(M1)T is theinverseof M1 if andonly if
(5.55) hg+h2+h3+h3=1, and
(5.56) hoho +hihg = 0.

Equationg5.55)and (5.56)in combinationexpressthe intra-scaleorthonormalitycondition (5.51). If con-

dition (5.56)is not evidentfrom the invertible matrix requirementconsiderthe intra-scaleorthogonalityof
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thesubspacdV;}, coveredby the scalingfunction, which canbe exemplifiedby two vectorsformedby the

spatialtranslationof thelowpasdilter, hy, hy1:
[.. ho ht hy hg 0 0 ..]
[.. 0 O hy hy hy hs ..]
wherethe inner product (h,hx.1) = hoh2 + hihs. Theseare preciselythe termsrequiredto sumto O in

Equation(5.56). In generalfor ary differenttranslationsk,m, k # m, the inner productmustsumto zero.
In otherwords, {(hy,hy) = 0, k # m sothatthe scalingfunction ¢ generatesn orthogonabasis. Equations
(5.55) and (5.56), along with two additionalrelations,were recognizedand solved by Daubechieswhile

coeficientsfor filters of length2 werefirst givenby Haar Coeficientsof bothfilters aregivenin Table4.

TABLE 4
Orthonormafilters.
(a)Haar (b) Daubechies-4.
k | 4v2(h)  4v2(g)
k| v2h) v2(gk) 0] 1++3 1-+3
0 1 1 1| 3+v3 -3+V3
1 1 -1 2| 3-v3 3443
3| 1-v3 -1-+3

Orthogonalwaveletsguarantegerfectreconstructiorand generallyfacilitate implementation.In practice,
however, orthogonalwaveletsare not always easily constructecand may lack desirablepropertiessuchas
symmetryor continuity. Filter symmetryis incompatiblewith exactreconstructionif thesameFIR filtersare
usedfor decompositiomndreconstructionExceptfor theHaarbasis all compactlysupportedrealorthonor

mal wavelet basesare asymmetriiDau92 p.252,p.253,p.28]. The Haarwaveletis the only real-valued
wavelet thatis compactlysupported symmetricand orthogonal[JS944. Non-orthogonalor overlapping

filters, relaxthe orthogonalityconditionandsubsequentlgreconsiderednoreflexible.

5.6.2 Semi-OrthogonalFilters

Recallthatafunctiony € L2(R) is semi-orthogonaif the generatedbasis{y; x} is orthogonalasexpressed
by (5.22). This conditionsuggestshatthe correspondindilters neednot be fully orthonormalonly orthog-

onal,generatingnutually orthogonalsubspacedn effect, theintra-scaleorthonormalitycondition(5.51)is
relaxedsothat

(h, hm) = (gk,gm) =0, k#m, k,meZ (orthogonafilters);

while condition(5.52)remains:

(he,gm) =0, k,me Z (orthogonakubspace¥; L W;).
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Semi-orthogondilters canproduceorthogonafilters throughanorthogonalizatioprocedureasmentioned

in §5.2.3.

5.6.3 Non-Orthogonal Filters

Non-orthogonafilters arefilters thatarenot semi-orthogonalThatis, non-orthogonafilters do not generate
mutually orthogonalsubspacesEffectively, they are overlappindfilters. In general non-orthogonafilters

requiretheir dualsto guaranteg@erfectreconstruction.

5.6.4 Bi-orthogonal Filters

Following §5.4.3,givenapairof lowpassandhighpasdilters {h}, { ok}, neithemecessarilypeingorthogonal,
dualfilters {ﬁk}, {0k} arerequiredto guarante@erfectreconstructionln particular by (5.35),thefollowing

relationsmusthold:

(557) <hkagm> = 07 k7m€ Z;
(5.58) (gohm) = 0, kmeZ.

Note that orthogonalfilters satisfy theserequirementghroughthe stringentcondition of orthonormality
placedon {hy} andsubsequentlyn {gx}. SinceH = H, andH is orthonormalji.e., (i, hm) = & m, then
(ﬁk,ﬁm) = dm alsoholds. Moreover, since{gx} is the quadraturemirror of {h¢}, {gx} and {0k} arealso
orthonormal. The constructionof biorthogonalfilters, on the otherhand,is basedon the relaxationof the
orthonormalitycondition,sothatin generalH # H. The requiremenbf bi-orthogonaldual basegemains.
Thatis, theintra-scaleorthonormalitycondition,containedn (5.13),is rewritten in termsof the two setsof
filtersH,H, G, G as:

(5.59) (h,hm) = &m, kmez;
(560) (gka gm) = 6k,ma k; me Z

In generalthe relaxationof the orthonormalityconditionandthe useof dualfilters provides greaterflex-

ibility in the constructionof filters. Specifically symmetricfilters canbe constructed.The constructionof

bi-orthogonalvaveletsis typically performedoy specifyingthedecomposingor reconstructingjpair of func-

tions (@, ), thenderiving their dualssuchthatthe above bi-orthogonakonditionsaresatisfied Onemethod,
assuggesteih §5.4.3,is to derive {h} from {gx} and{gi} from {h,} by the quadraturemirror construction
(see[Dau9? §8.3)):

G = (—D*h_x, kez,
h = (—D*gik, keZ.
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Variousauthorshave constructedsymmetric,bi-orthogonalfilters. Most constructiongely on filter bank
theory[GB92] or on multiresolutionderivationsusuallyusingthe splinefamily of functionswhich provides
continuityaswell assymmetry UedaandLodhaprovide anexcellentintroductioninto B-splinewaveletsin-
cludingderivationsof linear, quadraticandcubicB-splinewaveletfilters [UL95]. Well known bi-orthogonal
filtershave beendesignedy CohenDaubechiesandFeareau[Bar94]. Chuihasdevelopedafamily of spline
waveletsbasedon cardinal B-spline functions[Chu92 §4]. Barlaudderived nearorthonormaldual spline
waveletsconstructedrom the popularLaplacianpyramid filter introducedby Burt and Adelson[BA83h),
which itself is a nearorthonormalwavelet filter [ABMD92]. The Laplacianfilters arein turn very simi-
lar to the orthonormalcoiflet basisdevelopedby Coifman. Mallat et al. have developedquadraticspline
waveletswhich are particularlysuitablefor singularitydetectionMZ92a]. Coeficientsof the Mallat, Chui

(multiplicity-2), Barlaud,andBurt andAdelsonfilters aregivenin §A.

Unfortunately althoughonesetof filters may possessnary desirablepropertiesthe dualfilters are,in gen-
eral,notcompactlysupportedJS944. This maycausesignificantimplementationaproblems.For example,
Chui's (multiplicity-2) decompositiorfilters are of length41, while Mallat’s filters requirespecialnormal-
izationoperationsat variouslevelsof reconstructionFurthermoreif thefilters arenot separablehenimple-

mentationof multi-dimensionalvavelettransformsecomesvenmoreproblematic.

5.7 DiscreteWavelet Transform

The one-dimensionaDiscreteWavelet Transform(DWT) is characterizedby the decompositiorandrecon-
structionEquations(5.46) and (5.47) describedn §5.5. The implementationof the 1D DWT follows the
generadigital filter representatioportrayedoy Figuresl5and16, andanexampleof the 1D decomposition

throughcorvolution wasgivenby the matrix representatiofb.48)in §5.6.

Givenann-lengthdiscretefunctionatthe jt" level of resolution,
J(y) — £l i i
(5.61) f1(%) = f5(1), f(2), ..., fp(N),

thedecompositiorrelationsof thefunctionare:

(5.62) 0 = thfqﬁ(zw k),

(5.63) it = ngfqﬁ(zw k),

where{hx},{gk} arethe one-dimensionalow- andhigh-pasdilters. This givesthe discretewavelettrans-
form:

(5.64) WEHi—1) = 74D, 17(2),..., 0 (n—1), 1§ ().
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Permutingthetermssothatthefirst n/2 elementsarethe low-pasgscale)coeficients,i.e.,

(WF}ji-1) =
(5.65) 57D, 15713, ., = 1), §7H2), 1), L 1),

andrelabelingtheindices,

(5.66) WIHi-1) = 7)., 157 (/2= 1), 1§ (n/2),..., ] ()

thesmooth(or averagedglementgthefirst n/2 elementsarerecursvely decomposedrhefully transformed
functioncontaingheglobalaverageasthefirst elementthenext 2/ elementsontainthedetail (or difference)
informationat eachresolutionlevel j. Exceptfor the averagevalue,the transformecdelementscomprisethe

so-calledwaveletcoeficientsof thefunction.

To reconstructhefunction,thetermsat eachresolutionlevel arerepermutedothatthe averageandwavelet
coeficientsareinterleaved, asper Equation(5.64). Introducingthe X operatordenotingelementinterleave,

the j — 1 level coeficientscanbearrangednto anintermediataepresentatiofor reconstructiorat level j:

fhp@+p) = A-p) =) +(p) H(x),

for p € {0,1}. Reconstructioratlevel j, with p € {0,1} is thenwritten as:
fo(2x+p) = (1-p) thf(;m%p (x—k) + ngfqgmfp (x—K)

which givestheoriginal function fi(x) in (5.61). Notethatthevariablep is usedasa selectiorvariable that
is, in the dyadicwaveletreconstructiontheelementat position2x+ p is theresultof filtering the lower level

elementswith either{hy} or {g}. Thisis acorvenientsubstitutefor writing two equations:

thfq‘mix K);
fo(2x+1) = ngf(g,wix K).

The permutationfunction qu),x] y Senesasan alternatemethodof reconstructiorusedinsteadof traditional
supersamplingIn contrast,without permutatingthe averageand wavelet coeficients, therewould be two
sequencesqu)_l, qufl, eachof lengthn/2, wheren is the length of the sequencat level j. In this case,

reconstructions givenas:
(5.67) fa(2x—1) = Zﬁl_%f({,—l(x— K)+ z_@_%fdrl(x— K),

which follows from the decompositiorrelationgivenin (5.45). The reconstructiorin (5.67)is equialent
to the onegivenby (5.67),hawever its implementatioris obviously different. In all following (multidimen-

sional)wavelet transformdiscussionghe permutationapproachis adopted. This is consistentwith the 1D
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reconstructiorexampleof (5.54)correspondindgo thedecompositiorof (5.48)in §5.6. A numericalexample
of orthogonaldecompositiorandreconstructiorusingHaarfilters is givenin Table5, wherethe symbol X

denoteslementpermutation.

TABLE 5
NumericallD DWT example.
Decomposition
f=c% | 1 4 0 -2
1. -3 2
d*: % 5
1. 5 -2
c: v %
do: :
0. 3
c’ 5
. 3 7 -3 2
Reconstruction
0pg {0 3 7
c'>xd®: 5 I
1 5 -2
¢ V2' V2
Ipgdl- | 5 -3 -2 2
cXd: 7 7 % %
¢ 1,4 0,-2
c2=f2| 1 4 0 -2

Multidimensionalextensionsof the DWT rely ontheuseof multidimensionabasesdescribedn §5.5,which
are constructedoy obtainingthe tensorproductof unidimensionabases. The matrix tensorproductop-
erationis reviewed in §B. The computationalrealizationof the 2D DWT describedhereis an instance
of the well-known pyramidal multiresolutionrepresentationaramework first proposedby Tanimotoand
Pavlidis (se€[TK80, §2, pp.31-56]and [JR94,p.3]). The pyramidalmodelstipulatesa hierarchicaprocess-
ing paradignmknown asthecoarse-to-fingresolution)strateyy. Thepyramidalwavelettransformin particular
is relatedto the Laplacianpyramid introducedby Burt and Adelsonfor imagecoding[BA83b]. In two di-

mensionsalog, N level pyramidis constructedrom anN x N image ,wherethe bottomlevel of the pyramid
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(level j =log, N — 1) containsthefinestresolution,andthetoplevel (j = 0) containshe coarsestNotethat
the original imageis consideredhe finestlevel of resolution(level j = log, N), however it is not contained

within the pyramiditself.

Given 1D scalingandwaveletfilters H, G associatedvith @, ), respectiely, the 2D filters correspondingo
the 2D waveletbasespyp, @, Y@, Yy, asdescribedn §5.5, aregeneratedy the non-standar@D wavelet

basisconstructiorusingtensormproducts:

HH = H®HT,
HG = H®G,
GH = GgHT,

GG = G®G'.

As an example considerthe Haarfilters givenin Table 4. Their two-dimensionalextensionsare derived

below:
2
2
T 1 1
HH=9p¢ = [72 ﬁ]@ .
2
1 1
| v | iz
N V2| o, V2| o, T |
V2 V2 2 2
2
2
T 1 1
HG=0py = [ﬁ 7§]® .
V2
1 1
B 1 2 1 V2 B 2 2
B V2 1 V2 1 B 1 1
_Tz _Tz -2 T2
2
2
T 1 1
GH=vyod = | % o] |
2
1 1
| | 3 -3
a V2| VZ| T
V2 V2 2 72
2
2
T 1 1
ce=vay' = [ el |
T2
1 1
L E L A 3 -3
N \/z 1 \/E 1 N 1 1
V2 V2 -2 2
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Multiplying each2D filter by thedyadicnormalizatiorfactor2i/2 assuggestethy Equationg5.8)and(5.10),
the 2D filters become:

11 4 1
V2 V2 V2 V2
HH = ; HG= ;
11 -1 _1
V2 V2 V2 V2
1 _1 I
V2 V2 V2 V2
GH= ; GG=
1 1 _1 1
V2 V2 V2 V2
At thenext level of resolution thefilters arederivedby:
HHHH = (9®¢")® (p2q");
HGHH = (pay")®(e®¢");
GHHH = Y®¢")®(02¢");
GGHH = Yy ) (eaq").

Taking dyadicfilter translationinto considerationthe 2D filters are clearly mutually orthogonalin x- and

y-directions,andin this exampleorthonormal.In general multidimensionabrthogonafilters arealsosepa-
rable, i.e., satisfying

h(k,m) = h(k)h(m),

dueto theirtensomproductconstruction.Note thatthe above exampleillustratesoneof the dravbacksof the

DWT, namely dependingn the choiceof basesthe DWT is neithernecessarilyranslationallynor rotation-
ally invariant.

The multidimensionakensorproductfilters are usefulfor visualizing spatiotemporapropertiesof the mul-
tidimensionalwavelettransform,however directimplementatiorwith multidimensionafilters is inefficient.
Instead relying on the separabilityof the filters, the wavelettransformcanbe implementedby processing

eachdimensionseparately The decompositiorrelationsdescribingthe non-standardiecompositiorof the
spatialaverageimageatlevel j are:

fa 0Y) = Skhifd6 2y +K) 1 06Y) = Sk Fhp(% 2y +K)

fop T (6Y) = Skhefh T (@2x+ky) o7 (xY) = Schifl, H(2x+k,y)
flg (6Y) = Skl (2x+ky) ' (0y) = Skl (2x+ k)

where{hx},{gk} arethe one-dimensionalow- andhigh-pasdilters. The non-standardWT first involves

subsamplinghe rows of the lower resolutionlevel spatlalaveragelmage(denotedby fl ) to generatehe

temporaryupperresolutionlevel |magesfq1} Land fwr . Dueto dyadicdownsamplingof rows, theseimages
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arehalf thewidth of theimageat the lower resolutionlevel. The columnsof thesesubimagesrethensub-
sampledo generatahe four subimagesienotedoy the subscriptspp, @, Y@, andye. Theabove equations

arewritten verboselyin orderto facilitateimplementation Rewriting the equationsoncisely

(5.68) flot(xy) = kz (i ® him) f (2% + k, 2y +m)
(5.69) flg (xy) = kz: (0 ® i) f (2 + k, 2y + m)
(5.70) fltxy) = kzm (N ® Gm) fp(2x+ k, 2y +m)
(5.71) Ty (xy) = kirn(gk®gm) fao(2¢+ K 2y+m)

it is clearthat the decompositioralgorithm follows the two-scalerelations(5.43) and (5.44). The smooth
(or a\/eraged)s.ubimagef(g)(p is recursvely subsamplect eachstageof the decomposition.The transformed
image containsthe global averageat the top of the pyramid, the lower layerscontainthe detail (or differ-
ence)informationat eachpyramidlevel. Theselower layerscomprisethe so-calledwavelet coeficientsof
the transformedmage. The decompositioris shavn schematicallyin Figure 17 wherethe imagematrix f

is subsampledvith low- and high-pasdilters h,g. The subscripts, ¢ representhe subsamplingoperation

HHT | | MG
! f
aHi | | GGt
[ ¥ [t
H,f Gf f

Fig. 17. Non-standar@D pyramidaldecomposition.

performedon rows andcolumnsi.e., qux;l = HcH, .

In practice,dependingon thelengthof filters {hx},{gk}, boundaryconditionsrequirespecialconsideration.

Thereare generallytwo stratgiesusedto handlethis problem: extendingthe imageby paddingwith zero
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valuesor periodicextensionof theimage(i.e., tiling copiesof theimage).In the presenimplementatiorthe
latterstratayy is implementedy applyingmodulor, ¢ to theindicesat eachresolutionlevel. This generates
wrapamundattheimagebordersvhenthefilters extendbeyondtheimageboundary All referencesoimage
locations(x, y) areextendedbeyondimageboundariedy theindices((r +x) modr, (c+y) mod c) wherer,c
arethe dimensionsof quxp. This strateyy allows the useof negative indices(requiredduring reconstruction)
andthe processingf non-squardmages. An exampleof the 2D DWT appliedto animageis shavn in

Figure18. Thetransformedmagehasbeenprocessedor displaypurposes.

(b) 2-level DWT (processedby histogramequaliza-
tion with subsampledmageinset).

(a) Original cnnimage. Reprintedwith permission
from TurnerBroadcastingystem|nc. (see§F).

Fig. 18. Non-standar@D DWT.

In traditional pyramidal approachesyherethe pyramid containsonly smoothednultiscaleversionsof the
original image(e.g.,texture-mappingapplications) subimagest eachlevel provide the pixel intensityval-
uesfor reconstructiorusually involving interpolation(cf. §5.10). In the wavelet transform,the imageis
synthesizedy a recursve procesof addingdetail informationto the average(smoothedsubimagesn or-
der to reconstructhe next level's averagesubimage. Rows and columnsare interleased prior to filtering
insteadof thetraditionalnull row andcolumnpadding(seelPTVF9Z for anexampleof theinterleave opera-
tion, and[Cas9§ for paddingexamples).Generally row andcolumnpadding(supersamplingis usedunder
monadicconvolution. Dyadic corvolution precludeghe needfor padding but insteadrequireshatrows and
columnsbe interleaved prior to reconstructioriltering. Introducingthe X, andX. operatoradenotingrow
andcolumninterleave, respectiely, thereconstructions obtainedwith the useof thefollowing intermediate

relations:

(5.72) fooue@X+RY) = (A=p)fltooy) +(p) g (),
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(5.73) fhuu@ DY) = (L=pf ) + () g (xY),
(5.74) o s (% 2Y+ Q) (1—a)f) () + (@) fy (x,Y),

wherep,q € {0,1}, x,y,k € Z and

f(é)((ZX_}_ p:y) = 1 p thqup[xl lp(p(zx ky ngf(p(pmrlp(p(zx ky)

fleJr(ZX‘Fp,)’) = (1- pghkfwmmq}(zx ky) + ngfwmww(zx k,Y),
sothat

fh(o2y+a) = (1- qz_hkfww (x,2y—k)+ z_gkw (x,2y—K).

Theabovereconstructiomelationsin two dimensionsanberewrittensuccinctlyfollowing thedecomposition

relationgivenin (5.45):

fho2X+p2y+0) = (1- l P) S (T hm) fog )FloL(x—k,y—m)+
k,m

)

P (@ Gm) g (X—ky—m) | +
k,m
(a) [(1—p);(gk®hm) Yx—ky—m)+

(5.75) pz G ® Gm) iy (x—k,y — m)]

wherex,y,k,m € Z, wraparoundndicesin the reversedirection,written as (x— k), areassumedandp,q €

{0,1} areusedasselectiornvariablesanalogoushasin the one-dimensionaleconstruction.

To shaw thatEquation(5.75)is derivedfrom theabove relations expand quxp(x, 2y+0q):

fh(%2y+q) = (1—q)gﬁkfémcw,(x,Zy—k)+<q>z_gkfww(x,2y—k>

(-0 T R[A-a) 1 0y= 1+ @ (xy K] +
(5.76) @y &[a-atcy-R+ @ xy-K].

Sincethe(q), (1— q) termsaresymbolicfor binaryselectionmultiple lik e termscanbe combinedinto one,

e, (1-9*=(1-0)(1-0)-(1-aq) = (1-q), and(q)* = (4)(a)---(q) = (q) for all g € {0,1},k € Z.
Corversely unlike termscancel simplifying Equation(5.76)to:

f&p(x,2y+q) = (1- qghkfJ X,y —K) + ngf%xy K).
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Substitutingappropriatelyfor fl, quJr by changingthe resolutionof x to 2x+ p andtaking careto disam-

biguatesummatiorindices,

T+ p2y+0) = (1-0) Yy [(1— p)gﬁkf(:;,,mrw(zx—k,y—m)+

p)ggkf(.immrwcp(zx—k,y—m) +
(a) ng [(1_ p) Zﬁqujwm, pp(X=Ky—m)+
m

(5.77) (p)ggkfépmrwm(zx_kay_m)] -

Noting thatthe filter summationtermsapply to rows and columnsseparatelyi.e., ZmEmZK Ok refersto the
tensorproductof H and G since Sk Ok appliesto the columnsof f1, the doublesummationtermscan be

collectedandrepresentetly the singlesummatiorterm ZK,m(ﬁk ® Om). Equation(5.77)is thenrewritten as:
fhg2x+p2y+a) = (1-0) l(l— p) gn(hk@) Pin) Ty g (2X— Koy — M)+

D) Y (M@ Gin) T, (X — Koy —m) | +
k,m

)

l z gk®hm (NJN lplp(zx ky )
k,m
(5.78) (P) Y (Bk® Gm) fya, gy (X — Koy —m)|
k,m

Substitutingequationg5.72)and(5.73)into (5.78)gives:

2+ p.2y+0) = (1-0) [(1— p)'Y (e Pin) { (1 p) £y (x— Koy —m)+

k,m

(P)fhp (x—ky—m) }+
()3 (et {(1- P gy 0oy —m)+

(P g x—ky—m) } | +

@ [(1—p);<ak®ﬁm>{<1 ) iy (x— Ky —m)+

(p)f"‘1<x—ky—m)}+
(5.79) ()3 @ n) {(1- P gy (x—koy-m)+

(p)fd;al(x—k,y—m)}] :
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Usingsimilarargumentdor like (1— p), (p) termsin Equation(5.79),thereconstructioralgorithmsimplifies

to:
fao2X+p2y+a) = (1- [ kzmhk@)hm )= (x—k,y—m)+
(p) gﬂ<ﬁk®qm>f¢;l<x—k,y—m> +
(a) l(l—p)gn(gk@’hm) Yx—ky—m)+
(5.80) (p) gn(@keaam)f&ml(x—k,y—m)],

which is equialentto (5.75). Equations(5.75) and (5.80) roughly statethat f(fm is reconstructedrom the
expansionof the fi~1 functionsat resolutionlevel j — 1 by the dual (bi-orthogonal)filters {ﬁk}, {0k} rep-
resentingscaleand wavelet basesgeneratedy c~p . Since quxp was originally projectedby the 2D bases
functionseg, @y, Yo, andyy, representedythetensorproductsof{hk} and{gx}, producingthefour lower
resolutionlevel func'uonsfJ ! fJ Y quJ(pl, and flg* fJ is faithfully reconstructegbrovided (@, §), (@, )

satisfy (bi-)orthogonalityconditionsas specifiedin §5.2 and §5.4.3. Equation(5.75) also makes intuitive

sensavhenEquationg5.68)—(5.71areconsideredn matrix form:
-1 _ i i- l j
fop = (H®H)fg, fio = (G@H)f,
- _
= (HeG)L, fw = (G®G)f,
To reconstruct!, both sidesof eachequationshouldbe left-multiplied by sometensorproductcombination

of H andG. If the decompositiomatricesare orthogonal theneachreconstructiomatrix is the transpose

of thedecompositiommatrix. Thatis,

thl=HeR) T, ft=(GaH) T,

thl=He0)Tt, h'=(Gas) fy
In the orthogonakaseH = H andG = G, and
(HeH)T = (HeH), (GeH)T=(H®G),
(HeG)T = (GoH), (GeG)"=(Gx0),
giving
fho=HeRILY L =HaG)N",

A A i
t,=GaRt 1l =Ged)ly,

which coincideswith the orderof thetensomproducttermsin (5.75). Notethateachtensomproducttranspose

is not the tensorproducts inverse. Thatis, the individual matrix productcomponentsbove do not each
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guarante@erfectreconstructionHowever, theappropriataow- andcolumn-permutationf the combination
of thetensorproductcomponentsvill createthe appropriateperfect(orthogonal)reconstructiommatrix. To

illustrate,considetthe matrix (M)~ definedby:
(M)~ = (H@H) X (GoH)) X (Ao G) X (G ).

Provided the appropriatg(bi-)orthogonalityconditionshold, matrix (M1)~1 is symmetric-orthogonabeing
the transposendinverseof the decompositiormatrix M1 (cf.§5.6). In this case the reasonfor the tensor
producttermsin thereconstructiorEquation(5.75)beingthetranspos®f the tensorproductsin the decom-
position Equation(5.68) canbe seenasa constrainton the orthogonalityof M. Thisis clearly seenin the

caseof the Haarfilters whereM! is givenbelow:

-1 1 1 1+
V2 V2 VB V2

101 _1 _1

M HH | HG V2o V2oV V2
B [GH GG]_ 11 1 _1

2 TV VB TV

1 _1 _1 1

L V2 V2 vz 2

= ((H®H) X (GaH)) X, (H®G) X (G®G)) =M™

Thematrix M is its own inversesave for theresolutionscalefactor2). Reconstructiorf theimagef, built

by applying reconstructiorfilters F, g, is shavn schematicallyin Figure 19. Row- and column-interleae

:b“

‘ ‘ ‘ -

Fig. 19. Non-standar@D pyramidalreconstruction.

operationsaredenotedby dashedarrows.
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The 3D filters correspondindo the 3D waveletbasedlescribedn §5.5, aregeneratedy the non-standard

3D waveletbasisconstructiorusingtensomroducts:

HHH = HQHQHT,
HHG = HQH®G',
HGH = HQGQ®H',
HGG = H®G®G,
GHH = G®HQ®HT,

GHG = G®H®G',
GGH = G®G®HT,

GGG = GRG®G.

For example thethree-dimensionataarfilter GHG is a 2 x 4 filter derivedbelow:

1

1

1 1 1 1

cHe=waoew’ = [ ~%Hle|[ & Hle| |
V2

i 1 1

- [L A]@) A V2 | v

- V2 V2 V2 1 V2 1

L V2 V2

I
T 1
Sl
| —
|
NI NIl=
|
NI NI T
—_
|
N
L I |
|
NI NI
|
NI NIl
—_
—_

[ 1 1 1 1
22 212 212 22
1 1 1 1

L 22 22 22 22
Multiplying thefilter by the dyadicnormalizationfactor2i/2 in eachdimensionthatis by 221/2 or 2 atone

resolutionlevel, thefilter becomes:
1 1 1

1
V2 V2 V2 V2
GHG =
-1 _ 1 4
V2 V2 V2 V2

Consideringhe applicationof thefilter ontwo consecutie videoframes thefilter canberepresentedy the

1l

two 2 x 2 spatialtemplates:

GHG:[

S
| — |
|
Nl Nl
|
Nl Nl
| S
|
S
| —— |
|
Nl NI
|
Nl NI
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1

1 1 1
V2 V2

vz V2
) )

1 1 1

% Vil L Vo
wherethenormalizatiorfactoris implicit andthesubscript<s;, Gi+1 denotetheapplicationof theappropriate
temporalelemenbof G. To helpvisualizethetemporaffilter application Figure20 shavs the correspondence
betweerfilter elements.This representatiois introducedonly for conveniencesinceit facilitatesthe repre-
sentatiorof the three-dimensionajradientcomponentsThe remainingsevenfilters arederivedin a similar

manner

/ G1

G

Fig. 20. Visualizationof temporalfilter elementapplication.

Thedecompositiomelationsdescribinghenon-standardecompositiorof a 3D digital signalrepresentetly

asequencef 2D imagesare:

o () = Z Mgy 2t+K) T (k1) = ng (% ¥: 2 +K)
forg (yt) = thf(g,_l(x, 2y+kt) £l ooyt) thf (%, 2y+ k1)
fhra (Y1) = ngf(g,_l(x, 2y+kt) flru(oyt) ngf (x,2y+k,t)
Foan (X, Y51) thf F2x kYt Tl (xy,t) thf o (2x+kyt)

quJ(p(;(X,y, )= ngf (2x+ky, ) quJ(p‘ﬁ(x,y, )= ngf (2X+ky, )
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fj 1 (6 ¥:t) thfj S (2x+kyt) f(élﬂlﬁ(xayat) = thf¢fj(2x+ K,y t)
06 %) ;wﬂlzm«m> wmm%ozgwﬂﬁam«%o

where{hy},{gk} aretheone-dimensiondbw- andhigh-pasdilters. Thenon-standar@®WT firsttemporally
subsamplethe sequencémagesof the lower (finer) resolutionlevel’s spatialaveragesequencédenotedby
f(;p[p) to generatehe temporaryupperresolutionlevel imagesf(g,_l and fLL_l. Theseimageswill be of the
samedimensionastheimagesat the lower resolutionlevel, but half of themwill containaveragedemporal
valuestheotherhalf will containtemporaldifferencevalues.Eachtemporalaverageanddifferenceimageis
thendecomposedt onelevel by the 2D DWT. The lower resolutionlevel sequencés transformednto n/2
temporalaverage‘ramesf,‘:; o andn/2 temporaldifference‘ramesf.J;q_J o Theseframesarethenpermutedas

in the 1D decompositiorusingthe organizationgivenin (5.65)and(5.66):

(5.81) WE}(i—1) =t ),..., £ (0/2),..., £ ()

The spatiotemporasmooth(or a\/eraged)subimages‘qjmp arerecursvely processect eachstageof the de-
composition. The transformedmagesequence&ontainsthe global spatiotemporatverageat the top of the
(volume) pyramid. The decompositionis shavn schematicallyin Figure 21, wherethe resultantwavelet
transformvolumeis representethy a segmentedcuberesemblinga nonuniformocttreedatastructure. The
subscript representthetemporaksubsamplingperatiorperformecon sequencénagesi.e., f(f)_l =Hy*fl.

A pictorial exampleis shavn in Figure22.

Thevideosequences synthesizedby arecursve proces®f addingdetailinformationto theaveraggsmoothed)
subimagesn orderto reconstructhe next level's temporalaveragesubimagesAt eachlevel of reconstruc-

tion, framesmustbeinterleavedin thetemporaldimensionprior to the spatial2D waveletreconstruction:

Hotp6%20+p) = (1=p Lyt + () Hxy0).

After permutationeachframeis spatiallyreconstructedy the 2D DWT, following (5.75), giving the two
temporallysubsamplediramesf(g,_l(x, y,t) and f¢_1(x, y,t). Eachsuchpair of framesis thenreconstructed

asin thelD DWT case:
fog(X %2+ p) = (1— pghkf(pwxy, ngfq,wxy,m—k)-

The above descriptionof the DWT assumeshat decompositiorin eachdimensionis possibleto the same
extent, i.e., the above multidimensionaltransformis isotropic with respectto spatiotemporatiimensions.
Themaximumlevel of isotropicsignaldecompositiorcoincideswith the dimensionof lowestmagnitude To
illustrate, considera video sequencef 4 frames,eachframeof size640x 480. The sequenceanonly be
decomposedsotropicallyto 2 levelssincethereis aninsufficient numberof sequencéramesto decompose

the signalary furtherin thetemporaldimension.Corversely given 1024frames,a temporaldecomposition



Ar k 4r \Gr
N
r

NN
vf F

Fig. 21. Schematimon-standar@D pyramidalwaveletdecomposition.
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(a) Decompositiorof thefirst four framesof thetennissequence.

(b) Original tennissequencéra.btainedfrom The Centerfor ImageProcessindgResearci{CIPR),
an Inernetpublic domainarche (ftp://iI.rpi.edu/pub/imge/se@mce/tenﬁs/).

Fig. 22. Non-standar@D pyramidaldiscretewaveletdecomposition.

of 10 levelsis not possiblesincethereis insufficient informationin the x-dimensionbeyondthe 8" level of
decompositior{thex-dimensionis reducedo 1 pixel). Alternatively, it is possibleto decomposé¢he4-frame
sequencanisotiopically to 2 levelsin the temporaldimension,thendecomposesachframe spatiallyto 8
levels but in this casethe decompositioris incompletein termsof partial derivative information (see§5.9).
The completespatiotemporatlecompositiorgovernedby the dimensionof leastmagnitudegivesat leasta
full first-orderrepresentatiomf the signal. Thatis, dependingon the choice of wavelet, all three partial
derivativesd/ox, d/dy, 0/0t areavailable. This enabledocalizationof multiscale three-dimensionatédges
in video (see§5.8). Thisis a significantly powerful methodof video analysissinceit extendsinspectionof
thetemporaldomainover alongertemporaldurationthanjust two frames.Two-framemotiondetectionhas
beenextensvely studiedin the contect of motion-compensateddeo encoding,but temporalanalysisover
mary frameshasnot beenwidely utilized. Furthermorethe complete3D DWT offers second-ordeinfor-
mation,i.e., the partial derivativesd/oxdy, 0/0xdt, d/0ydt, andd/dxdyot areall presentin the transformed
signal,althoughit is not clearat this point how this informationcanbe usedto enhancevideo analysisap-
plicationsrelying on first-orderderivative information. For example three-dimensionadgesanbelocated
by examiningeitherthe setof first-orderpartials,or the setof second-ordepartial derivatives(detectionof

zero-crossingsjn which casethe setnotusedappearsedundant.
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5.8 Multidimensional Multiscale Edge Detection

Edges,or sharpvariationpointsin generalcanbe locatedin signalsthroughthe useof Mallat's multiscale
edgedetectionalgorithm. If | is chosensuchthatit approximateghe first derivative of a smoothingfunc-
tion B, as describedn §5.3, thenthe 2D filters HG,GH constitutethe gradientcomponent8(x,y) /0x,

00(x,y) /0y, respectiely. Thisis dueto thetensomproductconstructiorof thefilters. Theelementof HG are
two rotated(transposedgopiesof G multiplied by scalarelementf H. Similarly, the elementf GH are
copiesof G scaledby elementf H. Consideringhe 1D filter G asthe 1D vector[06/0x], thetransposef G

is the derivative of 8 in they-direction,i.e., [06/dy] = [08/0x]T. Thescalamultiplier cancelsf the original

filters H, G areorthonormalandthefilters HG, GH areleft with component®f thegradient:

af

ay

_ of of . _
HG_[5§ &],GH_ N

oy

Consideringhe Haarwavelet,which is afirst derivative operatorthe secondesolutionlevel filters are:

SO S D S T -1 1 _ 1 _1 -
V2 V2 V2 V2 V2 V2 TV T2
41 1 1 404 _1 _1
2 V2 V22 V2 V2 V2 T2
HGHH = - GHHH =
4 _4 _1 _4 4 4 _1 _1
V2 V2 T2 TR V2 V2 V2 T2
_4 4 1 _1 4 1 _1 _1a
L=V T~V V2 TV L2 2 TV V2

Save for scalefactors theseresemblgdirectionally, atleast)the well known Sobelor Prewitt gradientoper
atorsusedin edgedetection(for comparisonseethe discussion®n gradientoperatorsn [GW87, pp.336-
338],[Sch89 pp.146-150],and[Jai89 pp.348-349]).The locationsof the gradientcomponentsn the 2D-
DWT of animageframeare schematicallyshavn Figure 23(a). Due to the finite samplingof a 2D image
f(x,y), the angledefinedby (5.26) canbe quantizedto octantsspecifying8 possibleneighborsrelative to

thepointatscalej andlocation(xo, Yo), namely{M f (Xo + AX,yo + Ay) }(j), where(Ax, Ay) arearrangeds:

(-1,-1) | (0,-1) | (1,-1)
(-1,0) | (0,0) | (1,0)
(-1,1) | (0,1) | (1,2)

defining4 planardirectionscorrespondingo the compasglirectionsN-S, NE-SW E-W, andSE-NW In the
two-dimensionatase Equation(5.26) directly specifiesoneof the 4 directionsusedto identify pixel neigh-

borfor determinatiorof the modulusmaxima.
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ExtendingMallat’s algorithmto three dimensions,gradientcomponent8(x,y,t)/0x, 06(x,y,t)/dy, and
00(x,y,t)/ot, arerepresentedly the 3D filtersHHG,HGH andGHH, respectiely:

1 1 1 17
V2 V2 V2 V2
HHG = : ,
1 _ 1 1 _1
V2 V2 1 2 V2 16,
1 _1 1 17
V2 V2 2 V2
HGH = : :
1 _1 1 _1
V2 V2 lg 2 V2 1y,
1 1 a1 17
V2 V2 V2 V2
GHH = :
1 1 1 _1
V2 V2 lg V2 v2 16y,

Theconceptualolumetricrepresentationf the3D-DWT is shavn in Figure23(b). Thelocationsof thegra-
dientcomponentsn thetwo resolutionlevel 3D-DWT of four framesareschematicallyshovn in Figure24.
Quantizingthe angledefinedby Equationg5.28)—(5.30) 26 possibleneighborsare specifiedrelative to the

point at scalej andlocation (Xo,Yo,t0), hamely{M f (xo + AX,Yo + Ay, to + At) }(j), where (Ax,Ay,At) are
arrangeds:

(-1-1-1)] (0,-1,-1)[ (1,-1,-1)| [(-1,-1,0) [ (0,-1,0) | (1,-1,0)
(-1,0-1) | (0,0,-1) | (1,0,-1)| | (-1,0,0) | (0,0,0) | (1,0,0)
(-1,1-1) | (0,1,-1) | (L,1,1)| | (-1,1,0) | (0,1,0) | (1,1,0)

(-1,-1,1) | (0,-1,1) | (1,-1,1)
(-1,0,1) | (0,0,1) | (2,0,1)
(-13,1,1) | (0,1,1) | (1,1,2)

along13 cubic (voxel) directions depictedn Figure25.

In thethree-dimensionatase Equationg5.28)—(5.30)do not readily specifythe 13 (voxel) neighbordirec-
tions. Insteadthevaluesof thefirst-orderpartialderivativesmustbe examinedto first determingherelevant
angularplane.Thisis accomplishedby inspectingthethreefirst-orderpartialsfor zero(or nearzero)values.
Sincethereareonly threevalues thereare 23 = 8 possibilitiesfor zero-\aluecombinations.Labelingnon-
zerovaluesas1 for easeof notation, Table6 lists the possibledirectionsgiventhe 8 possiblegradientvalue
combinations Referringto eachcaseassociatedby its binaryvalue,the 0" caseidentifiesa uniform region.
Thisis acommonpropertysharedoy gradientoperatorgJai89 p.349]. Casel trivially specifiedirectionl.
In the2"d, 4t and6!" casesEquation(5.26)canbe useddirectly to determinethe relevantdirectionin the
xy-plane.In case3, only d/dx is zerowhich suggestshe gradientis in the yt-plane. Equation(5.30) canbe
usedto determinewhetherthe gradientfalls alongdirection4 or 8. Case5 is similar to case3 in thatonly
0/0y is zerosothat Equation(5.29) canbe usedto determinegradientdirection2 or 6, bothin the xt-plane.
Caser is themostcomplicatedsincethe gradientdirectionhascomponentén bothxt- andyt-planes.Oneof

thefour directionsis found by projectingthe gradientontoeachplanein turn.



(a) 2D-DWT (b) 3D-DWT

d
dx
Ve
HHHH HGHH
GHHH | GGHH
Nl
GH

87

Fig. 23. 2D- and3D-DWT multiresolutionquadrant@ndoctantswith gradientcomponents.
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d
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Fig. 24. Schemati@D-DWT with gradientcomponents.
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t-1 t t+1

Fig. 25. Modulamaximaplanar(pixel) andcubic (voxel) neighbors.

3/ox 0/dy 9/ot

TABLE 6
Three-dimensionalirectionidentificationbasedon first-orderpartial derivatives.

Direction

0

PR RPRRPROOO

0

PP OORRO

0

POROROR

{

{1}

{12}

{4.8}

{10}

{2,6}
{10,11,12,13}
{3,5,7,9}



89

Giventhemodulusvaluesascalculatedy Equationg5.25)and(5.27)in 2D and3D, respectiely, alongwith
thedirectionalneighborocationsdefinedabove, modulusmaximaarelocatedaccordingto Equationg5.23)
and(5.24)in bothtwo- andthree-dimensiondf the modulussatisfiedoth of theseequationsthenarecord
atthespecificlocationis storedby thevalue{mf }(j) setto thevalueof the modulusif themodulusis alocal

maxima,or 0. Thatis, in two dimensionsdefiningmax{M f (xo, ¥0) } (j) as:

{Mf(XO+A|X7y0+A|y)} < {Mf(X(J:yO)} 2> {Mf(XO+ArX;YO+ArY)}7 and

{ {Mf(x0,y0)} > {Mf(xo+AiXYo+AyY)}, or
{Mf(x0,Y0)} > {Mf(x0+ArxYo+Ary)}.

with theresolutionlevel index madeimplicit, then{mf (x,y)}(j) is definedas:

0 otherwise

{mf(x,y)}(j) :{ {MFOY)}(0)  if max{Mf(xo,y0)}(i)

wheretheleft andright neighbors{M f (x+ A1,y +2A1y) }(j), {M f (x+Arx, y+Ary) }(]), areidentifiedby one
of thefour directionsasgivenabove. In threedimensionsmax{M f (Xo, Yo,t0) }(j) is definedsimilarly with
theleft andright neighbors{M f (x+ A x,y + Ay, t + A1) }()), {MF(X+Arx, y+ Ary,t + Art) }()), identified

by oneof theabove specifiecthirteendirections.

Duringmodulusmaximadetectiona2D datastructures createdo holdvalues{M f (x,y) }(j), {Af(x,¥) }(j)},
and{mf (x,y)}(j), asshavn schematicallyin Figure26(a). An exampleof modulamaximadetectionin two
dimensiongs shavn in Figures26(b), wheretheimagehasbeenglobally normalizedandgamma-corrected

(y = 3) to facilitate display In the 2D case,the unmodified2D wavelet transformis neededfor perfect

(a) 2D-DWT modula maxima information stor (b) Modula maximain 2-level decompositiorof
age. cnnimage.

{Af(x.y)}(-1)

{Af(x.y)}(G)
{Mf(xy)}(-1) | {mf(x,y)}(-1)

{MF(x.y)}() {mf(x,y)}0)

Fig. 26. 2D modulamaximadetection.
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reconstructiorof theimage. Theimagecannotbe readilyreconstructedrom the maximamodulusinforma-
tion, althoughMallat hasdevelopedaniterative algorithmthatalmostachierzesperfectreconstructiorin most
casedMZ92a]. (Meyer givesa countereampleto Mallat's conjecturein [Mey93, §8].) Typically a second

imagematrix arrayis allocatedfor this purpose.

In threedimensionsthe 3D datastructureis rearrangedo hold values{Mf(x,y) }(j), {Af(x,y)}(j)}, and
{mf(x,y)}(]), aswell asd/ox, d/dy, d/ot. This organizationis shavn schematicallyin Figure27(a). An
exampleof temporalmodulusmaximadetection(in a three-dimensionalideo sequencejs shovn in Fig-
ure 27(b),whereindividual frameshave beenglobally normalizedandgamma-correctefy = 3) to facilitate

display Analogousto the 2D case unmodified3D wavelettransforminformationis neededor perfectre-

(a) Schemati@D-DWT modulamaximainformationstorage.

{Mf(xy,9)}()
{Af(x.y,0}()

Hup (MY G G

(b) Modulamaximain 2-level decompositiorof thefirst four framesof thetennissequence.

Fig. 27. 3D modulamaximadetection.

constructionBestresultsareobtainedf wavelettransformcoeficientscanbe storedin memorywith double
precision. It is desirableto storeboth modulusmaximaandwavelet coeficient informationin memory In
thecaseof a 2D staticimage,a copy of theimage,for the purpose®f modulusmaximainformationstorage,

cangenerallybe madedueto sufiicient memoryavailability. Unlike the two-dimensionalmage,duplicat-
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ing an entire sequencen memorymay be problematicdue to memory capacitylimitations. Fortunately
second-ordeinformationis not neededor modulamaximadetection® This allows the dataquadrantgo
berearrangesuchthatthe valuesneededor modulamaximadetectioncanbe accumulatedn placeof the
second-ordeinformation. Note that this organizationpreventsstraightforvard reconstructiorof the video

sequencehut providesstorageof bothmodulusmaximaandfirst-orderderivative information.

5.9 Anisotropic Multidimensional Discrete Wavelet Transform

The DiscreteWavelet Transformasdescribedn §5.7 performedequalextentdecompositiorin eachdimen-
sion. Thatis, the precedingliscussiorcenteren anisotropic waveletdecompositiorof amultidimensional
signal.In general signalsmaybetransformednaximallyin eachdimensionf eachdimensionis considered
individually. In this sensethe transformations anisotiopic sincethe decompositiorvariesalong eachdi-
mension.In this section,anisotropicdecompositiorof video sequenceis discussedvheredecompositionn

the spatialdimensionis dissociatedrom thetemporaldimension.

In dealingwith video, the sequencenay be consideredas a one-dimensionatemporalsignal composed
of two-dimensionakelements. Accordingly, the sequencamay first be fully decomposedn the temporal

dimensionon a perpixel basisfollowing Equationg5.62)and(5.63),i.e.,

fs W) thf(;xx,y,zwk),

ngf(:;(x,y,zm,

T CAAY
giving the DWT in thetemporaldirection:
(582) {Wf(xayat)}t(j - 1) =

fa T %), fl (6% 2), -, F 7 06 yn = 1), 1 ().

As in the one-dimensionatase the sequencdramesare permutedso that the first n/2 frames,containing

low-passcoeficients,aredecomposedecursvely. Thefully transformedrideosequenceontaingheglobal

10As analternatveto first-orderderivative edgedetectiondirectionalinformationof edgesanbeobtained
by searchingzero-crossingsf the second-ordederivative alongr for eachdirection®, since

of ofox ofdy .
Frie &E+0_yg = fycosB + fysing,

wherer is thegradientdirectionvector and

9%f  9fy ofy . 92f 2f 2%f .
W—WCOSG+WSIn6—WCO§9+2mSIHGCOSG+a—y23m26.

See[Jai89 p.348,p.353].
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averagein the first frame, with the next 2/ framescontainingdetail informationat eachresolutionlevel j.
Note that the first framewill containanimagedisplayingaveragemotion information over the entire se-
guence.Theframescontainingdifferencanformationwill containmotiondifferencesveraspecificinterval
of framestherebyindicatingpresencef motion over specificfrequencieselative to the samplingrateof the
video sequencelor example,considera video sequenceecordedat a samplingrate of 18ms,i.e., 55.5Hz,
or 55.5framespersecondfps) 1! The (dyadic)DWT of suchavideosequencevill containtemporalinfor-
mationof 55.5Hzat 1 level of decompositior{resolutionlevel j = 1), 18.5Hzatlevel j = 2, 7.9Hzat level
j = 3, etc. In general atthe j!" decompositiorievel, the dyadicDWT will containtemporalinformationat
frequeny 1/(2! — 1)s wheres is thesamplingrate. In otherwords, (2 — 1)s givesthetemporaldifference
informationat level j with units matchingthe samplingrate (e.g.,milliseconds).Consideringthe sequence
capturedat the 18mssamplingrate,thenat level j = 1, the DWT will containinformationover 18ms,at
level | = 2 over 54ms,at level | = 3 over 126ms,etc. This is dueto the factthat eachtemporal(dyadic)
decompositiorbtainsdifferencenformationover 2/ — 1 frameintervals,whereeachinterval correspond$o

thesamplingrate. Suchtemporalinformationis extremelyvaluablein applicationssuchasmotiondetection.

Having appliedthe 1D temporalDWT over a sequenc®f frames,the next naturaltaskis motiondetection.
Thisinvolvesdetectionof motionwithin sequencéramescontainingwaveletcoeficientsat specific(dyadic)
frequencie®f interest.Usingthe 55.5Hzvideo sequencasanexample,if fastmotionover 18Hzis sought,
thensequencdramescontainingtemporaldifferencesat resolutionlevel j = 2 mustbe inspected.Slower
motionartifactsunderl8.5Hzwill befoundathigherresolutionlevels. Theproblemof locatingtheseartifacts
is essentiallya two-dimensionaproblem.In thisrespectthe2D DWT (including2D edgedetection)is well
suitedfor analysis. Temporaldifferenceframesshouldbe treatedas two-dimensionalimage framesand
the 2D DWT is appliedexactly asin §5.7. Two-dimensionakdgedetection(asdescribedn §5.8) is again
applicableonaperframebasis.Theresultof suchananalysidocateseaturesn videoatspecificfrequencies.
Fourframesof thetennissequencareshavn under2 levelsof temporaldecompositionin Figure28(a).Note
thatthe frameshave beeninterleavredasdescribedn §5.7 sothatthefirst framecontainghe globaltemporal
average.Figure 28(b) shavs two-dimensionakdgedetectioncarriedout on eachframe of the transformed

sequencécomparewith Figure27in §5.8).

Reconstructiorof the sequencés carriedout in the reverseorderwhereeachframeis processedby the 2D
IDWT. Theentiresequencés thentreatedasa one-dimensionaignalandthe 1D IDWT is appliedona per

pixel basistaking careto properlyinterlease wholeimageframesasrequired(seeEquation(5.82)). Using

1The standardNTSC) videorateis 30 fps, 30Hz, or in otherwords,video sampledat a rate of 33.3ms.
This shouldnot be confusedwith the NTSCfield rateof 60Hzwhereafield correspond$o only half a given
videoframe e.g.,evenor oddlinesof aframe.
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(a) Decompositiorof thefirst four framesof thetennissequence.

(b) 2D edge(modulusmaxima)detection.

Fig. 28. Anisotropicnon-standar@D pyramidaldiscretewaveletdecompositiorand2D edgedetection.

theinterleave operatorX, imageframesarearrangedor reconstructioratlevel j by:
fap%24P) = (L= Pt + (P xwt),
for p € {0,1}. Reconstructioris thenwritten as:
fo(x¥,2t+p) = (1-p) thfq,w XYyt — ngfqm X, Y.t =K,

giving the original function f1(x, y, ).

5.10 WaveletInter polation

The DiscreteWavelet Transformcan be usedto texture map imagesby selectvely scalingwavelet coef-
ficients. Provided appropriatewavelet filters can be found, reconstructionexactly matcheslinear MIP-

mapping MIP-mappingis a well known texture mappingalgorithm usedextensiely in computergraph-
ics [Wil83, WW92, §4.7].12 MIP-mappinginvolvespreprocessingnimageat several resolutionlevels (de-
composition)n orderto texturemap(reconstructanimageatvariableresolution.In thissenseMIP-mapping
fallsundertheclassicapyramidframework for earlyvision[JR94. In thepresentontet therelevantfeature
of MIP-mappingis the multiresolutionreconstructiorof theimage. Specifically gaze-contingentisualrep-

resentatiorof digital imagery discussedn §1X, relieson waveletcoeficient scalingdevelopedhere.In this

12The acrorym MIP, introducedby Williams, is from the Latin phrasemultumin parvo meaning‘many
thingsin asmallplace”.
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sectionthe MIP-mappingapproachs briefly describedthena setof filters, termedMIP-waveletsis derived
to matchthe box filter frequentlyusedin MIP-mapping. Using thesefilters, it is shavn thatlinearinterpo-
lation of scaledwavelet coeficientsis equivalentto linear interpolationunderMIP-mapping. Although the
presendiscussions limited to two-dimensionaimagesthewaveletcoeficientscalingmethodis applicable

to multidimensionakignalsfor multiresolutionrepresentation.

5.10.1 MIP-Mapping

GivenanN x N image,assumindN is apowerof 2 with n=log, N, theoriginalimagef"(x,y) is subsampled
andsmoothednto n+ 1 subimagegor map3,

(5.83) fi([%J,[—J |sz Mz:h:g (x+ky+m), 0<j<n,

whereM is asmoothindfilter of size2"~1, andj is theresolutionlevel. Equation(5.83)generategrojections
of theoriginalimageonton+ 1 scaledsubspacesquivalentto thesubspacegeneratedy thescalingfunction
of the DWT. The subspace# this instanceare scaledanalogouslyto the DWT with resolutionlevel j = 0
correspondingo thecoarsestesolutionlevel 12 Equation(5.83)is aslightly differentrepresentatiofrom the
classicalrecursve pyramidalapproachsinceeachsubimageas subsamplediirectly from the original image
", not from the imageat the next finer resolutionlevel fi+1. In general the recursie form of Equation

(5.83)is givenby:
(5.84) fi=(xy) = ;thmfl (2x+k,2y+m), 0<j<n,

whereM + 1 is the (constantwidth of the corvolution kernel. If h(k,m) = 1/+/2, Yk,mwith M = 1, then
{h(k,m)} is the Haarsmoothindfilter. Equation(5.84)correspondso the two-scalerelationof the scaling
function @, givenby (5.43),andis equivalentto the two-dimensionalowpassdecompositiorrelation(5.68)
wherethescalindfilter is thetensomproductof theone-dimensiondbwpasdilter {hy}, i.e.,h(k,m) = hy® hn.
In generalthe smoothingfilter shouldsatisfythefollowing constraint§JR94:

1. normalization

ZZh(k, m) =1,

2. symmetry

h(km)=h(M+1-km=h(kM+1-m =hM+1-kM+1-—m) Vkm;

1370 scalesubspacem the oppositedirection(e.g.,the Daubechiesorvention),eachsubimagds gener
atedby

f'([%J[%J NTZlelef (x+ky+m), 0<j<n,

wherethefilter M is of size2! andresolutionlevel j = 0 correspondso the highestresolution.
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3. unimodality

0< h(j,k) <h(m,n) for j <m< % andk<n< %;
4. equalcontritution (all pixelsof f contributethe sametotal weightto eachpixel of fl);
5. separability

h(k,m) = h(k)h(m).

The averagingboxfilter is oftenchoserasthe smoothingfilter with h(k, m) = 1/M?, ¥k, m, whereM = 2"~!
definesthe filter sizeaswell asthe filter coeficients. For example,the following subimagesre obtained

from a4 x 4image:
3 f2 x+k y+ f2(x+ky+m)

23 =23, |

wheref?(x,y) is the originalimage.Usingthe normalizedbox filter, examplesubsampleimagesareshovn

Lof2( x+ky+m

in Figure29. The MIP-mappingpyramidis formedby the unionof the originalimageandthe setof subsam-

pledimages.

Fig. 29. MIP-map subimagesprocessedy normalizedbox filter. Obtainedfrom The Centerfor Image
Processingresearcl{CIPR),anInternetpublic domainarchie (ftp://ipl.rpi.edu/pub/image/still/lusc/bgr
baboon).

Reconstructiorof the imageat a given pixel location (x,y) dependon the desiredresolutionof the pixel.
The desiredresolutionlevel is bandlimitedto the numberof decomposedesolutionlevels (typically the
decompositioris dyadicin nature)boundedby the two closestresolutionsubimages i=1 and fi. Thefinal

pixel valueatlocation(x,y) is calculatedasalinearcombinationof pixel intensitiesin the pyramid:

685 1) =1-p | 5 | 5w N+ O () |3 )

Equation(5.85) representdinear inter-mapinterpolation,shavn schematicallyfor an 8 x 8 imagein Fig-
ure30. In caseswheretheimageis notbeingmappedntoaflat surface,intra-mapinterpolationmayalsobe

usedto preventaliasingartifacts(seefWW92, §4.7.1]). Thecombinatiorof inter- andintra-mapinterpolation
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is calledbi-linearinterpolation. The wavelettechniqueequivalentto Equation(5.85) discussedelon does

not considetbi-linearinterpolation.

5.10.2 MIP-W avelets

To generatevaveletmultiscalerepresentationsf a givenimagematchingthe MIP-mapdecompositiorusing
the normalizedbox filter, the lowpasswaveletfilter {hy} is setto {1/2,1/2}. The detailfilter is thenthe
quadraturemirror of {hy}, i.e.,{gk} = {1/2,—1/2}. To guarantegerfectreconstructionMIP-waveletdual
filters arerequiredsothatconditions(5.58)and(5.59)aresimultaneoushgatisfied.For filters of length2, the

following equationsnusthold:

(5.86) hoﬁo+h1ﬁ1 = 1

(5.87) gOE0+glﬁl = 0

Given({h},{ak}), {h«} is derivedwith:

(5.88) ;ﬁéﬁ = 1, from(5.86),and
(5.89) ;wém = 0, from(5.87)

From (5.89),ﬁo =hy, andsubstitutinginto (5.88),
ho=hy =1
Thedualdetailfilter coeficientsarederivedfrom conditions(5.57)and(5.60),which generateequations:

(5.90) Qoo+0101 = 1

I
©

(5.91) hoGo + 101

Usingderivedfilters ({h}, {ak}), {0k} is foundby:

(5.92) %go+%gl = 0, from(5.91),and
(5.93) %@o—%ﬁl = 1, from(5.90)

From(5.92),80 = —@1, andsubstitutingnto (5.93),

Go=-01=1

MIP-wavelets,with coeficients givenin Table 7, are unnormalizedversionsof the Haarfilters. That s,
MIP-waveletsaresemi-orthogonaHaarwavelets(or pre-wavelets).In fact,normalizedHaarfilters will gen-

eratethe sameexture mappingat dyadicresolutionboundarieshut will loseluminanceinformationbetween
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TABLE 7
MIP-waveletfilters.
k| 2(h)  2(g0)  2(h)  2(8k)
0 1 1 2 2
1 1 -1 2 -2

boundariesvherelinear interpolationis required. The benefitof the semi-orthogonaMIP-waveletsis that
correctluminancevalueswill be generatedt any desiredresolutionlevel. Notethatthefilter coeficientsof
thelowpassdfilter {hx} matchthe averagingbox filter above exactly. This caneasilybe verified by obtaining
thetensomproductof the scalindfilter atary resolutionlevel. For example,at onelevel of resolution(j = 1)
the effective samplindfilter is a 2 x 2 filter with cellsequalto 1/4. At level j = 0, thefilter is a4 x 4 filter
with cells equalto 1/16. Note that underthe DWT, the zeroth(j = 2) resolutionlevel (i.e., the original
image)is not presenin the pyramidaltransformationBecauseMIP-waveletsgeneratedenticalsubsampled
lowpassmagesto subimagegeneratedy averagedox filters, in termsof resolution bothdecompositions
areidentical. Thatis, in the caseof monochromatiémages,the sameluminanceresolutioninformationis
presenin thescaledsubimage®f bothapproachedn otherwords,the MIP-waveletsdervedabore sene as

thebasisfunctionsfor the multiresolutionaveragedoox filter.

5.10.3 Variable ResolutionReconstructionwith MIP-wavelets

Reconstructiorwith MIP-waveletsis losslestdueto the orthogonalityof thefilters. To obtaininterpolation
resultsidenticalto MIP-mapping anintuitive approactwould beto maintainreconstructedcaledsubimages
producedy successie stepsof theIDWT, thento performtheinterpolationstepasgivenby Equation(5.85).
Although this approachwould yield identical resultsdueto the equivalenceof subsamplindilters andthe
DWT'’s perfectreconstructior{dueto the orthogonalityof the MIP-wavelets),it is memory-intensie. What
is perhapsnot obviousis thatidenticalinterpolationresultscanbe obtainedby scalingwavelet coeficients
prior to reconstruction.Scalingof the wavelet coeficientsprior to reconstructiorresultsin the attenuation
of the signalwith respectto the average(low-pass)signal. Full decimationof the coeficients (scalingby
0) resultsin alossy subsampledeproductionof the original. Corversely scalingwaveletcoeficientsby 1
preseresall detail information producinglosslesseconstruction.Selectvely scalingthe coeficientsby a
valuein therange[0, 1] at appropriatdevels of the wavelet pyramid producesa variableresolutionimage
uponreconstructionThis approachs equivalentto MIP-mappingreconstructiowith linearinterpolationof

pixel values.

In MIP-mapping.the valueof theinterpolantp is determinedby somemappingfunctionwhich specifieshe

desiredresolutionlevel I. Thetwo closestpyramidresolutionlevels arethendeterminedoy roundingdown
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andupto find subimagdevels j — 1 andj. Theinterpolantvalueis obtainedby therelation:

p=I1—1I].

Notethatthe slopeof themappingfunctionshouldmatchthe resolutionhierarchyof the pyramid,i.e., if res-
olutiondecreasesccentricallyfrom somereferencepoint, the parametet shouldalsodecreaseccentrically
If it doesnot, its valuemay be reversedby subtractingirom the numberof resolutionlevels,i.e.,n—1. To
scalewaveletcoeficients, p is setto either0, 1, or the interpolantvalueat particularsubbandsccordingto

thefollowing relationsdependenon|:

1, i<Ulh
(5.94) p = =, =0T
0, i>1n.

For example,if atsomeparticularpixel location(x,y), | = 1.5, thenwaveletcoeficientswould be presered
(scaledby 1) atlevels j < 1, scaledby .5 atlevel j = 2, anddecimatedscaledby 0) atlevels j > 2 atthe

appropriatepixel locationin the subimages.

Theorem 1 Waveletcoeficientscalingis equivalento linear pixelinterpolationunderMIP mapping

Proof: Considettheinterpolationstepin thelatter,
f=@-pf "+ (p)f),

which is equialentto Equation(5.85)with implicit pixel coordinates.Whenthereis no needfor interpo-
lation, i.e., the desiredresolutionlevel at a pixel falls on a mappedresolutionboundary| — |I| = 0, and
i=1[I1=I,then
¢ { fi=t=fl=t if p=0;
fi=f if p=1;
orsimply f = f! meaninghattheresolutionatthegivenpixel will matchtheresolutionlevel of thesubimage

atthel™™ pyramidlevel. Simplifying theIDWT reconstructiorEquation(5.75)andexpanding,

(5.95) fho= (PRY +..+ (PRE+ (PTE + (PR + T3)) ..,

wherequJ collectively representsubimagegontainingwaveletcoeficient, quJ(p, f(fw, quJLp, with implied pixel
coordinates.Note thatin Equation(5.95) the symbol p is now the interpolantandnot the binary selection

variableasusedin Equation(5.75).In thecasewhenl — |1 | =0,
f= (0.4 (fy...+ (F3+ (fg + (£ + T)))---) ).

Since f(f;;l = quJ + f(fm at eachlevel of reconstructionthe resultanimagewill containresolutionmatching
the contentsof subimagef'+1. Thesubimagef'+! containsthe average(lowpass)componenttlevel | + 1,

or equivalently; it containsthe entirereproducedmageatlevel . In this case the reconstructedmagewill
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containresolutionno finer thanthatfoundin subimagef', i.e., f = f', aswith MIP-mapping.

Whenl — |1| # 0, i.e., interpolationis requireddueto the mappingfalling betweenresolutionboundaries,

MIP mappingreproducesesolutionat eachpixel locationaccordingto Equation(5.85). In the IDWT, with

] <T<TI,
f= (0.4 (04 (pf + (R o4 (R + (13 4+ (£ + 13)))--))) )

Thatis, resolutionat the givenpixel locationis no finer thanwhatis reproducedt subimagef(gp]ﬂ, since

f(Llle _ pflll;l]+f({|_x|{)J+l
= pf)+fl,
_ j+1
= f(p(p
(5.96) = fl

where|l| + 1= [l], andj = [I] from Equation(5.94). Equation(5.96) shovs that the reconstructedeso-
lution will be no finer thanthe resolutioncontainedin f' matchingthe finestresolutionlevel producedby

MIP-mappingasspecifiedby Equation(5.85).

Whatremainsto be shown is thatthe resolutiongain obtainedby scalingwavelet coeficients(at level j) is
equivalentto the gain obtainedby the MIP-mappinginterpolation. Thatis, the scalingoperationprfJ + quxp
is equivalent(in termsof resolutiongain)to theinterpolation(1 — p) fi=1 4 (p) f1. To provethis, recallthe

reconstructiomelation,

qum = fofl + qux;l or,
f(f;;l = quJ + qum giving,
i g+l i
(5.97) fo = foo — oo

Substitutingequation(5.97)into thewaveletscalingequation,
pij+ Tl = fo+pf)

= (it — 1)

= fl,—pfl,+pii?

= (A-p)f+pfl’

= (1-p)ft+pfl,

= (1-p)fi~t4pt

completegheproofshaving thatscalingwaveletcoeficientsby p at pyramidlevel j is equivalentto linearly

interpolatingpixel valuesof scaledsubimaged i1, fi throughMIP-mapping.O
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CHAPTER VI

TIME SERIESANALYSIS

Time seriesanalysids a powerful framework for modelingautorgyressve temporaldata,thatis, a signalthat
is to someextent dependenbn its historical component.Time seriesanalysis(TSA) hasbeenusedin the
socialsciencedor modelingtemporallyperiodicdatasuchasmonthly stockquotes airline passengedata,
andbehaioral patternsalthoughin general TSA techniquesarerelatedto analysiswith digital filters and
evento wavelettheory TSA differsfrom traditional statisticalapproachesn one significantaspect:time
seriesanalysisassumesiependencef obsenedtime seriesvalueson previousvaluesin the serieswhereas
traditional ordinary leastsquareqOLS) techniquesassumesampleindependencelt is this aspeciof TSA
thatis particularlysuitablefor modelingsignalswheretemporalsamplesttimet arecorrelatedvith samples

att — k, atleastfor somedurationk.

This sectionstartswith a brief review of linear systemstheory, closely following Robinsonand Silvia's
presentatiodRS79, including feedbackandfeedforward systems.The discussiorcontinueswith the Box-
Jenkingime seriesmodelsof randomprocessesncluding conceptf stationarityandinvertibility pertinent
to modelingautorgressie integratedmoving average(ARIMA) processesThesectionconcludesy thein-
troductionof pieceviseautorgressveintegratedmoving average(PARIMA) processeandwaveletmethods

suitablefor detectionof PARIMA demarcationginterventions).

6.1 Fundamentals

Time seriesanalysisof a stochasti¢random)processs in generabasedn therepresentatioof the stochas-
tic processy alinearsystem.Feedbaclandfeedforwvardcomponentsf thesystenmodeltheautorgressie
characteristic®f the process.A simplified view of a stochastidime series,for example,is thatthe series
is the outputof a linear (feedback/feedforard) systemwith a purerandomsignal(e.g.,white noise)asits
input. The prevalentmethodof time seriesmodeling (the Box-Jenkinsmethod),in essenceis concerned
with finding anappropriatdinearfilter sothata giventime seriess passedhroughthefilter resemblesvhite
noisex on output. If suchafilter canbefoundthenthe reversefilter will generatéhe obsenedtime series
givenwhite noiseasits input (the Slutzky effect). In this casethe filter completelydescribeghe obsened
time series.In this sectionthe fundamentapropertiesof a linearfilter arereviewed, including the relevant

conceptof convolution andthe z-transform.
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6.1.1 Classificationof Discrete Time Series

A discretetime seriess representetly a sequencef obsenationsx; whichareassumedo beequallyspaced
in time (for corvenienceAt = 1). In this section,the discussionis restrictedto deterministictime series,
i.e., theobsenationsx; arefixed quantities,andnot randomvariables.The simplesttime seriesis the delta

functiond (notto beconfusedwith the Kroneclerdelta,d; ) definedby:

1, t=0,
6‘_{ 0, t#0, teZ.

The deltafunctionis often referredto asthe unit impulseor unit spike. Any arbitrary deterministic,time
series canberepresentedy a sumof scaleddelayedandadvancedunit impulsesby the expressiofRS79

84.1]:

X = o X 2024+ X_101+ X0 + X101+ XoQ 2+
Z XO_x keZ.

k=—o0

A finite-lengthtime seriesis classifiedby nonzerovalueslying in somefinite intenal, i.e., x # 0 for t in

someinterval [a, B]. Thetotal enegy of atime seriesis definedby:

[ee]

E=Y xtﬁ=t:z_mlxt|2,

t=—o0
wherethe symbol( - ) denotessomplex conjugation.Defining the average power, P, of a finite-lengthtime

seriesas:
. 1 k )
P=_—_—_
o +1t:Z_klxtl :

a transienttime seriesis one of finite enegy, whereasa continually oscillatorytime seriesis classifiedas

non-transientsatisfyingthe condition:

k
. '_ . 2
O<imP=pim | gy, 2 M| <=

The unit impulseis an exampleof a transienttime series,while a sinusoidaltime seriesis an exampleof
a non-transientime series. A transienttime serieshaszeropower while a non-transienserieshasinfinite
enegy. Discretetime seriescanin generalbe classifiedasoneor the otheror neither but not both. Dueto
its finite enegy, awaveletis atransientime series.If thewaveletsatisfieghe conditionthatx = 0 fort < 0
thenit is alsocausal It is importantto notethattime series(andwavelets)neednot be of finite lengthto be

transientpnly thatthey areof finite enegy.

6.1.2 Linear Systems

In practice,discretetime seriesmay be recordedthroughobsenation of somenaturalprocess. A central

problemin time seriesanalysisis modelingthe responseof a systemto a specifiedinput or time series.
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Therearevariousmethodsn which sucha modelcanbe built includingtheformal solutionof the difference
equationcharacterizinghe system,use of transformtechniquesand analysisbasedon the responseof a
systemto an elementarytime seriesusingthe principle of superpositior(corvolution). The latterapproach
is limited to linear systems.A linear systemwhich definesafilter prescribinga transformatiorof the input
seriess into the outputseriesx;, is oftendepictedasa “black box” with s astheinputandx; asthe output
generatedy the black box, i.e., § — X. The systemis linear if andonly if it possessethe sameformal

propertiesasa (linear)vectorspacen linearalgebraj.e.,

(6.1) 1. if u — vy andw; — X thenu; +w — v + % (closure undersun);

(6.2) 2. if § = X% thencs — cx (closuie underscalarmultiplication).

A systemwhich doesnot satisfyboth propertieq6.1) and(6.2) is callednon-linear. A linearsystemor filter

is alsotermedtime-invariantif thetransformatiorof s to x; is independentf atime origin, i.e.,
if 5§ — % thens_k— X—_k.

Theoutputof alinearsystenorfilter is expressedh termsof theinputandthesystems unitimpulseresponse
This conceptis known asconvolution. The impulseresponsef the systemis definedasthe responsef a
linear, time-invariantsystento theunitimpulse,8;. The systenresponsés oftendenotedoy h;, i.e., & — h.

Corvolution of atime seriess with h; generateshe outputx by the convolution sumequation:

6.3) x= Y shoi keZ

k=—o0

Equation(6.3)is derivedfrom the propertiesof thelinearsystemj.e., giventhatthelinearsystentransforms

theunitimpulse,

O > by
andsincethe systemis time-invariant,
Otk = he—k,
thenby the multiplicative property(6.2),
SOk = Skhe—k,

andby the additive property(6.1),
> sdk = > sh, kezZ
k=—o0 k=—00
Sinceary arbitrarytime seriescanberesohedinto a sumof unitimpulsesj.e.,

$= ) sSk=-+52B2+5 101+ 50% + 5181+ 02+,

k=—o0
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it followsthat

[ee]

s= ) &&_kwkzz_m&n_ﬁxt,

k=—00

or simply,

S X%

wherex; denoteshe outputof the linear systemexpressedy Equation(6.3) [RS79 pp.172-173].Equation

(6.3)is oftenabbreviatedas
% = Scx he—k,

wherethe asteriskdenoteshe convolution operation.

A particularlyusefultransformatiorof a deterministiadiscretetime seriescommonto digital filter design,is
the z-transformdefinedby:
X@= Y xZ,

t=—ow
wherethecoeficientfor Z is thevalueof x of thetime seriesattimet. Givenacausatime series(i.e.,x =0

fort < 0), theztransformbecomeshe power series:

X(2) Zt;tht,

andin the caseof a finite-lengthtime seriesof lengthn, the ztransformbecomesan n-degreepolynomial
X(2) = Xo+X1Z+ - - - + XZ". Giventwo ztransforms
9=y s, H@= 3 hZ,
t=—o0 f=—o0
the multiplicationof S(z)H (2) resultsin the z-transformX(Z2):
(6.4) X@=S2H@ =Y xZ,
f=—o0
wherethe coeficientsx of X(z) arerelatedto the coeficientss andh; by:
X = Z SKh[—k; kEZ,
k=—o0
which is recognizedas the corvolution of s with h;. Corvolution in time domain(6.3) is equivalentto
multiplicationof ztransformg6.4) [RS79 p.177]. Corvolutionis commutatve andassociatie undermulti-
plication,i.e.,

S2H(D) =H(2)2), SH[DX(2)]=[SH(D]X(2),

anddistributive underaddition,i.e.,

S(2[H (@) +X(29] = S(H(D) + S(2X(2).
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6.1.3 Autoregressive-Moving Average(ARMA) Linear Systems

Theinput-outputrelationshipof a causalineartime-invariantfilter mayberepresenteth anumberof ways.

The cornvolution sumis onerepresentatiorfrom (6.3),
(65) =Y hs-k kez,
K=o

wheres is theinputandx; is the outputof a causaffilter with impulseresponséy, = (ho, hy,...). Another

representatiois the differenceequation:
(6.6) X +81%-1+ -+ + apXi—p = bos + b1s—1+ -+ + bgSi—q,

wherethe outputtime seriesx attimet is dependenbnly on the presentand pastvaluess, s—1, ..., S—q
of the input time seriesand pastvaluesx_1, X—2, ..., X%—p Of the outputtime series. The coeficients
{ap = 1,a,ay,...,ap} areknown asthe feedbak or autoregressive(AR) coeficientsandthe coeficients
{bo,b1,...,bq} areknown asthe feedforwad or moving avetage (MA) coeficients. The representatioin
(6.6) is commonlyreferredto asan autorgressve-moving average(ARMA) digital filter. Both representa-
tionsyield identicalresultsfRS79 p.201,p.202]Rewriting (6.6) as

p q
%akxt—k = %bkst—ka do = 17 ke 27
K= K=
underthe z-transformbecomes

(6.7) A(2)X(2) = B(2)5(2).

Equation(6.5)is obtainedf theinfinite linearfilter {hx} canbereplacedy arationalfunctionin zcomposed

of thefinite filters {ax} and{by},

B(2) bo+biz+byZ2+- -+ by
H@=23 = = ho+ hiz+hoZ2+ - --.
(Z) A(Z) ao+a1Z+ a222_|_ "'+apr o+ MzZ+ N2zZ” +

The impulseresponseoeficients are relatedto the feedbackand feedforward coeficients by the relation

A(2H(Z) = B(2), or in thetime domain,

D {bt, 0<t<q,

(6.8) kgoakh“kz 0, t>gq, kez.

The causafilter with impulseresponséy; is completelydescribedyy the z-transform
H@) = hZ,
2

definedasthe transferfunctionof the causaffilter. In (6.5), the causafilter is describedoy theimpulsere-
sponseéh = (ho, hy,...) or thetransferfunction; whereasn (6.6), the causafilter is characterizety afinite

numberof feedbackand feedforward coeficients. Sincethe samelinear systemcanbe describedby both
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representationshe factthatthe ARMA representationequiresa finite setof p+ q+ 1 coeficients(assum-
ing ap = 1), insteadof the infinite numberrequiredby the impulseresponsdy, representationis the chief
adwantageof the ARMA model. The generallysmallernumberof parametersequiredby ARMA models
waspopularizedy Box andJenkindBJ76] who referredto this efficiency asparsimony ARMA modelsde-

scribesystemswith aninfinitely longimpulseresponséy afinite-parametemodel,denotecoy ARMA( p, Q).

6.1.4 Moving Average(MA) and Autoregressve (AR) Linear Systems

Consideringhe casewhenA(z) = 1, thetransferfunctionof thelinearsystemis
H(2) = B(2) = bo+ b1z+ b7 + - -- + bgZ™.

The linear systemis commonlyreferredto as a feedforward systemcharacterizedy the moving average

modelof orderq, or MA(q) [RS79,p.257].From(6.7),the MA(q) modelis written as
X(2) =B(9¥2),
or in thetime domain,
X = bos +b1§-1+ -+ bgS—q-

Consideringhe casewhenB(z) = 1, thetransferfunctionof thelinearsystemis
1 1

HZ =—== .

@ A2 at+aiz+aZ2+---+apzP

The linear systemis referredto asa (pure) feedbacksystemcharacterizedy the autorgressie model of

orderp, or AR(p). From(6.7),the AR(p) modelis written as
A)X(2) = S(2),

or in thetime domain,

(6.9) aok + X—1+ -+ apX—p = -

A simplefeedbaclksystemis shovnin Figure31 where,assumingay = 1, the summatiortermis

p
S— ) aX-k=X,
N

which coincideswith Equation(6.9) [RS79 p.210].

In general MA(q) coeficientsspecifya Finite ImpulseRespons€FIR) filter provided the numberof coef-
ficientsis finite. The AR(p) coeficientsspecifyan Infinite ImpulseRespons€lIR) filter sincethetransfer
functionA(2)~1 is, in generalcomposef aninfinite numberof coeficients|GW94, pp.12-13].Evenwith

aninitially finite numberof autorgressie coeficients{ap,as,...,ap}, thiscanbeverifiedby performingthe

longdivision1/(ag+aiz+ - -- +apzP).
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linear feedback system

output
§ -2ai Xk = % A
convolution l
delay| | filter |
kK La fly

Fig. 31. Block diagramof alinearfeedbaclksystem.

6.2 Nondeterministic (Stochastic)Time SeriesModels

Theabove discussiorof linearsystemsiealtwith deterministidime series.In thefollowing section stochas-

tic time serieswill be consideredvhereobsenationsareassumedo containarandomcomponent.

A stochastior randomprocesss characterizedby its meany, variances?, autocwariances{yk}, autocorre-
lations{{x}, andpartialautocorrelationgpi x }. Themeanrepresentshe expectedvalueof anobsenationat

timet,

e = E[x],

whereE[-] denotesxpectation.The variancea? refersto the squaredieviation of eachobsenationfrom its

expectedvalue,i.e.,
ot = E[(x —E[x])’].

In general E[(x — E[x])"] is definedasthe n'™ momenbf x aboutits meanwherethe variances known as

thesecondnoment.The autocwariancefunction,

Yk = E[(% — E[X]) (%+k — E+k])],

measureshe deviation of two obsenationsfrom their means. The prefix auto refersto both obsenations

comingfrom the sametime seriesseparatedby temporallag k. The autocorrelatiofunctionis definedas

7, = Bl — B O — Blxd)] _ B0 — B[x]) (i — Elxid])]
E[(x — Ex])(x — E[x])] E[(x —E[x])?] ’

which, for x;, %k of strictly stationaryprocessewith first two momentdinite, depend®nly onthetime lag

k. In the specialcaseof a zeromean the autocorrelatiofunctionis the autocwariancefunctionnormalized
sothat{p = 1. Theautocorrelatioriunctionis anevenfunction,wherelx = {_x, meaninghatit is symmetric

abouttheorigin k = 0. The partialautocorrelatioriunction py k measureshe correlationbetweernk; andx.k
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whenthek — 1 interveningvaluesx.+1,%+2, - - -, X+k—1 arefixed[RS79 p.280].

Stochastidime seriesaretime serieswhereary obsenationx; of atime seriesis a randomvariablewith a
probability distribution generallydependenbn time t. Time seriesmodelspopularizedby Box andJenkins
(referredto as Box-Jenkinstime seriesmodels)assumehat the time seriesis generatedrom a seriesof
uncorrelatedandomvariableswith zeromeanand constantvariance e.g., white noiseg; ~ N(0,62). The
obsenedtime seriesx is generallymodeledasthe outputof a causalinearfilter with white noise(innova-

tions or randomshocks)e; asinput. With thefilter impulseresponséy, = (ho,hy,...), thetime seriesx is

representeds
X = Wt+hxg
(6.10) = H+th8t_k, kez, or,
K=0
X = M+,

wheren: = S ¢_ohi&t—k is azeromeanrandomprocesgRS79,p.275]. In thisview, thetime seriess generally

composeaf of two parts,namelythedeterministiccomponenty andtherandomor stochasticomponenty;.
The stochastidime seriesx; is a linear transformatiorof the white noiseseriesg;. This canbe shovn by
borrawving z andfor the momentusingit asa backwardshift operatordefinedby

ZX% = X%-1,
which delaysthetime seriesx by onetime unit. In general,

2% =%k,
wherek € Z representadelayof k time units. Rewriting Equation(6.10)in termsof z,

X = M+ hog +hig_1+hog_2+---

(6.11) = Ht+h08t+h12£t+h2228t+"'

4 (ho+hiz+hZ2 +-- )&

Reclaimingthe definition of z asdefinedby the z-transform,the quantityinsidethe parenthesem (6.11)is
the z-transformof theimpulseresponséy = (hg,hy,hy,...). SinceH(2) = ho + hyz+ hyZ + - -- definesthe

transferfunction of thelinearfilter hy, Equation(6.11)is rewritten as
(6.12) % =tk + H(2)&

shaving thatthetime seriesx; is alineartransformatiorof thewhite noiseseries;.
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6.2.1 Stationarity of StochasticTime Series

The concepbf stationarityof time seriesrefersto the statisticalbehavior of time seriesandis relevantto the
choiceof appropriatenodelingstrateyy. In general ARMA modelsarerestrictedo stationarytime series. A

time serieds stationary(covariance-stationargr second-ordestationary)f bothof thefollowing conditions

aresatisfied:
(6.13) E[x] = = constanmeanfor allt,
(6.14) Epa,x+k] = E[(x — EMX]) (k= E[xi])], for E[x]=0,

= Yk =cov(%,X+k) dependenbnly ontime differencek.

If either condition (6.13) or (6.14)is not satisfied,the time seriesis non-stationary]RS79 p.277]. With

respecto thecausalinearfilter model(6.12),thetime seriesx is stationaryprovidedthat:

= M (constanmeanfor all t),

Zjhtﬁ = 20|ht|2 < o (impulseresponséinite enegy).
t= t=

The white noiseseries &, is afundamentabxampleof a stationarytime series. The white noiseseriesis a

sequencef randomvariableseachwith zeromeanandconstantariancej.e.,
E[e] =0, E[gf]=0% W, teZ,
andsuchthatany two differentvariablesareuncorrelatedi.e.,
Elet, &] = E[erern] =0, k#0, ke Z,

giving covariance
Ele?] = 0%, k=0;
6.15 &)= ’ ’
(6.15) Y(er) { Elced,  k#£0, kez.
For stationaryprocesse$n general,wherethe meanis constantfor eachobsenation, the autocorrelation
function {x is the autocwariancefunction normalizedso that{o = 1. The autocorrelatiorand partial auto-

correlationfunctions(ACF, PACF) areinstrumentaln determininga suitablestochastidime seriesmodel.

6.2.2 Autoregressve-Moving Average(ARMA) Processes

Section6.1.3discussedieterministicARMA linear systems.Givenwhite noiseasthe input to the ARMA
linear system,the outputis a signalwith a randomcomponent. Deterministicand stochasticsignalsare
distinguishedoy referringto the deterministicARMA systemasa modelof the stochasticARMA process
Equation(6.10) representshe time seriesx, asthe outputof the ARMA linearfilter with impulseresponse

hy andtransferfunctionH (z). Thefilter is usuallyoneof infinite length. If thefilter canbereplacedby one
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whosetransferfunctionis arationalfunctionin z, thenthe stochastiltARMA processcanberepresentethy

thefollowing finite-parametemodel:

X = Mt ) Mk
K=o
= W+ (ho+hz+hZ +--)g

= H‘FH(Z)&
_ B(2)
= H‘i‘@&
(6.16) _ HH_<b0+b12+b22§+---+quq>st‘
Ao+ az+ apze 4 -+ -+ apzP

Transposindermsandexpanding,
AD(x—-1) = B2

kiak(xt_k—ut_k) = kibkst—k-

Defining the time seriesin termsof deviationsfrom the deterministicmean,, by X = % — |k, the ARMA

processs modeledby

A% = B(29&
p . q
(6.17) > ak-k = ) bk
k=0 k=0
apk +ark—1+ @Ko+ -+ apk—p = Do +b1&_1+og_o+ -+ Dpgi_g.

Equation(6.17)is thetime-domairnrepresentationf Equationg6.12)and(6.16).

If the time seriesis stationarythenits statisticalpropertiesare time-invariant,i.e., unafectedby a shift of
thetime origin [RS79,p.277]. Thatis, the statisticalpropertiesof the seriesx areidenticalto thoseof the

delayedime seriesx g, with mean

Ex] = E[M+H(2e]
= EM+E[Y heid
k=0
= u)
sinceE[g] = 0 Vt, andvariance
E[(x-%)? = E[(x—E[x])?

= El(x - W2 = El(+ kihkst_k— w7

(6.18) = E[(Y hew)?)-
=0



Expanding(6.18),

E[(kihkst_k)z]
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E[(hoﬁt +hig_q+ - ')(ho& +hig_1+-- )]

= E[  hogthogr +  hogthigi—1 +  hogthogo +
hig_1hogr + hig_amg1 + higihog o +
hogt_ohogt  +  hogi_ohigi—1 + hogohogi o + ]

= FE[ hde? +  hosthe—1 +  hogthpgio +
higi_1hogt  + h2e2 | + hig_1hpg_2 +
hogi_ohog: + hogi_ohigi_1  + h%EIZ_Z + ]

= E[;hﬁaf_w zozjhjst_jhkst_k], j#k

k= j=0k=

E[S hZe?, + hihe_je—k], J#k

[

E[Y hied_i] +E[ > hihe—_jei], j#k
k=0 J=0k=

0

=0
S REEZJ+S S hihEk_jad, | £k
kZo JZOKZO J J

[ee]
2 2
5 1
k=0

sinceE[eZ] = 02 Vk, andE[gj&] = 0Vj,k, j # k. Notethatthevarianceof thetime seriesexistsif andonly

if Si_olhk|? < =, i.e.,thelinearfilter {hy} hasfinite enegy.

Theautocwarianceof x; atlagk is definedas

W) =

(6.19) =

E[(% —%) Ot4k — )]

E[(% — E[x]) ek —Ex])]

Bl + > e — po) (M + Z)hjst+k—j — Heyk)]
=0 =

E[(lihl €| )(jihj8t+k—j )]
E[(hott + ha&—1+ - --) (Notk + M€tk + )]

El

(6.20) = E| hohogt &tk

hogthogsk  + hogth1gik—1 + hogthogrik—2 +
hig_1hogik  + Me&_1hgik-1 + Mg ahog 2 +
hogi—ohogtik  +  hogi—oMm&rik-1 + ho&—ohprik-2 + ]

+ hohi&t&yk—1 + hohotterrk—2 +
hihogt—1&4k  + hi& 18461 + hihog &2 +
hohogt—2&4k  +  hohi&28ik—1 + hoho&28ik—2 + ]

Thesummatiortermof thestationarytime seriescovariancegivenby Equation(6.20)is representeth matrix

topologywherethematrix canbethoughtof asbeingtheresultof vectormultiplicationwherethe summation

multiplicandsof (6.19) are seenasvectors. Sincethe autocwarianceof the white noiseprocessgiven by
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relation(6.15),is suchthatE[g:+j&+k] = O for j # k, only diagonaltermsin the “matrix” in (6.20)arenon-
zerofor ary givenk. Thatis, for k = 0, only themaindiagonalentriesarenon-zero.For k = 1, thefirst upper
diagonalcontainsnon-zeroentries for k = —1, it is the thefirst lower diagonal for k = 2, the secondupper
diagonal,andsoon. Thesepositive andnegative K" matrix diagonalgw.r.t. the main diagonalwherek = 0)
aredenotecby the j" row and(j + k)" columnelementgor ary row j. Correspondinglythestationarytime

seriescovariances rewritten as

V(%) = E[Zohjhj+k€t—j€t+k—(j+k)]
J:
= E[ h'h'+k€t_'€t_'], Vk.
J;) inj j&—j
SinceE[ei4 jerk] = 0% for j =k,
(6.21) (%) = %hjhj+kE[8t—j8t—j]
£

o? 3 hjhjk, Yk
J; j

Equation(6.21) statesthat the autocaarianceof the time seriesx; is proportionalto the autocorrelatiorof
theimpulseresponséy, [RS79,pp.278-280].In fact, Equation(6.21) canberepresentethy the corvolution

of theautocwarianceof theimpulseresponsendthewhite noiseseriesj.e., yk(%) = Yk(ht) * Yk(&t)-

As discussedh §6.2,theautocorrelatiodunctionof thetime seriesx atlagk is definedas

E[(x — E[x]) (%1+k — E[x+«])]
E[(x — E[x])?] '

For the stationarytime seriesthe autocorrelatiorbecomes

k=

X
Yo’
which refersto the correlationbetweenary two obsenationsx andx.x anddoesnot dependon the units

Lk

of measuremerfRS79,p.279]. Theautocorrelatiorfunctionis the normalizedautocaariancefunction,i.e.,
o=land-1< (< 1lforke Z.

6.2.3 The Autoregressve (AR) Process

Theautorgressie processAR(p) of orderp is modeledasthe outputof alinearfilter with transferfunction
A(2)~! whoseinput s the white noisetime seriese;. The AR(p) processs the outputof a feedbacksystem
modeledby

A(Z))h('t = &

p
(6.22) Z)akf(t—k = &.
k=
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where% = % — |k. Expanding(6.22)gives:
(6.23) ao% +ark-1+ak-—2+ - +apk-p = &,

which is the standardime-domainrepresentationf the AR(p) processThe AR(p) processs characterized
by theexpectedautocorrelatiorfiunction. Letting ax = —ax andassumingag = 1, Equation(6.23)is rewritten

as
(6.24) % = O1%_14+ 0% o4 +0pK_p+&.

In orderto first obtainthe autocavariancefunction, yi(%) = E[&%_k], Equation(6.24)is multiplied by %_

on bothsidesproducing:
XXk = O1%—1%—k+ 02%—2%_k+ -+ Opk—pX—k + &K —k-
Takingexpectedvaluesgives
(6.25) E[f%%-i] =
Elo1%—1%—«] + E[02%—2% k] + - - - + E[a p%—pKi—k] + E[€%—]-

Noting thatfor stationaryprocesseg&|g:%_x] = O for k > 0 andthattheautocwariances dependenonly on

thetime differencek, i.e.,

W) = E[xX-«
Ye-1(%) = E[XX—k-1] = E[X—1%«]
Yk—2(%) = E[XX-_k—2] =E[X-2X_«]
(6.26) Ye—p(X) = E[XX-k—p] = E[X—pX—«],
Equation(6.25)becomes:
W) = O1yk-1(%) +02¥k-2(%) + -+ OpYk-p(X) + 0, k>0.

Dividing throughby yp (%) givestherecursve representationf theautocorrelatiorfunction :
(6.27) (k = 01k—1+ 02lk—2 + O3Lk—3+ -+ Aplk—p, k>O.
Usingz onceagainasthe backward shift operatori.e.,

Uk = O Zlk+ 0220k + -+ + 0 2P,
theautocorrelatiofunctionis determinedy the following differenceequationfor k > 0:

(6.28) (1—01z— 07 —---— apzP)Lk = 0.
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Equation(6.28)is known asthe autocorelation genemting function[Got81, p.159]. Sinceary polynomial
canbe expressedasa productof its (possiblycomple) roots,the polynomialin z of degreep in Equation
(6.28)canbefactorednto

m

(6.29) rl,(l_ ri2% = (1-ri2%(1-r2)%2(1-r32)%--- (1 - rmz),
=

where(1— er)dj is a (possiblycomplex) rootof multiplicity d; suchthat;ﬁ“=1 dj = p[Wei90,pp.44-46].For
theprocesgo bestationary|rj‘l| > land|rj| < 1in (6.29)musthold. As aconsequenceheautocorrelation
function (ACF)tails off asa mixture of exponentialdecaysand/ordampedsinewavesdependingntheroots
of (6.29)(dampedsinewaveswill appeaif someof therootsarecomplex). Furthermoreby its construction
anddependencentheautocorrelatioriunction,thepartialautocorrelatioriunction(PACF) vanishesfterlag
p. Thesepropertieprovide ameanof estimatinghe orderof the AR(p) procesdy examiningthe structure

of thesampleautocorrelatiorandpartialautocorrelatioriunctions.

6.2.4 The Moving Average(MA) Process

Themoving averageMA(q) processesf orderq is atime series% linearly dependenon a finite numberof
previous white noisesamplegrandomshocks): The MA(q) processs the outputof a feedforward system

with input & andtransferfunctionB(z) = (bg+ b1z+ b2 +--- + bgz?) andis modeledby

% = B(Z)et
q
(6.30) % = DKEt—ks
2
where% = % — |k. Expanding(6.30)gives:
(6.31) % = bog +big_1+bog_o+---+bpe_g,

which is the standardime-domainrepresentationf the MA(q) process.Becausehe linear filter {by} is
composedf afinite numberof coeficients,theimpulseresponsef thelinearfilter (b, by, .. .,bq) hasfinite

enegy, i.e.,

ki|bk|2:ki|bk|2< o0

The finite propertyof the MA(q) filter guaranteeshe stationarityof the MA(q) process. Noting that the
autocwariancefunction doesnot dependon absolutetime t, E[%] = 0 with finite and constantvariance

Yo = E[(% — E[%])?]. Sincetheautocwarianceof ary linearfilter time seriesnodelcanbeexpressedn terms

Thenamemoving average is somavhatmisleadingsincetheweights{ by} neednotbe positive andneed
notsumto unity.
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of theimpulseresponséhg, hy,...) of thefilter, asshovn by Equation(6.21)in §6.2.2,theautocwarianceof

theMA(q) processatlagk is givenby
o q

(6.32) Ww(%) =0% S bjbjsk =02 bjbjk.
J; i9j J; iMi

Becausebj = 0 for j > g, the summationin (6.32) needonly collectthefirst (0,1,2,...,g—k—1,9—Kk)
termsfor givenlag k. Also sinceyk(%) = y-k(%), the autocaariancefunction canbe rewritten asthe even
function:
V(&) = ozq_zlzl bibj4 fork=0,+1,%2,...,%q;
=
0 otherwise

Theautocorrelatiorof the MA( g) procesghenbecomes

=

a—[K .
(%) 2j=0 bjbj4

= q
(%) Y=o .
0 otherwise

(%) = fork=0,£1,+2,...,+q;

S

which cutsoff afterlag q [Wei90, p.53]. The partial autocorrelatiorfunction (PACF) of the MA(q) process,
on the otherhand,tails off asa mixture of exponentialdecaysand/ordampedsinewavesdependingn the

rootsof equation
(6.33) (1-PB1z—PB2Z2—---—PBg?) =0,

whichis thetransferfunctionof the MA( q) filter with Bx = —by andbg = 1. As with theautocorrelatioriunc-
tion (ACF) of the AR(p) processdampedsinewaveswill appeaiif someof therootsof Equation(6.33)are
comple. As with the AR(p) processthesepropertieprovide a meanf estimatingthe orderof the MA(q)

processdy examiningthe structureof the sampleautocorrelatiormandpartialautocorrelatiofunctions.

6.2.5 Autoregressie (AR) Moving Average(MA) Procesduality

In generalafinite orderstationaryAR(p) processorrespondso aninfinite orderMA processThecorverse
is alsotrueif the finite MA(Qq) processs invertible This AR/MA duality canbe expressedn termsof the

z-transformsof the correspondindfinite) filters. From (6.23),the AR(p) processnaybewritten as:
(6.34) (1+agz+aZ + - +apP)% = &,

with ag = 1. Rewriting (6.34)with ay = —ax fork=1,2,..., p gives

1
6.35 % = .
(6-35) X (1—0(12—0(222—---—O(pzp)Et
Using (6.29)to representherootsof (1 —01z— 022 —--- — apzP), if the AR(p) processs stationarythen

|rj_1| > 1and|rj| < 1 andby long division, Equation(6.35)becomes

% = (14+biz+ b2 +-- )&,
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which is aninfinite-ordermoving averageprocesspr MA(). In this casethe AR(p) procesds saidto be
bothstationaryandinvertible. Corversely from (6.31),the MA(q) processnaybewritten as:

(6.36) % = (14+biz+ b7 +--- + be?)g,

with by = 1. Rewriting (6.36)with Bx = —by fork=1,2,...,q gives

1
6.37 % = &.
(637 R o L
Using (6.29) againto this time representhe rootsof (1 — B1z— B222 — -+ — By, if the MA(q) processs

invertible,then|rj‘1| > 1and]r;| < 1andby longdivision, Equation(6.37)becomes
(14 az+aZ +-- )% =&,

which is aninfinite-orderautorgressve processor AR(). In this casethe MA(p) processs saidto be

invertible(it is alsoinherentlystationarydueto its finite-lengthfilter).

The AR/MA procesdduality is exhibited in the structuresof the ACF and PACF of the AR(p) and MA(q)

processeasmentionedn §6.2.3and§6.2.4. This relationshipis summarizedn Table8.

TABLE 8
AR(p)/MA(q) duality.
ACF PACF
AR(p) | decays vanishesfterlag p
MA(q) | vanishesfterlagq | decays

6.2.6 The Mixed Autoregressive Moving Average(ARMA) Process

As seenin §6.2.2,themixedautorgressve moving averageprocessanbemodeledby (6.17),repeatedhere

for corvenience,

AD% = B(9e
p . q
(6.38) > ak-k = ) bk
k=0 k=0
ao% +aRk-1+a%-2+---+apk-p = Dot +D1&—1+bogt—2+--- + bpetq.

In §6.2.2thestatisticalpropertieof the processvereconsideredn termsof theinfinite filter hy whichimplic-
itly modeledhe ARMA processin this sectionthe characterizingutocorrelatiorandpartialautocorrelation

functionsare derived explicitly in termsof the finite-parameteautorgressie moving averagemodel, or
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ARMA(p, Q).

In orderto first obtainthe autocvariancefunction, yk(%) = E[%%_k], Equation(6.38)is multiplied by %

on bothsidesproducing:
apke Xk +ark—1%_k + apk_pX—k = bo&t¥—k + b1&—1%_k + bpEt_qX—k.
Takingexpectedvaluesgives
(6.39) E[a0%%—«] + E[ar%—1% ] + E[ap%k—p&—k] =
E[bogt%—xk] + E[b1&i—1%_«] + E[bp&t—q%—x]-

Noting thatfor stationaryprocessethe autocwarianceis dependentnly on thetime differencek, asshavn
in (6.26),Equation(6.39)becomes:

aoYk(%) + aryk—1(%) + ag¥k—2(%) + - -- + ap¥k_p(X%) =

q
(6.40) bj E[g— %],
JZO i t—j k.

To evaluatez?=O bjE[e—j%—«], E[e—j%—«] is derived by first consideringE[e:% ], noting that % canbe

representedsing(6.16)with % = x; — |k, i.€.,
(6.41) % = z)hjﬁt—j =hogt + g1+ hog_o+---,
i=

whereimpulseresponseoeficientsh; arerelatedto thefeedbaclkandfeedforwardcoeficientsby therelation
A(2)H(Z) = B(2) asshown in thetime domainby (6.8), repeatecherefor corvenienceusingindex j instead
of k,

0, t>aq

J

p
0<t<
(6.42) > aif) :{ b, 0<t<g,
Dueto the time-invariantpropertyof thelinearsystemfrom (6.41),
(6.43) K-k = Z)hjst—k—j = hogt_k + h1& k-1 + ho& k24
j=
Multiplying bothsidesof (6.43)by &; andtakingexpectationgives
(6.44) Eletk-«] = E[Zjhjstst_k_j] =
J:
E[hogt&—k] + E[N1&t&—k—1] + E[N2&t&t—k—2] + -+ --
SinceE[gg_k] = 0 for k > 0 andE[g&_x] = 0 for k # 0, Equation(6.44)becomes

. g?h_y k<0
(6.45) elesed={ o ko
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To evaluateE[g_j%_k], theindex variablesin (6.45)arechangedy letting s =t — j andsubstitutingk —

for k, giving

N . o%hj_k k<j
(6.46) E[at—jxt—k]:E[‘c’SXS—(k_j)]:{ 0 ‘ k;}-

Substituting(6.46)into (6.40)yields

oYk (%) +a1Yk-1(%) + AYk—2(%) + -+ - + ApYk—p(%) =
2<d p.h
(6.47) { o % j=obihi— iﬁiti g
wheretheimpulseresponseoeficientsh; arerelatedto the feedbackandfeedforward coeficientsa; andb
by (6.42). Equation(6.47)and(6.42) completelydescribethe autocwarianceof an ARMA( p, ) processn
termsof thefeedbackandfeedforwardcoeficientsa;, by [RS79,p.308]. Dividing throughby yo (%) givesthe
recursve representatioof theautocorrelatiorfunction {y:

0?31 objhj_k fork<g

(6.48) Zk+allk—1+azlk—2+---+aka—p={ 0 for k> g

whereag = 1. Equation(6.48)stateghatthe ACF of anARMA( p, g) modeltails off afterlag q (likeanAR(p)
processyinceafterlag q the moving average(feedfornard) componenhasno effect. Thefirst g autocorrela-
tions, however, dependon both autorgressve andmoving averageparameter$Weio0, p.57]. The PACF of
the ARMA( p, ) processwill alsocontaina mixtureof exponentialand/ordampedsinewavesdueto the MA
component.Thatis, for identificationpurposesthe factthatboth ACF and PACF tail off (insteadof either
of themcutting off) suggesta mixed ARMA model[Wei9(, p.59]. In general the numberof “anomalous”
termsin the ACF (termsthatdo not follow the decaypattern)equals(p — q), andthe numberof anomalous
termsin thePACF equals(g— p). The ACFfor anARMA( p,q) processs amixtureof decayingexponentials
anddampedsinewavesafterthefirst (q— p) lags,andthe PACF is a mixture of decayingexponentialsand

dampedsinewavesafterthefirst (p— q) lags[Got81, p.258].

6.3 StochasticProcessSampleStatistics

Time seriesmodelingrelieson the calculationof the sampleautocorrelatiorandpartialautocorrelatiorfunc-
tions. As discussedn §6.2, a stochasticor randomprocessis characterizedy its meany, varianceo?,

autocwariances{y}, autocorrelationg{x}, and partial autocorrelationdpyx}. Theoretically calculation
of the the exact valuesof theseparametersequiresan ensembleof all possiblerealizationsof the random
events. In mostapplicationsavailable obsenationsconstituteonly a single realizationmakingthe calcula-
tion of the ensemblewverageimpossible.The theoreticalstatisticalparametergreinsteadapproximatedy
sampleparameters;, s, ¥, Z andpyk, respectiely. Formulationsfor eachparametearegivenbelov with

the understandinghat the formulationsare approximationsbasedon measurementsf the sample,not the
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population.

The samplemean,usedto approximateE[x], is definedas:

_ 10
X= = Xt
n,
whichis the averageof n obsenations.Thevarianceof n measurementspproximatingE[(x — X)?], is:
1 n
L= -7
n— 1’[; [Xt )?J ’

whichis thesumof thesquaredieviationsof eachobsenationdividedby n— 1 to give anunbiasecdestimator
of 2 (in somecaseshe denominaton is usedbut for largesamplesvould leadto anunderestimationf ¢2).

In generalthe nt" momentof x, approximating=[(x — X)"], is obtainedoy
1 Q2 n
s'= mt;[xt X"

Thesampleautocwarianceandautocorrelatioriunctions,approximatings [ (% — X) (%+k —X)], E[(% — X) (X+k—

X)]/E[(% — X)?], respectiely, aredefinedas:

. 1K
Yo = ﬁt;[xt—)zﬂxwk—)q,

5 = S Sibe—Axew—X
Yo Y —X2 7

which, for stationaryprocessesiependnly on the time differencek. For a zeromeanprocessthe auto-

k=0,1,2,...,

correlationfunctionis the autocaovariancefunction normalizecbothatzo =1. A plot of 2 vs. k is sometimes
calledasamplecorrelogram.Thesampleautocorrelatiofiunction(ACF)is anevenfunction,wherezk = 2_k,
andis symmetricaboutthe origin k = 0 with
5 _ Yo _ Stale—Xx—X _
ZO - = = n 7 =1
Yo Sima X —X

which is the (trivial) caseof lag 0 whereeachyx; is perfectly correlatedwith itself. The samplepartial

)

autocorrelatiorfunction (PACF) Py is givenby theiterative formulas:

{ep1— > Pi ip1o |
1351 Prid
and

(6-49) f)k+1,k+1 =

(6.50) Prr1,j = Prj— PraiiriPikri—j, 1=1,...,Kk

with poo = Zo =1,andpy1 = 21. Notethatthe only PACF termsof interestarepy x, sometimesibbreviated
to Px. To calculatepy , obtainPy;1 k41 for k=—1,0,1,...,n. Startingatk = —1 Equation(6.49)gives:
. Co— Y P-1,j¢-]
Poo = 1A 3
1-3im1P-1i
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which simplifiesto
Po,0 = lo=1

sincethe summatiortermsarenotinvolved. For k = 0,

. G- 39-1P0,jl1-j
P11= 0 A~ 3
1-3j=1P0,{;
againthe summatiortermsareignoredleaving
P1,1=C1.

For k > 0, Equationg6.49) and(6.50) areusedwhereEquation(6.50) calculateghe intermediatevaluesof
Prj for 1 < j < k. Thesevaluesareusedin the next iterative calculationof py;+1k+1. At the endof the
calculation,the intermediatevaluesmay be discardedsinceusually only the valuesof py x areusedin time

seriesanalysis.

6.4 Stationary Time SeriesModeling

Developinga time seriesmodelof anunknavn stochastigrocessnvolvesaniterative sequenc®f process
identification,modelspecification estimationof model parametersand performanceof consisteng (diag-
nostic)checks.Someof thesestepsmay involve repetition,asdepictedn Figure32. Theidentificationstep
is crucialto building anadequatenodelof thestochastigrocessUnfortunately a fair amountof guesswrk,
intuition andluck may be requiredsincethetrue natureof the processs usuallyunknovn. A priori knowl-
edgeof the systemunderinvestigationis ofteninvaluable.Onceanadequatenodelhasbeenidentifiedand

testedpredictionscanbeattemptedn aneffort to forecasfuturetrends.

6.4.1 Procesddentification

Thefirstidentificationstep(first blockin Figure32)in modelingtime seriesequiresatestfor stationarity By
definition of stationarity the samplemeanandvariancesare calculatedandchecledfor trends.If the mean
andvariancesareconstanthenthe procesainderinvestigationsatisfieghe stationarycriteria. Note thatthis

doesnot meanthatthe processs stationaryonly thatthe obsenationsexhibit stationarycharacteristics.

If theobseneddatais stationarythenthe ACFandPACF areexamined.If the plotsof the ACF/RACF exhibit
characteristicassuggesteih Table8, thenit maybe possibleto modelthetime seriesby eitheranAR(p) or

MA(q) model.If not,amixed ARMA( p,q) modelmayberequired.
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Fig. 32. Time seriesmodelingapproachAdoptedfrom [CHLT94, p.2 (Fig. 1.1)].

6.4.2 Model Specification

Model specificationinvolvesthe determinationof the order of the identified process. For example, if the

obsened datais found to be stationary thenan ARMA( p,q) modelmay be suitable. Specificationof the

modelrequiresthe choiceof the orderof the model,i.e., specifyingthe modelparameterg andg. Oncea

candidatenodelhasbeenspecified the modelparametergcoeficients)canbe calculatedandtested.

6.4.3 Parameter Estimation

Coeficients of the AR(p) model can be estimatedirom the sampleautocorrelatiorfunction. Noting that
(x = {_x andsubstitutingk =1,2,...,pin (6.27)gives

(6.51) G
G
€

<

of] + 0201
011 + 02
01> + ax(a

01{p-1 + 02lp2

+
+
+

+

a3l
031
as

03(p-3

+

+
+
+

+

Oplp-1
Oplp-2
Oplp-3

ap.

The linear systemof Equations(6.51)is known asthe setof Yule-Walker equationswhosesolutionwith Z

replacingl givesestimatesiy for the parametersi,. The Yule-Walker equationscanbe usedin a similar

mannerto estimateparameter§y of the MA(q) model.
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6.4.4 DiagnosticChecks

Diagnosticchecksinvolve measuringleviationsof estimatednodelparameterérom obseneddata. In this
sensetime seriesanalysisis similar to traditional ordinary least-square§OLS) methods. Among various
diagnosticchecks,a prevalentapproachjdenticalto the popularOLD method,is checkingresiduals.If a
giventime seriescanbetransformedo a seriesresemblingvhite noise thenthefilter(s) usedin thetransfor

mationprovide a sufiicient modelof the stochastigrocess.This is dueto the Slutzly effect namedafterits
discoverer, which stateghatwhite noiseis a seriesfrom which ary otherseriescanbe constructedGot81,

p.29]. Consequentlyif the specifiedfilter cantransforma given seriesinto white noise, it shouldalsobe
reversibleandgeneratéhegivenseriesby filtering white noise. Thisreverseprocessvasdiscoveredby Yule.
If thefilteredseries’residualsndicatea patternotherthanwhite noise themodel(filter) is inappropriateand

theoneor moreof themodelingstepsshouldberepeated.

6.5 Non-stationary (Linear) Time SeriesModeling

In general,stationarytime seriescan be modeledas mixed autorgressve moving-average(ARMA) pro-
cessesNon-stationaryserieswith non-constantmeanand/orvariancecannot. Although the generalmodel
building strately asshowvn in Figure 32 is alsousedfor modelingnon-stationarytime series,the specified
modelmustaccountfor the non-stationarycharacteristicef the process: Oftenthe non-stationarynodelis
composeaf sometransformatiorof thetime serieswherethetransformedseriess adequatelylescribedy
the stationaryARMA model. In this way the non-stationarymodelis composedf a stationarycomponent
(e.g.,anARMA model)andsometransformation A popularexampleof sucha modelis the autorgressie

integratedmoving-averagg(ARIMA) system.

Autoregressie integratedmaoving-averagemodelsrely on a variable-dgreedifferencingtransformatiorof
thedata,popularizedoy Box andJenkinsjn orderto transforma non-stationaryime seriesinto a stationary
one[CLT94, BJ76 p.10]. Thedifferenceddataandthe processx is referredto asan integratedprocessof
orderd whered refersto the numberof levels of differencingrequiredto achieve stationarity The ARIMA
modelincorporateshethreemodelcomponentsf auto-r@ressionintegration,andmaoving averageseachof

orderp,d, g, respectiely. Thecompletemodelis denotecasARIMA( p, d, ) andis specifiedby therelation
(6.52) A@)(1-2)% = po+B(2e, d>0,

wherefor d > 0, [ is calledthe deterministictrend componentandis usuallyassumedo be 0. Ford =

2The non-stationarymodelsdiscussechereinare restrictedto linear functionsof pastobsenationsal-
thoughit shouldbe notedthatit is also possibleto specify non-linearmodelsof pastobsenations,e.g.,
exponentialautorgressive models.Non-linearmodelsare outsidethe scopeof the presentcontext of linear
systems.
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0, the original processs stationarywith p relatedto the meanof the processj.e., jo = (1+ ajz+--- +

apzP)u[Wei90,§4.1.2]. Rewriting (6.52)in thetime domainwith pg = 0 andbp =1,
(6.53) (1-2%(¢+a-1+---+apk—p) = &+big1+--+bgeeq.
With d = 1, for example,(6.53)becomes:

(1-2x+a(1=2)%-1+---+ap(l—2)%—p) = & +bi&—1+---+DbgE—q

(¢ —%=1) + a1(X—1—X%—2) + -+ @p(X—p— Xt—p-1)) = & +b1&_1+---+bgE_q.

The autorgressie transferfunction A(z) in (6.52) modelsstationaryautorgressie processesnd so the
ARIMA modelrepresents non-stationaryrocessy reducingit to a stationaryonethroughthe difference
operation(1—2)9. This canbe seenby assumingthat the d'" backward differenceof the non-stationary

process givesa stationaryprocessy; definedby
(6.54) W= (1—-2)% = it + 1,

wherep is the constanineanof w; andw; = w; — |, Vt. Thestationaryzero-mearprocess¥ is now modeled

by the ARMA( p,q) system,

(6.55) A2V = B(2)&;.

From(6.54),W% = (1 — 2)%% — W, andsubstitutingnto (6.55)gives
A (1-2)% = o+ B(2)&,

wherepg = A(z)p = (1+a1z+--- + apzP)pis aconstan{RS79 pp.314-315].

The ARIMA( p,d,q) modelis adequatdéor modelingprocessethatarenon-stationaryn boththe meanand
variance.For processethatexhibit non-stationarityonly in the variance power transformation®n thetime
seriesmay generatea transformedserieswith constantvariance.For example,the logarithmictransforma-
tion of a seriesInx (the baseis irrelevant), will give a serieswith constantvariance[Wei90, p.83]. Other
transformationssuchas the squareroot transformation, /% are possible,andin generalthe classof such

transformationsrereferredto asvariance-stabilizingransformations.

In summarythe goal behindtime seriesanalysisis the derivation of a suitable(often parsimonious)nodel
which adequatelexplainsthe stochastimatureof thetime seriesobsenations. The primary applicationof

sucha modelis forecastingpr prediction,of future behaior of the systemunderinvestigation.To this end
the task of time seriesanalysisattemptsto modelthe procesawhich generateshe entire seriesover some

interval in time.
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6.6 Interrupted Time SeriesExperiments

Apartfrom prediction,anotheiimportantapplicationof time seriesanalysiss within theframework of Inter-
ruptedTime SerieExperimentgI TSE). Interruptedime seriessxperimentsnvolve measuringgomequantity
overtime (hencegeneratinga time series).At somepointin time aninterventionis introduced.The goal of
the analysisis to determinewhetherthe obsened measurementdiffer beforeand after the intervention. If
the pre-andpost-intenentiontime seriesdiffer significantly thenit maybe possibleto concludethatthein-
terventionhadsomeeffect An exampleof this approactis oftentakenwhentestingthe effectivenesof new
drugs.Patientsaregivena placebdor somelengthof time, afterwhich thedrugis introduced With thedrug
actingasthe intervention, the pre and post-interentiontime seriesare compared.If the post-intenention

time seriedifferssignificantly it maybe concludedhatthe drughadsomesignificanteffect.

Interventionsessentiallyappearasedgesof variousformsin atime series. Tendifferentforms of interven-
tionsareshavn in Figure 33, wherethe dottedvertical line representshe onsetof the intervention[Got81,
p.50]. Interventionscanin generalbe modeledby linear transferfunctions. It is commonto chosean ap-

propriatetransferfunction basedon an a priori expectationof the hypothesizedffect [CC79 p.265]. Pre-

ABRUPT CHANGE DELAYED CHANGE TEMPORARY CHANGE DECAYING CHANGE ABRUPT CHANGE
IN LEVEL IN LEVEL IN LEVEL IN LEVEL IN DIRECTION
DELAYED CHANGE TEMPORARY CHANGE ACCELERATED CHANGE "EVOLUTIONARY CHANGE
IN DIRECTION IN DIRECTION IN DIRECTION OPERATION" EFFECT IN VARIABILITY

I I N N N B B

Fig. 33. Modelsof interruptedime seriesexperimentsnterventions.Adoptedfrom [Got81, p.50(Fig. 6.6)].

andpost-intenentiontime seriesaregenerallymodeledasARIMA systemsallowing representationf non-
stationaryprocessedn thefollowing sectionthe notionof a piecavise-ARIMA processs introducedandan
automaticinterventiondetectionmethodis presentedasedon waveletmultiscaleedgedetection.Interven-

tionsareassumedo be abrupt.time-limited changesn the meanof piecavise-ARIMA time series.

6.7 PiecewiseAutoregressve Integrated Moving AverageTime Series

Stochastiqprocessesanin generalbe representedby autorgyressie integratedmoving average(ARIMA)

models.In the context of interruptedtime seriesexperimentgITSE), empiricalobsenationsaremodeledby
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juxtaposedARIMA modelsseparatethy anexpectedntervention. Theinterventionis typically modeledby a
transferfunctionbasedn apriori expectationsin this sectionamodelis developedfor stochastigrocesses
composedf multiple ARIMA processeslemarled by compactlysupportednterventions. EachARIMA
segmentis modeledby a boundedARIMA processwhile theinterventionsaremodeledby anabrupt,time-
limited changein the mean. The overall time seriesis thus composedf ARIMA “pieces” delimited by
sharpinterventionsandis referredto asapiecavise-ARIMA time seriespr PARIMA. Themotivationbehind
PARIMA modelingis the automatic(computational)detectionof the bandlimitedinterventions.In contrast
to generalARIMA andITSE modeling,the PARIMA modelis characterizedy the expectedinterventions
andnot by the ARIMA sggmentsthemseles. Thatis, if the interventionscanbe located, it is assumedhat

thetime seriessegmentshetweerinterventionsareARIMA sequences.

6.7.1 The Time-BoundedPARIMA Process

In this sectionthe natureof the stochasti®PARIMA modelsegmentsexpectedbetweerinterventionsis pre-

sented.Thesesggmentsaremodeledby ARIMA systemswithin a giventime interval. Formally,

(1-2% = W+ S hegy—x
| | k;) |
= W+ (ho+Mmz+hZ+--)g,

= W +H(2g
B(2)
= "}tl+@8tl
~ s bo+ b1z+ 72 + -+ + by .
" \agraizt a2+ t+ap? )

for sometime interval t; € [a,b] with d, > 0. Thatis, eachPARIMA segment,within the I'" interval, is
modeledby the finite-paramete ARIMA( pi,d;,q) model. Eachseggmentis characterizedy the familiar

statisticalpropertiesof ARIMA processesiamelywith interval mean,
E[Xﬂ]:ﬁ:l}ﬁ :Mv a§t| Sbv
variance,
E[(%, —%)?=0f y h{, a<t<b,
K=0

autocwariance,

yk(xt|) = O-|2 Zohjhj-i-k: Vka as t| S b;

J:

andautocorrelation,
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wherethe linear filter h; is (possibly) unique within eachinterval. If the meanp and varianceo,2 of
the I'" PARIMA segmentare constantthen the segmentcan be representedy the ARIMA( p;,0,q;), or
ARMA( pi,q), modelof stationaryprocessed. The PARIMA( pi,d;,q) processs schematicallydepictedn
Figure34.
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Fig. 34. Schematiaepictionof PARIMA( p,d;,q)) model.

6.7.2 Automatic Inter vention Detection

InterventionsdemarkingARIMA segmentsin the PARIMA modelareassumedo occurwithin a bounded
timeinterval. If thelimited durationof interventionsis known a priori, thentheinterventionscanbemodeled
asmultiscaleedgesandhencereadily detectabldy the wavelettransform.The specificatiorof theinterven-

tionsandtheir detectionis describechere.

LetS denoteheARIMA( p,d;, q) sequence theintervala <t < b, andlet Sy, denotehe ARIMA( pm, dm, Om)
sequencén theinterval c <ty < d wherea < b < c < d. Let || n(T) denotetheinterventionoccurringin the
interval b < t| m < ¢, sothatl; m(T) demarksthe sequences;, S where§ precedesequencéy, in time, as
depictedin Figure35. The durationof theinterventionis denotecby T andis assumedo be bounded,.e.,
Tmin < T < Thax

3To be consistentvith acceptednodelingpractice,it is assumedhateachPARIMA time seriessegment
containsatleast50 obsenations.
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Fig. 35. Schematidepictionof PARIMA interventionmodel.

Theorem2 Assuminghe observed®PARIMA sequencés measued with a uniformsamplingperiodsp, and
givenlength2 scalingandwaveletfunctionsg, |, whee { approximateshe first derivativeof a smoothing
function®, interventionsof boundedduration T canbefoundin thewavelettransformat j > Iogz(%) +1
levelsof thedyadicwaveletdecomposition.

Proof: Thefirst partof Theorem2 was proven by Mallat whereit wasshawn that singularitiesof a func-
tion canbe detectedrom the wavelet transformmodulusmaxima[MH92]. Mallat's resultis basedon the

fundamentabtlefinitionof thederivative,i.e.,

%(Xt Z;Lm)(t+kk_)(t’

wheregiven the appropriatewvavelet, the local wavelet modulusmaximacorrespondso regionsof highest
slope,i.e.,edgesBy detectingocal derivativemaxima,in thelimit, themostpronounceanaximacorrespond
to singularitieswhich areregionsof infinite slope,i.e., stepedges.The secondpartof the proofis basedon
samplingraterequirementsin orderto samplea signalwithout aliasingartifacts,the samplerate mustbe at
leasttwice the signalfrequeng. This is the well known Nyquist samplingfrequeng. For interventionsof
periodT, thisimplies
(6.56) s > 21,

T
wheres; = 1/s, denoteghe samplingrate. Rewriting (6.56)in termsof the samplingperiod,

(6.57) s < %T.
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Multiplying bothsidesof (6.57)by 2 gives
T > 2sp,

indicatingthattheinterventionperiodmustbegreatethantwice thesampleperiod. Underthedyadicwavelet
transform,the signalis subsampledby the averagingscalingfunction ¢ at successie scalesproportionalto

2l ie.,
(6.58) 2T > 2s,.

Equation(6.58)representsherelationshipbetweerthe scaledsignalfrequeng andthe samplingrate,show-
ing resolutionlevels at which the signalis subsampleanoughto eliminatealiasingartifacts. Solving for
jl
2717 > g
. Sp
i > logy( T )+1

givesthe decompositiorevels wherethe signalis subsampledt frequenciegreaterthanthe Nyquist fre-
gueng. SinceTmin < Tmax iN orderto detectinterventionsof periodT, the signalmustbe decomposetb at
leastj > Iogz(%) + 1 level by thedyadicwavelettransformwith samplingrates, = 1/sp. O

As anexampleof the practicalimplication of Theorem2, consideraninterventiondurationthatis twice as
long asthesamplingperiod,i.e., T = 2sp. In this casej > Iogz(%) + 1 = 0 which stateghatthefirst level of
decompositions sufficient for aliasing-freesignalanalysis.SinceT = 2s;, the samplingfrequeng is twice
thesignalfrequeng, s = 2(1/T), i.e., theinterventionis sampledat the Nyquistfrequeny sosubsampling
beyondthefirst level is notrequired.If, ontheotherhand, T = %sp, thenj > log,(2) + 1 = 2, which showvs
thatmorethantwo decompositiorievels arerequiredin orderto eliminatealiasing. Referringto frequeng,
in this case%(%) = s which statesthat the samplingfrequeng is half the signal frequeng and mustbe
increasedy afactorof 4 to eliminatealiasing.In thecasewhenT = s, to eliminatealiasing,the sampling
frequeny mustbeincreasedy afactorof 2, or equivalently, the signalmustbe subsampledby a factorof
2. In the context of PARIMA modeling,implicationsof Theorem2 arebestrealizedin the casewhereall
interventionscanbe assumedo be of the sameduration. In this casethe wavelettransformprovidesa uni-
form partitioningmethodof the PARIMA sequencéto multiple ARIMA sequencesyith Theoren? giving
the minimum numberof decompositionsequiredfor intervention detection. If the expectedintervention
durationis short,only afew waveletdecompositiodevelswill berequiredeasingthe computationaburden.

Notethat Theorem?2 doesnot guaranteg¢hatall interventionswill bedetected.

As anexampleof aPARIMA processconsiderthe sequencgeneratedy thefeedbackARMA sequence

Xy = My +Xt|_1—|—8t|, ast Sba
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whereg;, ~ N(0,(5/4)?) was chosenarbitrarily with the intention of generatingsmall perturbationsabout
the meanfor a giveninterval. Sampleswere generateduniformly every 18ms,with eachconstant-mean
interval lastinganaverageof 375mswith a Poissondistribution. Thatis, interventionsweredistributedwith
an averageinter-arrival time of 375ms. An interventionwasinducedby the instantaneoushangeof mean

1, , distributedby the feedbackrelation

My = Hy_y + &

wheregy, ~ N(O, 128) waschosenarbitrarily with the intentionof generatindarge perturbations Thusfor
agiveninterval a <t < b, thesequence, is ARMA(1,0) with constanimeany, andconstanivariancesy, .
Interventionsaremodeledby instantaneoushangesn the meanfor a new interventionarrival. Theduration
of theinterventionis onesampleperiodlong,i.e., T = 18ms.Theoriginal time seriess plottedin Figure36
with overlayeddetectednterventions(dashedines) at two decompositiorevels (after thresholding—see
belov). Notethatdueto theinherentspatialdecimationof the wavelettransformthe modulusmaximaplot
hasbeenscaledin the abscissdy a factorof 2/. Notice alsothatnot all interventionswere detectedht this

scale(j = 2). Thisis dueto aliasingsinceinterventionandsamplingperiodscoincide.
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Fig. 36. PARIMA-modeledtime serieswith modulamaxima.

6.7.3 PARIMA SequencePartitioning

Oncethe modulusmaximapoints correspondindo interventionshave beendetectedn the wavelet trans-

form, the ARIMA sggmentscanbeisolatedby waveletcoeficientthresholdingprior to reconstructionThe
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intentis to substitutedatapointsoriginally correspondingo interventionswith easilydistinguishablevalues,
e.g.,.zero.Thisis accomplishedby decimatingwaveletandscalingcoeficientsthatcorrespondo significant
maximalocations.Uponreconstructiongdecimatedransformcoeficientswill generateearzerovalueswith

negligible noisepossiblybeingintroduceddueto neighboringregions.

Wavelet coeficient thresholdingmethodsin the context of statisticalanalysiswererecentlypopularizedoy

DonohoeandJohnstoneTheseauthorsintroducedwo generathresholdingules,namely

Thard(W;t) = wi(|w| > 1)

Tsort(Wit) = sgn(w)(|w| —t)wi(jw| > 1)

wherew refersto a waveletcoeficientandt > 0 is the giventhresholdvalue. Hard-thresholdings a ‘keep-
or-kill' stratey, while soft-thresholdings consideredshrink-or-kill' [Nas94. A particularlypopularchoice

of thresholdvalueis the universal thresholdgivenby

tuw= 6] vV 2log(n),

wheren is the overall samplesizeandd; is the samplewaveletdeviation at scalej [JS948. In mostthresh-
olding applicationghe designof thresholdingmultipliersis aimedatreducingnoise(see[DJKP96 CM95)).

In the context of PARIMA modelsthewaveletthresholdingule is basedn existenceof significantmodulus
maximaatthe correspondingpatiallocation. Modulusmaximavaluesarethemselesfirst subjectto thresh-

olding in orderto eliminatenoisy edgeartifactsfrom the eventualreconstruction.

Modulusmaximavaluesmay containinsignificantmaxima,i.e., modulusmaximapointspertainingto small
spatiallylocal perturbationspresumablylueto noise.For thisreasonamaximathresholdindilter is required
prior to waveletthresholding.This is accomplishedy trimming (remaoving) insignificantmaximavaluesat
eachscaleof resolution.An interestingapproachis prescribecdby CarmongCar93. Within eachresolution
level j, alevel of significancen is choserin theinterval (0,1). The100(1— a) percentiledenoteddy h;(a),
is computedrom the histogram# of maximavaluesatresolutionlevel j. If theabsolutevalueof awavelet
maxima,denotedby [M{x }(j)|, is smallerthanh;(a), the maximaat the currentlocationis suspectef
beingtheresultof the noisecomponenof the givensignalandis decimated.The problemof the histogram
approachs in thespecificatiorof thewidth of thehistogramintervals. Furthermoreary statisticaimeasuref
themodulamaximavaluesis usuallydependenvn anassumptiorof thevalues’distribution (with thenormal
distribution beinga frequentcandidate).In the caseof the modulamaxima,the distribution is not known.
It is known, however, thatdueto the selectionof maximamostof the enegy in the modulusmaximasignal
is devotedto singularities(edges)n the original signal. Therefore a pragmaticalternatve to the histogram

approachs the decimationof maximavaluesof smallamplitude. This is readily accomplishedy the hard
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thresholding

TharaM{x }(1)] = M{x} (D1 (IM{x (D) > aM{x}(])),

whereM{x}(j) denoteshe rangeof maximavaluesatlevel j. Sinceonly low-amplitudevaluesneedto be
decimatedp shouldbe small. With a = 0.05 for example,100(1 — a)% of therangeof valuesis presered.
Denotingthe thresholdparameteby ty = aM{x }(j), addsanotherparameteto the PARIMA model. The
trimmedmaximavaluesare usedwithin the indicatorfunction for wavelet coeficient thresholdingprior to

reconstruction.

Giventrimmedmodulusmaximainformation,waveletcoeficientsarehard-thresholdedothatthetransform
reconstructioryields zero valuesin placeof interventions. Soft-thresholdingof the coeficients (wavelet
shrinkage)would resultin waveletinterpolationyielding smoothednterventionregions. Sincethe goalis to
isolateARIMA sequencebetweeninterventions,wavelet coeficientsare hard-thresholde@decimated)y

thefollowing rule

Thara[W{X }(1)] = W{x}(DH{IM{x}(})] > 0),

where,atlocationt andscalej, W{x}(j) andM{x}(j) denotethewaveletcoeficientandmodulusmaxima,
respectiely. Thresholdingis alsoappliedto the scalecoeficients ensuringthat thresholdedegionsyield
nearzerovaluesuponreconstruction.Reconstructiorgeneratesoisedueto the influenceof neighboring
wavelet coeficients. The level of resultantnoiseis dependenbn the length of the reconstructiorkernels.

Thatis, morenoisewill begeneratedy waveletandscalingfilters of longerlength.

Thereconstructedime seriesfrom scalej = 2 modulamaximadetection,is plottedin Figure37. Isolated
segmentsarepresumedo be ARIMA sequenceandare subjectto individual ARIMA modelspecification
asdiscussedn §6.5and§6.4.

6.7.4 PARIMA Model Parameters

The proposedPARIMA modelis characterizedby compactly-supportethterventionsbetweenARIMA se-
guencesThe PARIMA modelis describedy thefollowing modelparameters:

e T: average(expected)interventionduration;only one parameteis requiredfor homogeneoumter-
ventions,requiring a searchfor all interventionsat a constantnumberof resolutionsof the wavelet
transform. Inhomogeneouterventionsincreasethe compleity of the PARIMA modeldrastically
and mustbe modeledby a variabledurationdescribingeachintervention necessitatingletectionof
interventionsat variouslevels of the wavelettransform.Theinterventiondurationparameteil deter

minesthewavelettransformdecompositiorevel j.
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Fig. 37. PartitionedPARIMA-modeledtime series.

e {p,d,q}, | €[1,n: ARIMA parameterslescribingeachsggmentbetweerthen+ 1 detectednter
ventions. Theseare implicit parametersn the PARIMA model. Eachtriple mustbe estimatedby
traditional ARIMA modelingtechniquege.g., Box-Jenkins). In all, 3n ARIMA parametersre re-
quiredto modeltheentireobserned PARIMA sequencelf certainARIMA subsequencemeassumed
to begeneratedby asingleprocessthe PARIMA modelcompleity maybereduced For example,if it
is assumedhatthe PARIMA systemis acombinatiornof two competingARIMA processemterrupted
by aninterveningprocessthenthe PARIMA modelwill requireonly 6 ARIMA parameterspamely
thetwo sets{p1,d1,01}, and{pz2,d2,02}.

e ty: modulamaximathresholdingparameterThethresholdvalueis determinedy fixing the valueof
thesignificancdevel a. Thisvalueis requiredto besmall.

e (@ : scalingandwaveletfunctions,respectrely. The choiceof thesefunctionsinfluencesthe inter-
ventiondetectionmechanism. The wavelet  mustapproximatethe first derivative of a smoothing

function,andis recommendetb belength-2.For thesereasonghe Haarwaveletis a suitablechoice.
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CHAPTER VII

EYE MOVEMENT MODELING

In the developmentof a gaze-contingerdystema modelof eye movementds necessaryor the exploration
of vision andits underlyingvisual stimuli. The needhereis to confidentlyclassify eye movementswithin
naturalhumanviewing patterns Assumingeye movementsomposeaf dynamicfixations(i.e., properfixa-
tionsandsmoothpursuitmovementsienoteovertlocationsof visualattention Jocalizationof thesefeatures

is crucialto a gaze-contingerdanalysisandsynthesif visualinformation.

Dueto its simplicity andeaseof implementationa particularly attractive strateyy for eye movementmod-
eling involveslineartime-invariant(LTI) filtering. Previous eye movementclassificatiorstratgiesutilizing

linearfilters are briefly discussedn this section.A conceptuaPiecavise Auto-Regressie IntegratedMov-

ing Average(PARIMA) model of conjugateeye movementsis then proposed. The PARIMA modelis a
piecavise-LT| representationf stochastisignals.Theanalyticalframevork of the PARIMA modelfeatures
awavelet-basedtratey for eye movementsggmentationlmplementationailssuesarediscussedandavideo
frame-basedtkechniquds offeredfor classificatiorof eye movementsnto smoothpursuits fixations,andsac-

cades.

7.1 Linear Filtering Approachto Eye MovementClassification

Classificatiorof eye movementdatathroughlinearfiltering hasbeenextensiely studied,andis not without
controversy Simplified linear modelsof eye movementsare attractive for eye movementdatapartitioning
dueto the availability andeaseof useof linearfilters. The primary objectve s to identify eye movementsn

termsof their signalcharacteristics.

In contrastto the linear modelsof the oculomotorsystemdescribedn §1V, herethe goalis to specifyfil-

tersdescribingthe obsened (external)signalcharacteristicef eye movements.The approacttakenfor the
specificatiorof thesefilter modelsfollowstime seriesmodeling,wherethe goalis to specifyafilter suchthat
givenaninputsignal,s, the output,x, resemblesvhite noise> Dueto the Slutzky effect (see§VI), if such
afilter canbefound,thentheinverse(sometimegalledreverselfilter will generatehe obsenedtime series
givenwhite noiseasits input. In this casethefilter (or its inverse)completelydescribeghe obsenedtime

series.Hence the goal of eye movementsignalmethodologypresentedhereis to modelthe obseredsignal

INotethatin §IV thesesymbolswerereversedsothats denotedhoise(input to the oculomotorsystem)
andx; symbolizedthe outputof the system(eye movements).
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by aninverseof thefilters usedto representhe oculomotorsystem.This modelingstrat@y is representeth

Figure38 (notethe dualuseof symbolss andx;).

Oculomotor model PARIMA model
input (noise) LTI svstem output (signal) input (signal) Inverse output (noise)
N Y X s LTI system X

Fig. 38. Linearfilter modelingstrateayy.

A majorcontroversysurroundingeye movementmodelingthroughlinearfiltering centerson theinadequate
representatioof the nonlineamatureof the oculomotorsystem(see§7.6.1belon). Contemporarpculomo-
tor modelsattemptto explain the inherentnonlinearitiesof the neuralsubstratealthoughlinear methodgor
eye movementidentificationarestill in usetoday[Car9§. In spiteof their simplistic representationf the
theunderlyingprocessedinearfiltering stratgyiesprovide a goodfirst approximatiorof the neuralcontroller
signal[WNS84.

BuizzaandAvanzinirejectfrequeng domainanalysisin favor of thetime domain[BA834. Theauthorsare
primarily interestedn smoothpursuitsignalsandremove the saccadicomponenby linearly interpolating

betweersaccad®nsetandtermination.

Cabiatiet al. presenta real-timesaccadealetectionalgorithmthroughlinear high-pasdfiltering [CPSZ83.
Denotingtheobsenedeye movementsignalby theinputs, andtheLTI filter outputby x;, thehigh pasdilter

is definedas

1 k
X = ﬁ ;gka—k;

wherek € [—3, 3] with coeficients{—3,-2,1,0,1,2,3} andn = 2k + 1.

KarshandBreitenbactconcentraten fixationsby partitioningraw eye movementdata[KB83]. Thecritical

stepin theirimplementatiorconcernghe datasamplingrateandthe choiceof numberof datapoints(cluster
size)neededor fixation classification.Theonsetof fixationis determinedhroughanaveragingprocessls-
ing a 60Hz samplingrate,the authorsshow varying scanpathnterpretationsvith clustersizesof 2—-8points

andsuggesb datapointsassuitable.

Shebilske andFisherwarn of the dangersof choosinganinappropriateclustersizein the context of reading

studies[SF83. A clustersizeof 2, for example,tendsto overestimatéhe numberof wordsfixatedandun-
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derestimate$ixation durations.Shebilslke andFishermake a point of differentiatingbetweenglobal effects
(e.g.,statisticsover thewhole page)andlocal effects(e.g.,statisticsover a singlesentencejvhenevaluating

readingperformance.

A specificaim of the preseninvestigationis the evaluationof the waveletapproacHor eye movementclas-
sification. Dueto the inherentlinear natureof the wavelettransformiit is undoubtedlyan oversimplification
of the underlyingprocess.NeverthelessGyaw and Ray suggesthe feasibility of usingwavelettransform
zero-crossingasatool for classificatiorof biosignalpatterndGR94]. TheauthorsuseDWT zerocrossings
asstudiedby Mallat (se€§5.3)to characterizé&lectro-CardiogranfECG)signals.Thepresentvavelet-based
techniquefor saccadédocalizationis basedon Mallat's strateyy for detectionof modulusmaximainsteadof
zerocrossings.Similar to the high-pasdiltering saccadaletectionof Cabiatiet al., the presentmodeluses
alinearfiltering approacHor saccaddocalization,utilizing the Haarwaveletis usedat multiple scaleqsee

below).

In contrasto BuizzaandAvanzini's model,the presenimodelingstrateyy operatepartially in thefrequeny
domainthroughwaveletanalysis.The main advantageof waveletsover traditionalfrequeng domainmeth-
ods(e.g., Fourier transform)is the spatiallocalizationpropertyof the compactlysupportedvavelet filters
(see§V). Similar to BuizzaandAvanzini’s model,datacorrespondingo saccadess removed. Unlike their

model,interpolationbetweersaccad@nsetandterminationis not performedn the analysis?

The presenivavelet-basedPARIMA modelidentifies(dynamic)fixationsby assuminghesepatternsarede-
lineatedby saccadesln a sensefixation identificationfollows a deductve argument,i.e., with the saccadic
componentemoved, theremainingsignalis assumedo be composedf all othertypeskinds of eye move-
ments,e.g., fixations (definedby noise-like miniature movements) smoothpursuits,or the slow phaseof
nystagmus.This deductve strateyy alleviatesthe concerngaisedby Shebilsle andFisherregardingcluster
size allocationfor fixation detection. Clustersize determinationis insteadrelegatedto saccadealetection,

wheresignalidentificationis dependendnthe chosertemporalinterval.

The goal of the proposedmodelis to detectdynamicfixationsin eye movementdata. As such,the models
purposes oneof patternrecognition.Although criteriafor eye movementpatternsarederived from known
characteristic®f the oculomotorsystem the objective is not a modelof the neuralsubstratetself. Rather

theproposednodelis a (dynamic)fixation algorithmbasedn the detectionof saccades.

2Interpolationis performed,however, in the Volume Of Interestvisualizationof eye movements(see
§VIII), andin thepreattentie VOI strateyy for videoprocessingseesXIll and§13.1.1).Inter-saccadsignal
interpolationis notdirectly relatedto the presentlescriptionof the model.
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7.2 Conceptual Specificationof the PARIMA Model

In theproposedPARIMA eye movementmodel,thethreeprincipaltypesof eye movementqsaccadedjxa-

tions, andsmoothpursuits)areidentifiedthroughthe detectionof saccadesSaccadesre modeledastime-
limited meandiscontinuitiesof thetime serieswith interventiondurationE[T] = [10,100ms. The expected
saccadelurationof 10—-100msis basedon reportedsaccadeharacteristic§Fin92]. Fixationsand smooth
pursuitsaremodeledastwo competingARIMA processedenotecby theparameter§ps,0,ds }, {ps,ds, 0s},

respectiely. NotethatfixationsaremodeledasARMA sequencesAll othertypesof eye movementse.g.,
microsaccadedremorsandshifts, areassumedo be noisecontainedwithin the threeprincipal movement

typesandarenot explicitly recognizedy the proposednodel.

Consideringhe feedbacknatureof the oculomotorsystem,andusingthe linearity assumptiorfor obsened
eye movementsignals,the proposedPARIMA linear filter modelsconjugateeye movementsas shavn in

Figure 39. The outputof the PARIMA modelx is symbolizedby a circuit switch representinghe neural

fixations

filter
\_/ hf

neural
switcher
saccades et

' output
X

input filter !
% g 3
smooth pursuits

+ filter
] he

Fig. 39. Block diagramof a simplelinear systemmodelingconjugatemovements.

integrator Modeling the oculomotorsystem,the neural switch selectsthe requiredtype of eye movement
resultingin a temporallyintegratedmulti-componensignal. From a signal processingperspectie, at ary
giventime, the active filter describingthe currentsignal sgmentis the one generatingwvhite noise. In the
oculomotorsystem,the input signals is characterizedby white noise,andthe filter generatinghe signal
X is drivenby aninternalcopy of the visual ervironment. In the signalmodel,s representshe obsened
signal. Provided the appropriatdfilter representinghe inverseof the oculomotorcounterparis actve, the
generateautputx will resemblenoise.Conjugatemovementssuchasvestihular or optokineticnystagmus,

aretemporallyrepresentetby “switching” the systembetweensaccadeandsmoothpursuits. This type of
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saccadibypasf the pursuitfeedbackcoincideswith proposednechanismsf neuralintegrationbasedon

thesimplifiedassumptiorof linearsummation(seefor example[Car77, p.288]).

7.2.1 Fixations

Fixationsarecharacterizethy theminiatureeye movementsremor, drift, andmicrosaccadesn the PARIMA
modelrepresentatiorthe stochastisignalcorrespondingo fixationsis describedy thelineartime-invariant
filter h;. Miniature eye movementscorrespondo the varianceof the system.Specifically the outputof the

systemx; is assumedo bewhite noise.In thetime domain fixationsaremodeledby thefollowing equation

X = Y hils—k—%-k)
k=0
(7.1) = htg(s —%) +hiy(S—1—%-1) +hy(s82—%-2)+--,

or in thez-domain,
X(2) = Ht (9 (S(2) = X(2))-
Supposinghatthefilter Hs represents stableandcausakysteme.g.,
H(2) = hty+hiyz+hi 22+,

thenthefilter H¢(z) canberepresentetly arationalfunctionin zor ARMA modelof theform
Bt (2

At(2)

bto+br,z+ b2+ + bquq
afy+af,z+as,22+ -+ af pzp'

Hi(2) =

(7.2) -

The ARMA coeficients {as} and {bs} canbe obtainedthroughPacé approximation(see[RS79 §4.11]
for the derivation and subsequenalgorithm). Substitutingthe rational approximationof Equation(7.2) in

Equation(7.1) gives

X@) = Hi@(S)-X)
& = 2s0-x@)

Expandingequation(7.3)in thetime domain,
argX +ar X1+ +ar X—p =
bro(st — %) + bty (S-1—%-1) + -+ + bt (S—q — Xi—q),
gives
argX +ar X1+ +ar X—p+broX +bryX-1 4 +br g =

brg(s) +bry(s-1) + -+ +bro(s—0),
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which is succinctlywritten in summatiorform as

p q q
(7.4) ;af K-k + %bkat—k = %bfkst—k;
= = &

resultingin the generalARMA model of fixationsin termsof the autorgressie (AR) coeficients {as},
and the moving average(MA) coeficients {bs}. This modelis succinctly representedy the notation
ARMA( ps,qs) wherep; andqgs denotethe numberof AR andMA coeficients,respectiely, for eachidenti-

fied fixation segment. Thatis, eachfixationis representetly a (possibly)differentnumberof coeficients.

Therationalapproximationof H(z) andhencethe ARMA( ps,gs) modelis a parsimoniousimplificationof
theinversesimplelinearfixation modeldescribedn §1V. Recallthatfixationstherearemodeledby an es-
sentiallyidenticallinearfeedbacksystemasthatusedfor smoothpursuits gxceptfor theimplicit assumption
of stationarityof fixations. Save for this constraintthe smoothpursuitfeedbacksystemis derived from the

ARMA( ps,qs) fixation modelby examiningEquation(7.4) in the zzdomain

p q q
k;af WXe—k + k;bkat—k = k;bfkst—k
(7.5) A(2X(2) +B(2X(z) = B(292)
X(2(A9+B(2) = B(@2S?

X2 _ B@
(7.6) 9 - AD+BE

The collectionof termsin Equation(7.5) is performedby appropriatelypaddingsummatiortermsif p # q.

For example,if p < g thenthe summationinvolving the {a¢, } coeficientsis paddedwith q— p zeroterms.
Theanalogoumperationis usedfor the summatiorinvolving the {bs, } coeficientsif g < p. Multiplying by

1/A(z) boththe numeratoranddenominatoof theright handsideof Equation(7.6) gives

X@ _ a9
S(2) 1+23
_ H@®
(7.7) ~ 1+H(®2’

which representshe noise-to-signa(X(z) /S(2)) ratio of the system. This is the inversefilter of the linear

feedbackmodelof smoothpursuitsdiscussedhn §1V whereX(z)/S(2) representedignal-to-noise.

The ARMA( ps,qs) modeltacitly assumeseanstationarityof thesignal. The stationarityassumptiorcanbe
denotedexplicitly by extendingthe ARMA( pt,gs) modelto ARIMA notation,with the numeralO standing
in for the parameteds, i.e., ARIMA( pt,0,qs). Theassumptiorof a stationarymeanreflectsthe expected

temporalclusteringof obsenedmeasurementsf true fixationsaboutthe point of regard.
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7.2.2 SmoothPursuits

The stationarityassumptionnvokedin the ARMA( pf,qs) modelof fixationsis relaxedin modelingsmooth
pursuitmovementsThefeedbackmodelis derivedasfor thefixation model,with coeficients{as} and{bs}
distinguishedby subscripts. The numberof coeficientsis alsodistinct from the fixation model denoted
by parameterss,gs. Sincestationaritycannotbe assumedor smoothpursuits,the parameteds is made
explicit, giving the full ARIMA( ps, ds, 0s) modeldesignation.The resultingsimplelinear feedbackiilter's

transferfunctionis identicalto the onegivenin Equation(7.7).

Theonly differencebetweerthe fixation andsmoothpursuitmodels(apartfrom distinctmodelparameters)
is the imposedcondition of stationarityon the fixation signal. This expectationis reflectedby settingthe
implicit d; parameteto zero.For smoothpursuits this parameters necessarilyyon-zerosinceatrendin the
signalmeanis expected.The parameteds specifieghe numberof “dif ferencing”operationgequiredon the
signalin orderto eliminatethis trend. In the Box-Jenkinsapproacha signalshaving atrendin themean(an
ARIMA process)s differentiatedenoughtimessothatit canbe adequatelydescribedby an ARMA model
(seegVI).

In applyingthe above modelto the analysisof eye mavementsthe parameter ps,0,q:} and{ps,ds,qs}
for fixationsand smoothpursuits,respectiely, neednot ever be explicitly determined.Sinceobsened eye
movementdatais anexpectedconjugatesignalcomposeaf fixations,smoothpursuits,andsaccadeghefull
analysisof the signalrequiresidentificationof thethreesignalcomponent$ollowedby the determinatiorof
parameter$or eachcomponentWith respecto the 5 parameterg ps,0,qs} and{ps,ds, s}, the complex-
ity of a full analysisincreases-fold with r = m+ n wherem, n arethe numberof classifiedfixationsand
smoothpursuits,respectiely. Thatis, eachfixation instancerequiresthe determinatiorof a distinct setof
coeficients. Althoughall fixationsmay be approximatedy the samelinearfilter systemiit is unlikely that
the saméfilter coeficientscanbe usedfor eachfixation sgment.Thus,if in agivenfinite eye movementse-
guencen fixationinstancesreidentified,m setsof coeficientswill berequired onefor eachsignalsegment
correspondingo afixation. Similarly for smoothpursuitsequencedror this reasonthefixation andsmooth
pursuitparameterq ps,0,q: } and {ps,ds,0s} are never calculated. Theseparametetuplesare only used
to conceptuallydistinguishfixations from smoothpursuits. In practice,smoothpursuitsare simplistically

regardedasdynamicfixations,i.e., non-stationarys. stationary

For temporalvisualizationof eye movementsand hencevisualizationof overt visual attention,the goal of
the analysisis the localizationof the dynamiccourseof fovealvision. Identificationof (dynamic)fixations
follows a deductve argument.Sinceeye movementsareassumedo be generatedby a “switchedcircuit” de-

pictedin Figure39, it follows thateliminationof oneof the circuit pathswill resultin asignalcharacterized
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solely by the remainingcomponents.In essencethe goal of identificationof dynamicfixationsreducego

thelocalizationof saccades.

7.2.3 Saccades

TheARMA modelof saccadess alinearfilter designedo detectshort-terntime seriesgnterventions.Specif-
ically, thefilter is designedo detectedges,or stepfunctions,in time. The ARMA linear systemis fully

specifiedby thefilter g in thetime domain,

X > GkSt—k
o

(7.8) goS + 0181+ OoS—2+ -+,

or in thezdomain,
X(2) = G(292),
with transferfunctiongivenasthe noise-to-signatatio,

Y2 = 6@

90+912+9222+---.

By choosingthe Haarwaveletwith coeficients{1/+/2, —1/+/2}, thetransferfunctionbecomes

X@ _

9 G(2)
- 1t 1
B \/i \/QZ’

which is a scaledinverseof the filter modelingsaccadesn the oculomotorplant (see§lV). In thetime

domain,thefilter modelingthe obsenedsignalis specifiedby thelinearmoving average(MA) model,

X = Qo +018-1
1 1
7.9 = —=5——=5%-1,
(7.9) ﬁ& ﬁst 1

or anARMA(0,0,1) sequenceln practice,Equation(7.9)is appliedat a diminishedtemporalscaleover the
subsampledignal. Thetemporalscaleis governedby the expecteddurationof saccade$10-100ms)yndon

thedatasamplingrate.

7.2.4 WaveletModel of Temporal Time Series

The proposedramework for temporalanalysisof eye movementtime seriesis the DiscreteWavelet Trans-
form (DWT), describedn §V and§VI andspecificallyin §5.3, §6.7 and§6.7.2. The DWT is chosenfor
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its spatiotemporalocalizationproperty In this section,a generalwavelet-basedechniqueis presentedor
temporalsaccadealetectionwithin a time seriessignal representatiomf eye movements. Implementation

stratgyiesarerecommendeth thefollowing section.

Recallthewavelettransformof § atscalej andposition(time)t is the convolution product

WystH(j) = s = Wj(t),

with wavelet ) andimplicit translationparametek. Saccadesorrespondindo sharpvariationpointsare
detectedy finding the local maximaof the modulus|{Wys } (j)|, assuminghewavelet approximateshe
first derivative of a smoothingfunction (see§5.3). This criterion is satisfiedwith the choiceof the Haar
wavelet. At eachscalej, local modulusmaximaarelocatedby finding the pointswhere|{Wys } (j)| is larger
thanits two closesteighborvalues,andstrictly largerthanat leastoneof them[MH92]. Thatis, amodulus

maximaM{s }(j) is locatedat scalej andlocationt if:

{Wys-1} ()| < {Wos}(D)] = {Wysi+13(j)l, and
{ {Wos (DI > {Wys-1}(J)l,  or
{Wyst} (DI > {Wps+1}(D)I-

Modulusmaximavaluesaresubjectto the hardthresholdingule,

Thaa[M{s}(1)] = M{s} ()1 IM{s} ()| > aM{s}(})),

whereM{s }(j) denoteghe rangeof maximavaluesat level j, with modulusmaximathresholdparameter
o = 0.05. Toyield zerovaluesin thetime seriesat the locationof interventionsuponreconstructioni.e., to
isolatethe ARIMA sequencebetweeninterventions,wavelet coeficientsare hard-thresholde(decimated)

by thefollowing rule

Thara[{Wyst }(J)] = {West }H(DT(IM{s}(5)| > 0),

where atlocationt andscalej, {Wys }(j) andM{s }(j) denotethewaveletcoeficientandmodulusmaxima,

respectiely.

To completethe specificatiorof the saccadeletectionmodel,the Haarscalingfunctionis usedfor temporal
decompositionandthewavelettransformdecompositiorievel j is derivedfrom theeye movementsampling
rate. Thecurrentexperimentahpparatusperatesvith anaveragesye movemensampleperiodof s, = 18ms,

giving atemporaldecompositionevel of

i > Iogz(s )+1

i
Tmin



142

=

v Vv
N

7.3 Implementation Recommendations

The goal of the proposedmodelis to detectdynamicfixationsin eye movementdata. As such,the models
purposes oneof patternrecognition.Although criteriafor eye movementpatternsarederived from known
characteristic®f the oculomotorsystem the objective is not a modelof the neuralsubstratetself. Rather

theproposednodelis a (dynamic)fixation algorithmbasedn the detectionof saccades.

A numberof computationabtratgjiesareavailablefor saccadaletection.eachdependenbn anappropriate
representationf the raw eye movementdata. Defining raw Point Of Regard (POR)eye movementdataby
tuplespi = (i, Vi,ti), for i € [1,n], the setof datasamples{ p,} definesa three-dimensionadye movement
trajectoryin space-time The choiceof anappropriatestratey for trajectorypartitioning(e.g.,throughsac-
cadedetection)dependson the trajectorys mathematicatepresentation Differentmethodologiesnay be
suitablefor thistask. For example the samplesnaybeapproximatedbyy B-Splinessubjectto aregularization

constraintwhereeithertime is usedasthe parametriovariable.e.g.,

x=s(t), y=s/(1),

or thecurveis parameterizetly anarbitraryvariableu, e.g.,
x=s(U), y=s/(u), t=s(u),

wheres representshe spline. The former stratgly emphasizeshe dynamicform of the three-dimensional
curve,wheresaccad@nsetsandterminationsarerepresentedly a clusterof controlknotsproportionatto the
degreeof saccademplitude.For example,a sharpdiscontinuitycorrespondingo a saccadevill requirethe
insertionof severalknots,proportionatto the spline’s smoothingparameterThelatterrepresentatioempha-
sizesthe geometricform of eye movementsn x,y,t. In this casea saccadewill typically have a parameter
spacei.e., u) distancebetweerthebeginningandendof thesaccadgroportionalo its arclength. Numerous

automationethodsareavailablefor splinecurvefitting, for examplesee[Die93).

Alternative representationsf the eye movementtrajectoryrely on a direct mappingof theraw datatuples,
i.e., without a priori curve approximation.First, vectorscanbe usedto representhe sampledpoints,e.g.,
(%, %), in which casethe PARIMA time seriesanalysisappliesdirectly in a multivariatesense Secondthe

sampleddatacanbe mappedo imagesequencéramesf (x;, Vi, ), definedascharacteristidunctionsof the
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samplepoints:

. _ 255 VXi,Yi,ti, iE[]"n]’
fO4,vi,t) = {0 otherwise.

In this case the applicationof wavelet-basedmageprocessingtratgiesfor spatiotempora¢dgedetection,

discussedh §V, is straightforvard.

The PARIMA modelof eye movementss independenbf the representationf the data. The model's con-
jugatedescriptionof eye movementscanbe usedto guideeye movementtrajectorysegmentationin all rep-
resentationsalthoughthe implementationof the saccadedetectionmethodis different. In the latter two

representationfzectorsandframes) the LTI wavelet-basediltering approactis directly applicable.

In all but the frame-baseapproachsynchronizatiorbetweeneye movementsamplesand stimulusvideo
framesis implicit. The frame-basedpproachprovidesthe flexibility to vary the temporaldistribution of
characteristi¢unctions(i.e., the frames)at the costof reducedemporalresolution.Thatis, datasamplesare
temporallypooledon framesdependingntheratior = st /s, wheres, is thedatasamplingperiod,ands; is
theinter-frameperiod(inverseof framerate). For example,if the eye movementdatais samplecat a period
of 18ms,but framesaredistributedat a rateof 16fps(inter-frameperiod62.5ms)thenr =~ 3.5, meaninghat

3-4 datasampleswill bepooledperframe. The mappingof samplepointson framesis thenexpresseas:

oty 255 VXx,vi.t, i€[1,n]
(7.10) f(x"y"{EJ)_{ 0  otherwise,

wherethe fraction Lti /th mapsthe sampledatapoints’ time stampsonto frameindicesdenotedby t;. For
example,if t = {0,18,36,54,72,90,...} representshetime stampf thefirst 6 datasamplesthenthefirst
four samplesare mappedonto the first (zeroth)frame, andthe next two samplesare mappedonto the next

frame,e.g.,thecorrespondindgrameindicesarets = {0,0,0,0,1,1,...}.

In the currentimplementationthe frame-basedpproachs chosenin orderto synchronizesye movement
sampledatawith stimulusvideo frames. This implementationatlecisionsacrificestemporalresolutionfor

easeof representationf the eye movementdatain stimulusvideoframecoordinates.

7.3.1 Frame-basedimplementation of the PARIMA Model

To facilitatecomputationameansof fixation detectionthroughwavelet-basedmagesequencanalysis raw
eye tracker datais composednto a 16fpsvideosequencevherethe eye tracker datais representetyy white
pixelsonablackbackgroundVideoframeresolutionmatchegheeyetrackerresolution(currently512 x 256
at60Hz). In videoformat,eyetracker datais submittedto anisotropic3D wavelettransformanalysis.Dueto

limited computationatesourcesanalysiss limited to 128frames(8 secondsvorth) of data.Eyemovements
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areconsiderednultivariatetime serieswherespatiotemporaéye movementsamplesarerepresentedy the
characteristidunctiondefinedby Equation(7.10)above. Equation(7.10) specifiegthe mappingof raw POR

dataontoinitially emptyvideoframescomposedf O-intensitypixels.

It is assumedraluesf (Xo, Yo,to) arecorrelatedwith their neighborsf (xo + AX, yo + Ay, to + At), over some
measurablysmallvolume (Ax, Ay, At). Numerousmultivariatetime seriesanalysismethodsexist, including
testsfor normality, statisticallinearvs. non-linearindependencendthe specificatiornf non-linearmodels.
In the presentcontext, the primary concernis the detectionof dynamicfixationswithin the eye movement
series. To this end, eye movementsare tacitly assumedo be non-stationarystatistically linearly depen-
dent signals, where fixations and smoothpursuit movementsare modeledas Auto-Regressve Integrated
Moving Average(ARIMA) sequencedelineateddy discontinuitiesof limited duration.In otherwords,eye
movementsaremodeledaspiecavise-ARIMA (PARIMA) sequencewheredynamicfixationsarelocalized
betweerdiscontinuousaccadesSmoothpursuitmovementsandfixationsaredistinguishecasARIMA and
ARMA sequenceggespectiely, i.e., fixationsare characterizedby a stationarymean,whereaghe meanof

smoothpursuitmovementds assumedo be nonstationary

7.4 Three-dimensionalConsiderationsin the Frame-Basedimplementation

Extendingthe generalone-dimensionalvavelet time seriesmodel of eye movementsto the frame-based
implementatiorin threedimensiongequiresa spatialdecompositiorstepprior to temporalanalysis.Spatial
decompositionis requiredto overcomethe frame-to-framecorrespondencproblemof single-pidel raw eye
tracker locations. Temporalanalysisof the DWT is carriedout on a per pixel basisbetweernvideo sequence
frames.Thegoalof thetemporaknalysiss to locatediscontinuitieccurringbetweerframes.In essenceyy
applyingthe waveletfilter betweerframepixels, discontinuitiesarelocatedin the transformby finding high
amplitudewaveletcoeficients(i.e., pixelsof valueover a giventhreshold).In generala pixel valueexceeds
thethresholdonly if thereis asignificantintensitychangebetweenthepixellocationin two successieframes,
e.g.,
f(xyt) — f(xyt+1) >T.

Thedifferencebetweersuccessie framepixelsis expressedyy thewaveletcoeficients,giventheappropriate

choiceof waveletfunction (e.g.,the Haarwavelet). Two successie pixels generallypresenthe following

cases:
1. f(x,y,t): black, f(x,y,t + 1): black
2. f(x,y,1): black, f(x,y,t + 1): white
3. f(x,y,1): white, f(x,y,t + 1): black
4. f(x,y,t): white, f(x,y,t + 1): white
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whereawhite pixel representsaw eye tracker data the so-calledPointOf Regard,or POR.Casel represents
a steadyblack ‘background’'whereno PORwasrecordedj.e., no eye movementoccurredacrosshis loca-

tion. Cased representa steadywhite ‘foreground’suggesting steadyeye movement(atleastbetweerthese
two frames). Both casesl and4 will not be identifiedasa discontinuitysincethereis no changebetween

pixel valuesfrom frameto frame.

Considerfor the momentthe simplistic caseof ‘perfect’ eye movementscomposedf only ‘perfect’ (e.g.,
noise-freeYixationsand‘perfect’ saccadesyherefixationsdo not vary from pixel-to-pixel over time. Sac-
cadessimply changepixel locationswherespace-inariantfixationsoccur In this casethe one-dimensional
DWT, working on aperpixel basiswould easilylocatefixationsby detectingsaccadeasfixation endpoints.
Case® and3represenachangean POR,wherein the‘perfect’ visualsystemthis changecanbeinterpreted

asa fixation onset(case?) or fixation cessatior{case3).

Real eye movements however, vary over space. In particular the non-saccadeye movementssoughtby
the presenDWT strateyy, tendto shift in space.A fixation mayvary in time over a small neighborhoodf
pixels,i.e., pixelssubtendedby somesmallvisualangle.Smoothpursuitmovementsdependingn velocity,
will alsodrift over a smallnumberof pixels betweena smallnumberof frames,dependingon thetemporal
resolutionof the eye movementvideo sequenceAlthough this variationmay be small betweensuccessie
frames,case®? and3 above canno longerbe interpretedsimply asonsetor cessatiorof fixations. In reality
case and3 maystill reflectfactualfixationsprovidedthata varianceof a smallnumberof pixelsis consid-
ered. This uncertaintyis referredto asthe correspondencproblembetweervideo framesrepresentingye

movementdata.

To overcomethe correspondencgroblem,a realisticspatialpixel neighborhoodnatchingnaturaleye move-
mentspatialvariancemustbe consideredn the three-dimensionadDWT analysis. In the above illustrative
casejf the neighborhoods extendedto a suflicient numberof pixels,thenpixelsthatwere‘misaligned’are
broughtinto overlap.As long asoverlappingpixelsarepresentn thevideostreamthe onsetandcessatiorof
dynamicfixationeventswill becorrectlyclassifiecby thetemporaDWT asin the simplecase Extendingthe
local pixel neighborhoods equialentto eitherspreadingcopying or zooming)individual pixel valuesover
somesmall region, or subsamplingpixel valuesby the equivalentamount. The ideais to give up a certain
level of resolutionin tradefor provision of greaterspatialvariance. Subsamplingvideo framescontaining

eye movementinformationis naturallyperformedby the scalingfunction of thetwo-dimensionaDWT.

To properlyclassifyeye movementsa sensiblenumberof spatialdecompositiodevels mustbe determined.

The numberof decompositiorievels correspondso the extent of 2D spatialscalingprior to the temporal
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analysis. The criterion for the extent of spatialscalingis governedby maximal spatialeye movementde-
viationsover inter-framedurationsat the given spatialresolutionof the eye tracker data. The resolutionof
the availableeye tracker is 512 pixels horizontallyand 256 pixels vertically at a samplingrateof 60 Hz. To
calculatethevisualanglesubtendedby the eye tracker, the dimensionof the monitorwherethe visual stim-
ulusis displayedmustbe consideredPresentlya 21" televisionis used.The horizontalandvertical display
dimensionsareobtainedirom thefollowing ratios,

3 height 4 width
57 217 57 21°

gives 16.8 x 12.6 width x height,in inches. The effective resolutionin dots per inch (dpi) is found by

dividing the numberof pixelsby the monitordimensions,

512

6 . . :
168 = 20.32 = 20dpi(vertical)

= 30.47 = 30dpi(horizontal) 126

With no decompositionit is assumedhateachpixel correspondso atrue point of regardasprovidedby the
eyetracker. Usingtheeffective horizontalresolutionof 30dpi,eachpixel roughlycovers1/30= 0.03inches
of thestimulusdisplay Assuminga60cmviewing distanceeachpixel subtendftar?! (.03/(2x23.622)) =
0.07° visualangle,where23.622is the viewing distancen inches.Eachlevel of decompositiorhasa two-
fold effectonthesubtendedisualangle:first, theeffective eyetrackerresolutions decreasetly 2 (assuming
dyadicscaling);second gachpixel representingye tracker datanow representswice the numberof pixels
in eitherhorizontalor vertical direction. For example,at 1 level of decompositionthe resolutionof the eye
tracker datais reducedo approximatelyl5 dpi, while eachpixel is spreadovera 2 x 2 region. Thatis, the
width of pixelsrepresentinghe point of regardis now 2, giving awidth of 2/15= 0.133inches.Denoting
theradiusof the baseof the visualangleby r, calculatedashalf the width, the visualangle® subtendedy

thePORregionis givenby
_ YAl
6 = 2tan (D)

0.066
—1 bt
2tan (23.622)

0.32°.

Extendingthesecalculationsover successie dyadicdecompositionproducesvaluesgivenin Table9. The
significanceof the subtended/isual angleby the PORis thatthe pixel region at eachdecompositiorievel
containsPOR datawithin that visual angle. At threedecompositiorlevels, for instance all recordedeye
movementswithin aregion of 4.84 visualanglewill bepresenin the8 x 8 pixel region. Furthermoregach
singlepixel at the original resolutionwill extendover the entireregion. This is repeatedver all framesin
the video sequence®f eye movements.In this way the matchingregion betweernframeshasbeenextended
to considerspatiallyvaryingeye movementover 4.84 visualangle.If aPORcorrespondingo afixationis

presentat somelocationin oneframeandvariesno morethan4.84 thenassuminghefixation persistanto
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TABLE 9
Resultingsubtendedisualangleof PORat dyadicspatialsubsamplindevels.
Decompositiorievel Effectiveresolution PORwidth | Visualangle

width x height | dpi | pixels in degrees
1 256 x 128 15 2| 0.13 .32
2 128 x 64| 8 4 0.5 1.22
3 64 x 32| 4 8 2.0 4.84
4 32 x 16| 2 16 8.0 19.22
5 16 x 8 1 32| 320 68.22
6 8 x 4105 64 | 128.0 139.48

the next imageframe,its subsequerPORwill appeamithin the subsampledegion overlappingthe current
PORIocation. In this casethe temporalDWT will detectno significantchangein the overlapbetweenthe
regions.Continuingthe tablevaluesfurtherexceedghe usefulnes®f subsampledatafor temporalprocess-
ing. Eventually if themaximumspatialdecompositions reacheddecomposeffameswill containonepixel
giving the erroneousnterpretationof a steadyfixation at the centrallocationof the visual field. Excessie

spatialcompressiomesultsin alossof positionalinformation.

To make useof thevisualanglevaluespresentedh Table9, pursuitmovementvelocitiesshouldbeconsidered
overinter-frameperiodsto matchthetemporalDWT analysis.Thevelocity of the slow phaseof smootheye
movementgangegoughlyfrom 10° —50° s~ [Car77, §3, p.37]. Sincethe eye movementvideo sequencés
composedt 16 fps, theinter-frameperiodis 1/16 = 62.5 ms. The DWT temporalanalysisatthe previously
specifiedwo temporaldecompositiotevelsexaminespixel differencest half thisresolutionj.e.,ataperiod
of 125ms. Theexpectedangeof smoothpursuitvelocitiesoveraperiodof 125msis 1.25 —6.25 asderived

below:

100 .0r° .625 1257 50° .05° 3125 6.25

1s _ 1ms 625ms 125ms 1s  1ms 625ms  125ms

To matchthe expectedspatialextentof the slow phaseof smoothpursuitmovementsthe closestdecomposi-
tion level offeredby the dyadicspatialDWT is 3 providing detectionof velocitiesnot exceeding38.7 s™1.

Higherdecompositionevelsrun therisk of over-averagingPORdata.

7.5 Automatic Algorithm Specification

The PARIMA eye movementmodelrelies on the spatio-temporatletectionof saccadeén eye movement
data.In the currentimplementationautomaticsaccadeletectionis performedover dataassembledh video
framesasdescribedabove. Thatis, eye movementdatais assemblednto a video sequencef (x,y,t). The

following stepsspecifythe automaticsaccadaletectionalgorithmperformedthroughthe applicationof the
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anisotropicdhree-dimensionalavelettransform.

1.

N o 0o~ WDN

Spatial2D (intra-frame)waveletdecomposition.

. TemporallD (inter-frame)waveletdecomposition.

. TemporallD (inter-frame)modulusmaximadetection.
. TemporalModulusmaximathresholding.

. Temporalwaveletcoeficientdecimation.

. TemporallD (inter-frame)reconstruction.

. Spatial2D (intra-frame)projection.

8.

Region of interest(eye movementdatapoint) grouping.

Eachstepis summarizedelow.

7.5.1 Spatial 2D (Intra-Frame) Wavelet Decomposition

Eachframeis decomposetb 3 levels. Expressinghis decompositiorconciselyfrom §5.7,

fiotyt) = ;(hk®hm)f(;p(zx+k,zy+m,t)
,m

fhg (K%)= ;<gk®hm)f¢p<2x+k,2y+m,t)
,m

fap OGY) = ;<hk®gm)f(;p(zx+k,zy+m,t)
,m

fhproyt) = ;(gk®gm)f(;p(2x+k,zy+m,t)
,m

givesthe four component®f the 2D wavelettransform. Collectively, thesedecompositiorcomponentgre

denotedby the 2D wavelettransform:

(W (Y1) bxy(§) = { T 06 %1), T 06 1), T 06 W0), fy (6 Y1)}

This stepis performedto overcomethe inter-frame pixel correspondencproblemby essentiallyaveraging

spatialeye movementdataon a perframebasis.

7.5.2 Temporal 1D (Inter -Frame) Wavelet Decomposition

The entiresequencetreatedasa now one-dimensionasignal,is decomposetemporallyto 2 levels. Using

thenotationfrom §5.9,

totoyt) = thf.iq)(x,y,zwk),

ttoyt) = ngf.@qxx,y,zwk),
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giving the 1D temporalDWT:
Wy, h()) =
f.J:(p(Xa Y, 1)7 fJLlJ (X7 Y, 2)7 RS f.J:(p(Xa y,n— 1)7 fJUJ(Xa Y, n) .

High- andlow-passfiltered framesarerearrangedorming two n/2 sequences.

7.5.3 Temporal 1D (Inter-Frame) Modulus Maxima Detection

To detecttemporaldiscontinuities,only the 2D spatially subsampledrame quadrantsare used. Thatis, a

modulusmaximaM{ f1(x,y,t)} is locatedat scalej andlocationt if:
[ fop (Yt =D < [fogy(Yt)] > [ (%Y.t +1)], and
o %D > [fggy(xyt=1)|, or

flap (WD > [, 6yt + 1)
Temporalmodulusmaximavaluescorrespondo stepedgesn time, or saccadesEye movementdatacorre-

spondingat thesetemporallocationsaredeleted.

7.5.4 Temporal Modulus Maxima Thresholding

Modulusmaximavaluesaresubjectto the hardthresholdingule,

Thard[M{fj(nyat)}] = M{fJ(X,y,t)}l (lM{fJ(Xay7t)}| > GM{fJ(Xayat)})a

whereM{ fl(x,y,t)} denoteghe rangeof maximavaluesatlevel j, with modulusmaximathresholdparam-

etera = 0.05.

7.5.5 Temporal Wavelet Coefficient Decimation

Waveletcoeficientsarehard-thresholde@ecimatedpy thefollowing rule

Thard[{W(P(P.Uf(Xayat)}(j)] = {W(Pfﬂpf(x:y:t)}(”l (lM{fJ(X7y7t)}| > O)a

where, at locationt andscalej, {Wy f(%,Y;t)}(j) andM{f}(x,y,t)} denotethe wavelet coeficientsand

modulusmaxima,respectiely.
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7.5.6 Temporal 1D (Inter-Frame) Reconstruction

Theentiresequencés treatedasa one-dimensionaignalandthe 1D inverseDWT is appliedon a perpixel
basistaking careto properly interleave whole imageframesasrequired(seeEquation(5.64)). Using the

interleave operatorX, imageframesarearrangedor reconstructiorat level j by:

Howpo%2+p) = (L-pHxyt) +(p) 2 xyt),

for p € {0,1}. Reconstructions thenwritten as:
f (X ya2t+p 1 p thfjcplxuy Xy,t— ngfjcplxuy XY,t— k);

giving the spatiallydecomposeéunction fJ (x,y,t) = {Wf(x,y,t) }xy(])-

7.5.7 Spatial 2D (Intra-Frame) Projection

Insteadof reconstructinghe 2D spatially subsampledrames,the scaledframe quadrantsare projectedto
the original framedimensions.This is donesincethe coarse-scalgD waveletquadrantsio not provide any
usefulinformation. Projectingsubsampled/aluesresultsin spatialzoomingwhereneighboringpixels are

foldedinto alargerregion (alarge pixel essentially)j.e.,

fl(2x+k,2y+mt)
fl(2x+k,2y—mpt)
fl(2x—k,2y+mt)
fl(2x—k,2y—mt)

j—1 eocj—1
Tl oyt) if flot(xyt) >0,
0 otherwise

for k,me [0, 1].

7.5.8 RegionOf Inter est(Eye MovementData Point) Grouping

The final stepof the algorithm considersary non-zeropixel to be a valid eye movementdatapoint (point
of regard,or POR).The above processingtepseffectively remove ary samplesdentifiedassaccadesThis
stepmemesall non-zeropixel regionsandfindsthe 2D centroidof the mergedregion. Any non-zeropixels
outsidethesearchareawill createseparateegions. The searctregion usedfor iterative pixel groupingis the

numberof pixelssubtendedby the fovealvisualangle(see§lX).

7.6 Limitations of the Frame-BasedPARIMA Implementation

It is importantto reemphasiz¢hatalthoughthe PARIMA modelis basedo a large extenton the functional
characteristicef theoculomotorsystemit is notamodelof the systemitself. Insteadit is astochastianodel

of the obsenedsignal. Thatis, no implicationis madethat the oculomotorneuralsubstratebehaesin the
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proposedmanner only that measuredignalsmay be characterized termsof patternsassociatedvith the
threemajortypesof eye movements.In this sensethe PARIMA modelis athree-tieredpatternrecognition
algorithmdelineatingfixationsandsmoothpursuitsthroughthe detectionof saccadesAs such ,the PARIMA

modelis subjectto thefollowing limitations.

7.6.1 Linear Assumption

The linear assumptiorof the PARIMA modeldoesnot properly expressthe underlyingnonlinearityof the
oculomotorsystem.Eye movementinteractionsshouldreflecttheseinherentnonlinearitiegWNS84. Win-
tersetal. arguethatthe“linear summation”or the “additivity hypothesis’is inadequatén explainingconju-
gateeye movements Linear summatiorrefersto the simplified view of the neuralintegratorwhich expects
a conjugateeye movementresultingfrom the summationof independentye movementtrajectories. For
this superpositiorto apply, they argue, eitherthe systemmustbe linear or any nonlinearitiesmustcancel.
Throughpower spectraanalysisof smoothpursuitmovements Wong shaved that 2nd, 3rd, and 4th order
nonlinearitiesare presentin the humanocular system,manifestas the modulationbetweenthe stimulat-
ing frequenciegWon9(d. Wong suggestshatthesenonlinearitiescanbe detectedby the sum-of-sinusoids
method.Continuingthiswork, Saproposed modelusingWienerfiltersto estimatehemagnitudeandpower

spectraof smoothpursuits[Sa9j.

In contrastthewavelet-basedinearfilter modelpresentedhereis clearlyaninadequatenodelof theinverse
of theoculomotorsystem.As afirst approximatiorto the obsenedsignal,however, the PARIMA stratay is
anattractively simpleyet parsimoniouglescriptionof a complex process Froma patternrecognitionstand-
point, sincethe multiscalesaccadeletectionperformedby the wavelettransformis equivalentto the Canry
edgedetectorthetechniquds numericallyoptimal[Can8§. Thewavelet-baseaddgedetectionoffersflexi-

bility in the choiceof waveletandscalingfunctionsaswell asnon-dyadicesolutionscales.

7.6.2 WaveletFilter Length

A problemassociatedavith the shortlengthHaarwaveletandthe dyadicmultiresolutionscaleis theinability
to detectall stepedges At presenthelength-2Haarwaveletis used.Shortdurationedgesat dyadicsample
boundarieswill not be detectecat fine resolutionscales. This is dueto an edgeoccurringbetweendyadic
samplepoints. A numericalexampleof a missedstepedgeis shovn in Table 10. The four-elementsignal
containsa stepedgebetweerthe secondandthird elements.The one-level Haarwavelet decompositiorof

thesignal(d?) fails to locatethe edge(the edgeis detectedht the next decompositiotevel).
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TABLE 10
NumericallD DWT exampleof missededge.
Decomposition
f2=c2 | 0 0 4 4
dl: 0 0
1. 8
c 0 7

7.6.3 Frame-Basedimplementation

The choiceof frame-basedepresentationf eye movementdatafor analysistradestemporalresolutionfor
synchronismwith video framestimuli. Thatis, the presentedolutionis time-drivensinceraw datais sub-
sampledo fit thedisplayrateof thevideostimuli. Alternativeimplementatiorecommendationaeremade
in §7.3. Both spline-basedndthe directtime seriesanalysismethodsare data-drivenin the sensethat no
impositionis madeon the datasamplingratebeyondthe limitation of the eye tracker instrument.Thetime-

basedmethodis empiricallyevaluatedn §XI. Furtherwork is requiredto testandcompareall four methods.

7.6.4 Misclassification of Manif old Eye Movements

Thepremiseof conjugatesye movementseingdelineatedy saccades anoversimplificationresultingin an
underestimatiomf manifold eye movementssuchasoptokineticnystagmus.Theoretically smoothpursuits
areidentifiedby thePARIMA model,providedtheobsenedsignalis indeedsmooth.Nystagmusnovements,
however, arecharacterizethy a combinationof smoothpursuitsandsaccadesgeferredto astheslow andfast
phase®f nystagmusrespectiely. ThePARIMA model,aspresentlyconfiguredwill notidentify nystagmus
assuch,insteadnystagmusnovementswill be pacletizedinto consecutie smoothpursuitsegments. The

PARIMA modeleffectively “chopsup” nystagmusnto its slow phasecomponents.

7.6.5 Off-line Implementation of PARIMA Model

Thecomputationatomplexity of the PARIMA modelcurrentlypreventsreal-timeimplementationConcev-
ably, areal-timeversionof thealgorithmis possibleby limiting theextentof thetemporalanalysis.In theory
only two consecutre eye movementsamplegat temporalsamplingrate of 60Hz) areneededor alocal (al-
beit noisy) estimateof saccadesT he presenimplementatiordesignsacrificesfficiency for flexibility of the
multidimensionalkignal processingechnique. At presentt is possibleto testvariouswaveletandscaling

functionsat severaldecompositiodevels.
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7.6.6 Context-FreeAnalysis

Sincethe PARIMA modelis basedon stochastidcime seriesmodelingtechniquesit is appropriateo con-
siderthethe model’s forecastingpower. However, the modelis inappropriatéfor eye movementforecasting
sinceit evaluateghe signaloutsidethe context of thevisual ervironment.For long term predictionof future
locationsof the point of regard,the visual context mustbe considered.Sincethe PARIMA modeldoesnot

considewisualinformation,by itself it is not suitedfor predictionof visualscanpathsOntheotherhand,the
shorttermforecastingof eye movementamay be usefulfor real-timeapplications.Thatis, giventhe exam-
ination of thetrendof a non-saccadieye movement(e.g.,a pursuitasclassifiedby the PARIMA model),it

may be possibleto predictthe generaldirectionof the movement.If calculatedquickly, this capabilitymay
be suitablefor minimizing the lateng of gaze-contingensystems.For example,assuminga small enough
delivery delayof raw eye positionby the eye tracker, andthe availability of previous eye movementhistory
(e.g.,sufficiently large system“short-term” memory),the systemmay be ableto anticipatethe direction of

pursuitmovements. Although this predictionwould be limited in temporalextent, it may provide enough

predictve powerto combateye tracker lateng.

7.7 Summary

In this sectiona modelof eye movementds presentedrom a signalprocessingerspectie. The modelas-
sumeseye movementdo belinearly dependentime seriescomposedf threetypesof signals:a stationary
componen(fixations),a non-stationarycomponent{smoothpursuits),anddiscontinuitiegsaccades)Fixa-
tionsandsmoothpursuitsaremodeledasAuto-Regressie IntegratedMoving Average(ARIMA) stochastic

linearsystemswhile saccadearemodeledasshort-termMoving Average(MA) stepdiscontinuities.

The algorithmicimplementationof eye movementclassificationis carriedout by the anisotropicdiscrete
wavelettransform(ADWT). Eye movementsarerepresentedsvideo datawheresampledpointsof regard
are representedy white pixels over black video framesconstitutingsparsematrix representations.The

ADWT is utilized to spatiallyaveragentra-framedataaswell asfor inter-framesignalstepdetection.

Thewavelet-basealgorithmis aflexible multidimensionakignalanalysidramework suitablefor limited eye
movementlassificationThemultiscalesaccadéedge)detectionis numericallyoptimalsinceit is equivalent
to the Canry edgedetectiontechnique Detectionof temporalstepedgeqsaccadesjelineateshesignalinto
ARIMA sgmentsresultingin a piecavise-ARIMA (PARIMA) model of conjugateeye movementsupon

reconstruction.
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CHAPTER VIII

VOLUMES OF INTEREST

“How doesonerepresenta fixation in a two-dimensionalanalogplot? Doesoneusea single

point,anumber a disk of a certainsize...?”

— PeterR. Coles[Col83, p.4]).

The questionsraisedby Colesreflectthe visualizationproblemstudiedin this section. Two-dimensional
representationsf fixationssuffersfrom threeinadequacies:

1. inability to quantifythe durationof afixation,

2. inability to representhe orderof fixation points(without explicit labeling),and

3. inability to characterizg¢he natureof thefixation change.
Thelatterpointdealswith the possibilitythatalternatve eye movementsnaybe presenin afixation change,
e.g.,smoothpursuit,or saccadeTheformertwo pointsarea consequencef thelack of temporaldimension
in a two-dimensionaplot of eye movements. Temporalinformationis lost dueto the projectionof three-
dimensionadataonto a two-dimensionaplane.In this section,a three-dimensionalisualizationtechnique

is introducedwhich explicitly representshetemporaldimension.

Thethree-dimensionaye movementvisualizationtechniqueeliesontheidentificationof dynamicfixations.
In thisimplementationdynamicfixationsareidentifiedby the wavelet-basedPieceavise Auto-Regressie In-
tegratedMoving Average(PARIMA) modelof three-dimensionastochastigorocesseintroducedin §VII.*
Fixations,representedtby discretepixel regionsin avideo sequencematchfovealintra-frameloci of atten-
tion, referredto asRegions Of Interest(ROIs). Sampledat 18msandmappedontoa 16fpsvideo sequence,
roughly 3-4 fixation pointsmay occupy eachvideo frame. Pointswithin a smalllocusare effectively aver-
agedby the PARIMA analysisto defineintra-frameROlIs. Inter-frameROIls arememgedto visualizefoveal

VolumesOf Interest(VOIs), providing a depictionof dynamicfovealvision.

In generalthe VOI modelof eye movementsamalgamateslistinct (i.e., multiple viewers’) scanpathénto
a consolidatedspatio-temporatiescription.Figure 40 shavs the abstracttonceptualizationf the aggreyate
VOI model. Vertical linesrepresentime slices,e.g.,uniformly sampledvideo frames,asa temporalrefer
ence.Figure40 highlightsa hypotheticalindividual scanpathincludedin the VOI collection. This scanpath

may correspondo a pastobsenation of actualview patterns,or may presenta candidatefuture scanpath.

INotethatthevisualizationis independentf the analysismethod.



155

time
interframe duration
(62.5ms)
e
[— T T
™~ ///// )
T L :
\\ : “
I : |‘

; \ : —~ | ]

1 1 1 \ L]

H \ ' I \:n\

1 \ | I '

: I TR
visual - — T | \
scanpath K// [ B

e : — [ . - f=
short fixation medium fixation long fixation
(150ms) (300ms) (600ms)
fast saccade medium saccade long saccade
(10ms) (50ms) (200ms)
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Thatis, obsened eye movementpatterns representedby VolumesOf Interest,are concatenatedb form a
history of multiple viewers’ scanpatternsover a particularsequence SinceVOlIs identify obsenedloci of

attention they sene asindicatorsof potentialfuturevisualattractors.

OverlappingV Ol cross-sectionsf the highlightedscanpathrepresenfade-inandfade-outtemporalramps
(seeg§9.1). VOI diametersnormally matchthe dimensionof the subtendedoveal region. As gazeshifts
(denotedby dashedarrows in Figure 40), the VOI from wheregazedeparteds attenuated.Prior to gaze
localization,theVOI is graduallyamplifiedin anticipationof gazeshift. PeripheraM Ols (unshaded/Olsin
Figure40) arealsomodulatedn a similar fashion. Essentially the generalVOI modelconsidershistorical

VOlsasfuture predictorsof gazepatterns.

8.1 Synthesisof VolumesOf Inter est

The VolumeOf Interest(VOI) assemblyconsistof a concatenationf individual RegionsOf Interest(ROIs)
containedin discretevideo frames. Let {ROIli} denotea list of ROIs where j representshe index of the
ROI on video framek. Eachvideo framemay containnumerouddisjoint ROIs. Thereis no restrictionon
the numberof ROIs on ary given frame, althoughit is assumedhereare no overlappingROIs. The total
numberof videoframestypically correspondso the durationof the gaze-contingergtimulus.Currently128
framesareused but this doesnot poseary restrictionson the VOI assemblyalgorithm. Let {VOlIy} denote
alist of VOIs. EachVOI is definedasallist of ROls wherethe ROIs correspondo intersectiondetweerthe
VOI andconsecutie video frames.Thereis no restrictionon the numberof VOIsin the space-timerzolume
definedby the video framedimensionsandthe numberof frames,althoughit is assumedo VOIs overlap.
Initially the VOl list is empty HeaderstructuresROlh, VOIh point to the ROl and VOl lists, respectiely.
The VOI assemblyalgorithmiteratively processegachROI associateavith videoframe f. The VOl list is
thensearchedor a VOI that extendsto the previous video framein the sequencei.e., frame f — 1. If the
euclidiandistancebetweenthe currentROI andthe intersectionof sucha VOI with frame f — 1 is below a
thresholdr, thenROI# is conjoinedwith the VOI. This operationextendsthe VOI to frame f. If nosuchVvOl

is found,ROI# is madeto bethe startof anew VolumeOf Interest.

In the currentvisualization,the thresholdr is held constantcorrespondingo the foveal 5° visual angleat
the prescribedsiewing distancesee§lX). Choosingthis parametefor the VOI dimensionresultsin a visu-
alizationof dynamicfovealvision in space-time.A possiblealternatve choiceof r is the varianceof gaze
positionwith respecto a giventarget. Experimentalgazeerrorin the visualtrackingparadigmis discussed
in §12.5.3. A one-dimensionatepresentationf intra-frameerroris shovn in Figure74. VOI visualization

of this type of variancemetric may be suitablefor the representationf a scalableattentionalwindow, such
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asproposedy Kosslyn(see2.1.8).

8.2 Graphical VOI Construction

VolumesOf Interestare createdin 3-spaceas wireframe tubesconnectingVOl segments. EachVOlI is
definedasadiscretdist of VOI andvideoframeintersectionspr ROIs. Eachinter-framesegmentof the VOI
is constructedy linearly interpolatingbetweenROIY andROIY  ; wherethe ROI superscript now refers
to the VOI of which the ROI is amember Theinter-frame,or inter-ROI segmentis constructedy creating
9 rectangulaipolygonsper quadrantof the circular volumeasshown in Figure41. This setof polygonsis

forthwith referredto asa surfacepatch. Eachpatchquadrants definedby angleQ € {0°,90°,180°,270°}

f+1

Az

Fig. 41. GraphicalVOI scafolding.

andis symmetricallyreplicatedto form the circular volume. The coordinatef the control pointsusedto
definethe patchesare dependenbn the interpolantt € {0,1/3,2/3,1}. Surfacepatchesare createdasa

functionof angled € {0°,30°,60°,90°}. Boundarycontrol point coordinatesrecalculatedby

X =Xp+rcosd, y=yp+rsing, Z =",

X'=x1+rcosB, y'=yi+rsing, Z'=1f+1,

wherer is theradiusof the volumematchingthe dimensionf the subtendedovealregion, f andf + 1 are

theframez-coordinatesppropriatelyscaledo sufficiently spreacdutthegraphicalervironment(e.g.,scaled



158

by a constanbof 1000pixels),and (xp, o) and(x1,y1) areROI centerson framesf and f + 1, respectiely.

Interior control point coordinatesreinterpolatecon parametet:
Xj=1=-OX+Ox", yij=1-)y+ @)y, z=01-)Z+1)Z"

The coordinate®f the control pointsare calculatedn a doubleloop, the orderof which is indicatedby the
(i, ]) vertexindicesin Figure41. Controlpointsaremaintainedn a polygonallist which containsdatastruc-

turesfor faceverticesandnormals.Vertex normalsaremaintainedn a separateertex list.

Along with the VOls, rectanglesymbolizingvideoframesaregeneratedo provide visualcuesfor temporal
orderingandduration. The distancebetweernframes(Az in Figure41) is constantrepresentingnter-frame
duration.In thecurrentervironment, Az = 62.5ms theinter-frameperiodcorrespondindo the 16fpsdisplay
rate. Every 16th frameis texture mappedwith the corresponding/ideo sequencémage? All constructs
form onegraphicalobjectaresubjectto renderingand standardhree-dimensionabperationgrotate,scale,

translate).

8.2.1 Renderingand User Interaction Considerations

Renderingof the VolumesOf Interestincludeshiddensurfaceremoval andsmoothshading.Sincethe entire
graphicalernvironmentis composedf a single object (the collection of VOIS), it is a good candidatefor
hiddensurfaceremoval by the Binary SpacePartition (BSP) algorithm. Vertex normalsare calculatedas
averagesf adjacentfacenormals. Theseare usedto Gouraudshadethe facetsof the VOIs. The BSPand
Gouraudshadingalgorithmsarewell-known andcanbe foundin mostcomputergraphicstextbooks(seefor
example[FvFHI0, pp.675-68and§16.2.4,pp.736-738respectiely]).

Standardhree-dimensionabperationsare available, including objectrotationsandtranslationsas well as
viewpoint (camerayoll, pan,tilt, andtruck. Thetruck operationallows cameraranslationalongthe z-axis
providing a “fly-through” of the videovolume. Thefly-throughprovidesa frame-by-framedynamicvisual-
ization of scanpathandallows closeinspectionof VOI-frameintersections A three-dimensionaécanpath
is renderedvithin the VOIs representinghe pixel-to-pixel gazelocations.The pixel-widescanpattgivesthe
useranideaof eye tracker accurag sinceit shawvs the degreeof pixel error betweenrfixation locationsand

stimulustarget.

2The numberof texture mappedframesis constrainecby the systemmemory capacity Eachtexture
mappedframe actually containsseveral imageseachwith a differenttranspareng (alpha-channelyalue.
With enoughmemoryevery frame could concevably be texture mappedo give the full visual effect of the
videocontent.
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8.3 Comparison of Two- and Thr ee-dimensionalEye MovementVisualizations

Thetwo-dimensionatepresentationf eye movementshasnot significantlychangedinceNoton and Stark
introducedhe“scanpath’NS71a NS71. Thescanpathdepictionof eye movementshavstheroutetaken
by thesubjects pointof regard(POR).Unfortunatelythe scanpathis atwo-dimensionaprojectionof athree-
dimensionaphenomenonkigure4?2 showvs a simplescanpattover 4 second®f a CNN videoclip (shavn at

16fps,greyscale—aperimentalkconditionsaredescribedn §X). Dueto the lossof temporalinformation, it

Fig. 42. Traditional2D eye movementvisualization.

is difficult to ascertain

1. thedirectionof thescanpath,

2. thedurationof potentialfixations,and

3. thetypeof eye movementsvokedto changedixation locations.
For exampleFigure42, it is difficult to tell whetherthe scanpattoriginatedat the television anchors eye,
or the “timebox” in the lower right cornerof theimage. Assumingthe two clustersat thesetwo pointsare
fixations, it is difficult to tell how muchtime wasspentlooking at theselocations. The movementfrom one
locationto the othermay or may not be a saccade Becausehe original stimuluswasnot a still imageit is
possiblehatsomethingn thefield of view appeare@vokingasmoothpursuit(theanchorscratchinghisright
eyebrav with his left handfor example). This ambiguougwo-dimensionatepresentationf motion-related

eye movementds especiallyproblematidn studieswherestimulusmotionis afactor
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Severalvisualizationtechniquesreavailablewhichalleviatethesalifficultiesto someextent. Arrowsor time
line plotsindicatingeye movementdirectionaddresshefirst pointabove. The secondlifficulty is alleviated
by popular‘raindrop” displayglscan94. Raindropdisplaysillustratefixationswith circlesincreasingn size
with fixation duration.Althoughtherelative sizesof raindropshelpsidentify longerdwell times, it is difficult
to quantifiablyjudgethetime spentin fixations. Thethird difficulty is oftenignoredwhentwo-dimensional
staticimagesare usedasthe visual stimulus. Assumingthe headis stabilized,the lack of stimulusmotion
precludeghe consideratiorof motion-relatedye movements.g.,smoothpursuits.As aresult,saccadeare
usually consideredhe sole mechanisnresponsibldor instigatingfixation changes.In the caseof moving
stimuli, e.g.,video, the two-dimensionaVisualizationof eye movementsmay ambiguouslyrepresentither

saccadeandsmoothpursuits.

Three-dimensionadisualizationprovides explicit representatiomf the temporalcomponentof eye move-

ments.Figure43shavsthesamed-secondcanpattasshavnin Figure42in threedimensionsThescanpath,

Fig. 43. Eye movementvisualizationwith VolumesOf Interest.

shavn asa thin three-dimensiondine within VolumesOf Interest,unambiguouslydepictseye movements
originatingatthe centrallocationof theframe(theanchors eyebrow), jutting slightly downward(to the eye),
andthencontinuingto the lower right cornerof the frame(thetimebox). The durationof eye movementss
referencedy the presencef the video frameoutlines. Thefirst fixation roughly extendsover two or three
frames,suggestinga dwell time of about125 milliseconds(the video rateis 16fps). The length of VOlIs

providesrelative dwell time informationjust asthe raindropsdo, but with the video framesasreferenceijt
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is easierto quantify thesedurations. Finally, resemblingold fashionedslinky toys, the flexibility of VOIs
disambiguatesmoothpursuiteye movementsfrom saccadesThatis, VOlIs representdentified (dynamic)
fixations. In Figure43, ary part of the scanpattenclosedy a VOI is consideredh fixation. In the current
example fixationshave beenidentifiedby the PARIMA modeldiscussedn §VII, althoughary suitablefixa-

tion algorithmcanbe usedfor this purpose.

8.4 AggregateVolumesOf Inter est

VolumeOf Interestvisualizationnaturallyextendsto therepresentationf aggrejateeye movementgathered
from multiple subjects Thestudyof multiple subjectsviewing patterngivesinsightinto thenatureof visual
stimuli thatattractsgazeandthereforepresumablyisual attention.Characterizatiowf stimulusin termsof
visual attractors is essentiafor predictingthe dynamictime courseof humanvision. Thisis afundamental
openproblemin vision research.Notableexamplesof work in this areaincludethe developmentf algo-
rithmic stratgiesthatattemptto explain humanvisual searchstratgiesthroughmachine-basedimulation

(see§15.4).

In their early work on eye movements,Noton and Stark investigatedviewing patternsof multiple sub-
jects[NS71a NS71H. Although recordedscanpathgxhibited significantvariability in how differentin-
dividualsview a sceng(inter-subjectvariability), or for thatmatterhow anindividual's scanpathsliffer from
sessiorto sessior(intra-subjectvariability), the authorsidentified“informative details” ascommonfixation
points. To show this graphically severalimageswereusedto illustratescanpathvariability andthe common
locationof interestingfeatures.Integratingmultiple scanpathsver a singletwo-dimensionaimagemakes
theillustrationof commonfixateddetailsdifficult. Figure44 shows scanpathsecordedrom 7 subjectsover
thelatter4 second®f theanchomansequencéfor experimentakonditions see§Xll). Thevisualizationof

multiple scanpathgxasperatethe problemsassociateavith the two-dimensionatepresentation.

The Volume Of Interestvisualizationextendsthe representatioof individual scanpath@n space-timeo the
display of aggreyateeye movementtrajectories.Figure 45 depictsthe samescanpathshown in Figure44
in threedimensions.The interactive natureof the visualizationpermitscloserinspectionof VOI-framein-
tersectionyielding two-dimensionaRegions Of Interestat particularpointsin time, asshavn in Figure46.
Theimportanceof relative dwell timesis clearly seenin the VOI representationThe aggreyaterepresenta-
tion shaws the corvergenceof multiple scanpathsver the anchormars facethroughmostof the sequence.
Peripherategionssuchasthetimeboxarefixatedsporadicallypropoundinghe region asoneof diminished

relevance.
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Fig. 44. Aggregatescanpaths.

TR '“lill“l
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Fig. 45. AggregateVolumesOf Interest.
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Fig. 46. Inspectionof aggreyateVOI-frameintersection.

VolumesOf Interestrepresentingpatio-temporasegmentsof the stimulusconstitutepotentialattractorsof
visualattention.After its consolidationtheindividual scanpathosesits significancan the aggregyatemodel.
At ary pointin time theintersection®f multiple VOIs anda videoframeconstitutepotentialspatio-temporal
candidatedor attentive inspectionas evidencedby their historical selectionby previous viewers. In this
senseaggrayateVOls aresimilarto NotonandStark's informative detailsidentifiedover still imagesexcept

VOlsdepictthesedetailsin space-time.

AggregateVOlI visualizationpresentsaninterestingspeculatiorof the “what” and“where” duality of visual
attention. RepresentingggragateVOIs by opaquevolumes,in Figure47(a),providesanillustration of the
exclusionary“what” of visual attention. OpaqueVOls depictthe restrictve aspectof foveal vision. At
the sametime, attentionseemsto have a simultaneougre-attentre componentresponsiblefor selecting
the next focus of attention. Pre-attentionjn this sensejs the “where” of visual attention. Representing
aggregateVVOIs by transparentor rathertranslucent)olumes,in Figure 47(b), providesan illustration of
the apparentlysimultaneougovert attentionalmechanism On the onehand,VOls offer a representationf
the dynamichigh-fidelity attentionalchannel(overt fovealvision), limited in its spatialextent. On the other

hand,VOI transpareng symbolizeghe peripherainfluenceof pre-attention.
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(a) Opaquerepresentation. (b) Transparentepresentation.

Fig. 47. Transmissiity of aggrgateVOls.
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CHAPTER IX

GAZE-CONTINGENT VISUAL COMMUNICA TION

In orderto matchHumanVisual System(HVS) resolutioncapabilities,a multiresolutionmethodis devel-
opedfor preservingmultiple Regions Of Interest(ROIs) in imagest Regions Of Interestare maintained
at high (original) resolutionwhile peripheralareasare degraded. The multiresolutionmethodfollows the
variableresolutionreconstructiorwith MIP-waveletstechniquedevelopedin §5.10.3.Most ROI-basedyaze-
contingentschemegoncentrat®n preservinga singlefovealregion, usuallyattemptingto matchthevisual
acuity of the HVS. The multiple ROl methoddescribechereoffersthreevariantsof peripheraldegradation
including linear, nonlinear andHVS acuity-matchingesolutionmapping. Pixel degradationis carriedout
relative to eachROI. The Voronoidiagram,awell-known planarpartitioningconstructionn computational

geometryis usedto partitiontheimagerelative to the multiple ROIs centers.

Reggion Of Interest(ROI) image processingaims at presentinga single high resolutionareato the fovea.
The goal of limiting high resolutionto a foveal “spotlight of attention”is to minimize bandwidthrequire-
ments,while matchingearly vision capabilitiesof the HVS in the periphery Typically, peripheralimagery
is degradedin orderto minimize informationcontentprior to encodingor transmission Approachegange
from luminanceattenuationsmoothingandlocally adaptedransformcodingtechniquegi.e., local clamp-
ing of DCT coeficients). On the other hand, featuredetectionalgorithmsthat locatevisually interesting
information (multiple ROIs, essentiallyXendto treatthe whole imageasthe peripheryanddo not typically
provide afoveal ROI. The objective of the methodpresentedhereis to provide afoveal ROl andalsorepre-
sentperipheralROIls (pROIs) as potentialfuture foci of gaze(but not necessarilyattention). Moreover, the
peripheryaroundeachROl is degradedmatchingthe HVS acuityfunction. For gaze-contingerdisplays this

typeof processingnaybemoresuitablethansingle-ROI methodssinceits aimis to presere preview benefit.

9.1 Background

In gaze-contingentGC) applications(suchasflight simulators),emphasishasusually beenplacedon rep-
resentinghe foveal ROI, while homogeneouslgegradingthe periphery[Koc87 LTFW+89. In the Super
Cockpit Visual World SubsystemiKocianconsidered/isual factorsincluding contrastresolutionand color
in the designof a head-trackdGC display In their SimulatorCompleity Testbed SCTB),Longridgeetal.
includedan eye-slaved ROI asa major componenbf the HelmetMountedFiber Optic Display (HMFOD).

IRegionsOf Interestarealsoknown asAreasOf Interest(AOIs).
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This ROI provided a high resolutioninsetin a low resolution(presumablyhomogeneousfjeld which fol-
lowedthe users pointof regard. The precisemethodof peripheraldegradatiorwasnot describedapartfrom
the criteria of low resolution. However, the authorsdid point out thata smoothtransitionbetweernthe ROI
andbackgroundvasnecessarin orderto circumventthepossibilityof a perceptuallydisruptve edgeartifact.
Recently more sophisticatecpproachesave beenproposedor ROI-basedvideo coding[NLO94, ST94.
While theseschemegoncentrat@n the representationf the foveal ROI, the peripheryis processedby con-
ventionalmeanssuchassmoothingor quantizatiorof transformcoeficients. While the transitionfrom the

high-resolutiorROI to the peripherymaybe smooth,t doesnot necessarilynatchthe HVS acuityfunction.

Variousmultiple-ROI imageprocessingschemesave beenproposedor feature-detectiotaskswherefea-
turesareeitherpreseredor enhancedwhile therestof theimageryis decimatedn someway. Of particular
relevanceare multiresolution,pyramidal schemegPW92, San9(. Sandondevelopeda connectionishet-
work modelof guidedvisualattentionwhile PolzleitnerandWechslemuseddistributedassociatie memories
(DAMS) in preattentre modeto find relevantsegmentdn thefield of view. In bothcases Gaussiarpyramid
was usedto subsampleéhe sceneinto lower resolutionlevels. The purposeof theseschemess to locate
peripheralROls in orderto simulateguidedvisual attention. In contrastto foveal ROI codingschemesthe
peripheryseemso beof greateimportancen theseapproacheslthoughagainthetransitionfrom eachROI

to its surrounddoesnot necessarilynatchthe HVS acuity function.

Themultiresolutionmethodfor ROI representatiogivenherefollows the variableresolutionreconstruction
with MIP-waveletstechniquedevelopedin §5.10.3. Selectve scalingof wavelet coeficientsis not a new
approach.A similar methodto the one presentecherewas shovn by Nguyenet al. [NLO94]. In orderto
enhanceelative reconstructiorguality, a priori weightingfactorswereintroduceddefininga region-based
weighted|? metric. The weightingfactorswere consideredsquantitatve decimatingfactorsin the relative
distortioncontributionsin eachregion. In their paper only region-basedpatialweightingwas considered.
Thework focusedonvideoencodingwhereeachframewassynthesizedrom afixed subbandepresentation
(multiresolutionstructure).ROIls were selectedaccordingto a motion criterion, where ROIs were obtained
from a sggmentatiormapwhich isolatedmoving objectsfrom the background.To presere the hierarchyof
relevant spatialinformationin the decimationprocessthe ROIs were projectedonto the subbanddomain.
Simpleuniform thresholdquantizationrwasusedon waveletcoeficientsobtainedusingDaubechies-4ilters.
The effect of the projectionandsubsequentiniform thresholdingresultedin enhancedor ratherpresered)
fidelity within the ROI, with the backgroundegionsblurred. EachROI boundarywasclearly defineddueto
theauthors’assumptiorof independengéncodingof thepredictionerror(PE)signalwithin anROI. In essence,
the schemddentifieda hierarchyof ROIs within a frame (basedon region segmentationjandwavelet coef-

ficientswithin eachROI weresubjectedo uniform thresholding.Reportedlythe processeimagesequence
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inducedthe obsenrerto naturallyfocuson the (presumably)nostinterestingROI. The mainaspecin which
this methoddiffersfrom the presentmethodis the uniform decimationof the ROI coeficients. The present
goalis to matchtheabruptbut smoothgradientof the HVS spatialacuityfunction. Projectionof anROI onto
the subbanddomainresultsin abruptresolutionmodulationat the reconstructedROl boundary This effect
canbe demonstratethy roundingup the scalingfactor p to 1 within the ROI region anddecimatingwavelet
coeficientscorrespondingo backgroundegions. TheresultanimagespossessmallerMeanSquarederror
(MSE) in the ROI-projectedmagescomparedo imagesprocessethy scalingcoeficients. Thisis dueto the
factthatroundingupthescalingfactorto 1 within the ROIs preseresaproportionatelyjtargerhighresolution
region thanwhenthe coeficientsarelinearly interpolatedwithin ROIs. The boundarieshetweenlevels of
resolutionin the imagereconstructeavithout coeficient scalingareclearly visible, however. This may be

suitablefor the purpose®f compressionbut it doesnot matchthe spatialsensitvity of the HVS.

Anotherinterestingapproachwas describedby Abdel-Malekand Bloomer[AB90]. The authorspresented
multiresolutionimagessynthesizedrom a Laplacianpyramid representationThe Laplacianpyramidis an
instanceof the DWT wherethe smoothindfilter is a Gaussian-lik averagingfunction,andbandpaséLapla-
cian)imagesare obtainedby differencingadjacentGaussiarimages. The HVS acuity function is approxi-
matedby rectangularegionsconcentricto the point of regard. As in the work of Nguyenetal., no effort is
madeto smoothboundariedbetweernreconstructedesolutionlevels. In fact, the authorsstatethat no extra
reconstructiorfilter is requiredto hide transitionzones. Transitionzonesare not evidentin the presented
resultanimagesput thismaybedueto thefactthathigh resolutionis restrictedo 2 x 2 pixel neighborhoods

aroundzero-crossingdetectedat the bottomlevel of the pyramid.

The currentwavelet approacHollows the classicalpyramid representatioproviding comparablgunction-
ality andcodingefficiency. Thefiltering approachpresentecereprovidesthe meansto represenROls of
ary shapewhile simultaneouslensuringsmoothtransitionbetweerreconstructedesolutionregions.In the

currentschemecircular ROIs werechoserto bettermatchthe circularfovealregion of the HVS.

Theintentof the presentmethodis to demonstrata schemeo juxtaposeherepresentationf pROIs, aspro-
ducedby feature-detectiotaskswith afovealROI asfoundin gaze-contingerdisplaymodalities.Utilizing
a multiresolutionspatialpyramid, the objective hereis notto find visual attractors put to offer a methodof
imagerepresentatiosuitablefor attentve andpre-attentie viewing. Thework describedcherecentersonthe
reconstructiorof the imagefrom prefiltered(texture) mapsof the original image. The novel aspectof the
approachs the ability to maintainseveral ROIs within the imagewhile graduallydegradingthe periphery
aroundeachROI. ROI shapas circular (althoughit neednotbe)andthe peripheraldegradatiorfunctioncan

be chosenfrom several variantswith respecto spatialdistancefrom the centerof the ROI. In this imple-
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mentation the peripherycanbe degradedusinga linear, nonlinear or HVS acuity-matchingunction. The

resolutionof anarbitraryperipherabixel depend®nits distanceto the closestROI.

PeripheraROls poseanapparenparadox:why shouldperipheralregionsbe representedt high resolution
whenthe peripheralisual systemlacksthe ability to resole peripheraldetail? In the context of replicating
the HVS by a computationaktrateyy (e.g.,building a syntheticretina) only onefovealregion makessense.
However, from the perspectie of building a gaze-contingensystem,peripheralROls addresghe systems
temporalinability to faithfully trackthe humans gazein real-time.Thereis aninherentdelayin the system,
dueto eye trackinglateng, which is inevitably manifestecby a temporallag betweenthe viewer’s change
of gaze(e.g.,via a saccadeandthe systems translationof the foveal ROI. Gaze-contingersgystemsare,in
essencereactionarywith respecto the subjects gaze,andareunavoidablylatein updatingthe foveal ROI,
causingfovealvision to fall on aregion of low resolution. Theinherentdelayin updatingthe fovealregion
to high resolutionmay causampairedperceptiorthrougha lack of preview benefit Thereasorfor pROIsis
not to provide high resolutionto matchperipheralacuity, but to anticipatesaccadesherebyaddressinghe
inherentiateng presenin thegaze-contingergystem.In this sensea gaze-contingergystemprovidedwith

peripheraROls is anticipatorywith respecto gaze.

To balancebandwidthminimizationrequirementsvith the dynamicrepresentatiof multiple ROIs (foveal
andperipheral) the systemshouldgraduallyattenuatepROls whenthe obsener maintainsdetectabldixa-
tions. Similarly, a fully anticipatorysystemshouldpredictfixation changesandgraduallyamplify pROIsin
anticipationof fixation changes.Gradualmodulationof pROIs is requiredso that suddenonsetsand with-
drawals of pROIs do not distractattentionfrom its naturalcourse. A temporalrampmay be usedfor this
purposg(see[ST94)).

9.2 ResolutionMapping

As alludedto in §5.10.3,ROI-basedeconstructiorof theimagefrom its wavelettransformationeliesonthe
choiceof a mappingfunction. A mappingfunction, denotedby |, mapsresolutionfrom the multiresolution
pyramidto image space The choiceof a mappingfunctionis a precursotto reconstructiorof theimageand
is crucial to the the final representatiomf the image. It is importantto notethat resolutioninformationin
the pyramid is distributed nonlinearly (by decreasingpowersof 2 if the multiresolutionpyramid is dyadic
in nature). Sincereconstructions carriedout in imagespace(dependenbn the pixel location (x,y) in the

final image),the resultantpercentresolutiondistribution is obtainedby taking the inverseof the constan2
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raisedto themappingfunction,i.e., % resolutiory200= 1/2'.? In the currentimplementationthreemapping
functionsare developed: linear, nonlinear and empirical HVS acuity-matching. The linear and nonlinear
mappingfunctionswerechosenasapproximatdower andupperbounds respectiely, to the HVS matching
function,in termsof percentesolution.Eachmappingfunctionsegmentgheimageinto concentriaesolution
regions,or bands. In all threeimplementationsresolutionwithin the central5° of eachROI is consistent
andequal. Although this is not a restrictionimposedby the imagereconstructionthe size of eachROI is
maintainectonsistentlyacrossmappingfunctions(by thechoiceof R) sothatdifferentperipheraddegradation
methodscouldbereadily comparedThethreemappingfunctionsaregivenbelow:
1. linear,
=4
R’
2. nonlinear
| = A(1— eR):
3. HVS acuity-matching,

In(empirical% resolutionat pixel distancg 100)
In(2) '

Theparameted is the pixel distancefrom the ROI center andR is theradiusof the highestresolutionregion

(fovealregion)3 The derivation of R is basedon an empirical HVS acuity function (see§9.2.1). For the
nonlinearmappingfunction, A is the asymptoteapproximatedat the imageboundary(here A = 2.35). To
consistentlypresere resolutionwithin theradiusof the highestresolutionregion, A is chosersothatl = 1 at
pixel distanceR. Thatis,

1=A(1-e™),

sothat
A

A— 1)'
The HVS acuity mappingwasoriginally obtainedn termsof percentresolution thatis, it wasspecifiedasa

A=In(

functionin resolutionspaceandthusthe abose mappingfunction (in imagespacejs theinverseof thatem-
pirical function. All threefunctionsareplottedin Figure48 shaving the mappingfunctionsin imagespace,
andthe correspondingelative resolution? The concentricresolutionbandsin imagespaceare shovn in

Figure49with 2 ROIs. Lighter areasarereconstructeat higherresolution blackringsarelevel boundaries.
For comparisorbetweenmappingfunctions,in termsof statisticalimage quality, andimagereproduction

examplessee[DM95].

2Percentresolutionrefersto relative resolutionin the reconstructedmageassumingL00%resolutionin
theoriginal.

3The currentsystemimplementatiorusesR = 52 slightly overestimatinghe NTSC television display
resolutionat 50dpi(seetext).

4To exaggeratahe spatialdistribution effect, Figures48 and49 useR = 105.
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Fig. 48. Resolutionmappingfunctions(assumindLO0dpiscreerresolution).
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(a) Linearmapping. (b) Nonlinearmapping. (c) HVS mapping.
a

Fig. 49. Resolutionbandsin imagespacegassumindLO0dpiscreerresolution).

9.2.1 HVS Acuity-Matching Mapping

TheHVS acuity-matchingnappingwvasderivedfrom empiricalMAR (minimumangleof resolution)data|FGT89.
Assuminga 60cmviewing distanceacuity asa function of eccentricityis calculatedandshowvn in Table11.

Letting 8 represenMAR, minimum separabilityD is calculatedby

TABLE 11
Resolutionasfunction of eccentricityat 60cmviewing distance.
Eccentricity MAR Min. Separability| Max. Resolution
(deg.) (deg. at75cm) | (inchesat60cm) | (dotsperinch)
5 14 .06 33
10 .28 A2 17
15 .32 A3 15
20 .38 16 13
25 .45 19 11
_ 2rtan(6/2)
254 7

wherer is the viewing distancg60cm),2.54is the scalingfactorusedto corverttheresultto inches.Max-
imum resolutionis calculatedby assuminga resolutionof 2 dots per minimum separabilitydistanceand

corvertingto dotsperinch, e.g.,33=2/0.06dpi.

Visualacuity at5° eccentricityis roughly 50% of acuity at the fovea[lrw92]. Percentesolutionis approx-
imatedby treatingmaximumresolutionfrom Table 11 relative to 100%resolutionat the fovea,i.e., 33dpi
maximumresolutionss 50%,17 maximumresolutions 26%,etc. Thisform of linearapproximatiorof visual
acuity underestimatefoveal resohability at 66dpi. Truefovealacuityis betterdescribedy the Modulation

TransferFunction(MTF) which considersesohable spatialfrequencief the retinal photoreceptorsThe
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MTF theoreticallyspecifieshe eye’s resohability limit—frequenciesbeyondthe MTF cannotbe resoled.
The inter-conespacingin the foveais roughly 2.2um. Within 1° visual angleabout136 foveal conesare
containedn an areaof ~300um. By the samplingtheorem this suggests resohable spatialNyquist fre-
qgueng of 68 c/deg. Empiricaltestssuggestneffective resolutionof 60 c/deg [DD88, p.46]. Treatingpixels
ascyclic stimulus,60 c/deg implies a resohableresolutionof 60/0.41dotsperinch, or 145.53dpiat 60cm

viewing distance.

Using percentresolutionand assumedscreendisplayresolutionsof 100, 50, 38, and 30 dotsperinch, res-

olution level distancesvere calculatedand are shovn in Table 12. Resolutionlevel distancesare usedto

TABLE 12
Resolutionlevels(in pixels).

Eccentricity 0-5° 5° ¢ 15 200 25%°

Resolution 100% 50% 26% 23% 20% 17%
Diametersubtended

(cm) - 52 104 15.8 212 26.7
(in) - 21 41 62 83 105
(pixels @ 100dpi) - 210 410 620 830 1050
(pixels @ 50dpi) - 105 205 310 415 525
(pixels @ 38dpi) - 80 156 236 315 399
(pixels @ 30dpi) - 63 123 186 249 315

determinediametersof decreasingesolutionareas. At 100dpi, the highestresolutionregion within each
ROI, for example,is a circular region with a diameterof 210 pixels. Sinceresolutionis distributedby de-
creasingpowersof two, desiredrelative resolutionat eccentricitiesare mappednto resolutionspaceusing
the function for the bandlevel, | = —In(% resolutior)/ In2. Percentresolutionbetweenbandsis linearly

interpolatedprior to thelog mapping.

A slightoverlapis providedby therepresentationf fovealROIsin orderto coverthedynamicspatialvariabil-
ity of fixations. Thisis accomplishedby slightly overestimatingheresolutionof a standardNTSCtelevision
display The television’s x- andy-dimensionsare derived from the Pythagoreamheoremusingthe televi-
sion’s known diagonalmeasuremerdndthe screens aspectratio. For example,a 21" television measures
roughly 16.8in x 12.6in. The CCIR squarepixel format specifiesa 640 x 480 pixel array giving a resolu-
tion of 640/16.8= 480/12.6~ 38dpi. The currentimplementatiorof the reconstructioralgorithmslightly
overestimateshe screerresolutionat 50dpi. The foveasubtend$®, covering (60/2.54) tan(5) ~ 2.06in of
the screenat 60cm, which at 38dpi is about80 pixels, consistenwith the valuederivedin Table12. Us-
ing 105 pixelsto represenfovealregions,insteadof 80 pixels, gives105in/38dpi= 2.76incorrespondingo

tan1(2.76/(60/2.54)) ~ 6.6° visualangle. Thespatialdistribution of fixationstypically doesnot exceedto
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0.# full visualangle(+ 0.2°) [Car77, p.105]. The 105 pixel-widefoveal ROI representatioprovidesabout

1.6° full anglespatialoverlap,or + 0.8° giving sufficient coveragein either(horizontal)direction.

9.3 Multiple ROI Image Segmentation

To include multiple ROIs within the reconstructedmage, the imageis partitionedinto multiple regions.
Imagefiltering is performedon a perpixel basis wherethe desiredresolutionat eachpixel locationis deter
minedby the mappingfunction, relative to the centerof only oneof multiple ROIs. To selecttheappropriate
ROI, eachpixel is subjectedo a membershigest. This testinvolvesmeasuringhe distancefrom the pixel
locationto eachROI center Usingthe Euclidiandistancemetric, the resolutionlevel of the pixel is deter

minedby the mappingfunctionwith respecto the closestROI center

Formally, thesetS= {pq,..., pn} Of n pointsin the plane,definedby ROI centersdefinesa partitionof the
planeinto n regionsVi, ..., V, suchthatarny pixel in theregionV; is closerto the point p; thanto arny other
pj € S. This definition of the planarpartitioning specifiesthe Voronoi diagram whereeachV is a corvex

polygonalregion calledthe Voronoi polygonof the point p; in S (for analternatedefinitionandconstruction
of the Voronoi diagram,see[PS85 §5.5]). Voronoidiagramshave found diversepurposesn a numberof

disciplines.For example,in archaeologyVoronoipolygonsareusedto mapthe spreadf the useof toolsin

ancientcultures,andin ecology the Voronoidiagramof variousterritorial animalsis usedto investigatethe
effectsof overcravding (see[PS85 §5.2.2]for references).n imageprocessingthe Voronoi diagramhas
recentlybeenemployed to ordercodevordsin a principal componentanalysiscodebooksearchalgorithm
for avectorquantizatiorbasedcodingsystem[LT96]. An exampleof the Voronoidiagramis shavn in Fig-

ure50(a).

A graphicrepresentationf waveletcoeficientscaling(asdiscussedn §5.10.3)of anarbitraryimageat two
resolutionlevelsis shavn in Figure50(b). White regionsrepresentsoeficientsscaledby constantl, black
regionsrepresentoeficient decimation(scalingby 0), andintermediateregionsare scaledby linearly in-
terpolatedvaluesin theinterval (0,1). Note thatthe boundariedetweenlinearly interpolatedregions,i.e.,
boundariedetweenROls, are (by construction)Voronoiedges.In otherwords, RegionsOf Interest,where
wavelet coeficientsare scaledproducingspatially degradingresolution,constituteVoronoi polygonsabout
the ROI centers. Although Voronoi partitioningmay have little to do with the HumanVisual Systemiit is

neverthelesanelegantandnaturalway to partitiontheimageplane.
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(a) Voronoiplanarpartitioning. (b) Two-level waveletcoeficient scaling.
- : p—

| :
-

Fig. 50. Exampleof Voronoipatrtitioning.

9.4 Multiple ROI Image ReconstructionExamples

Examplesof the variableresolutionwavelet reconstructiortechniqueare shovn in Figures51 and52. The
cnn sequencémagewas processedvith two artificially placedROls, over the anchors right eye and the
“timebox” foundin the bottomright cornerof theimage,respectiely. Figure51 shaws, in theleft column,

theoriginalimageandits copy with circlesimprintedoverthe ROls.

Theright columnof Figure51 depictsthe extentof waveletcoeficientscalingin frequeng space Theupper
left quadrant®f the waveletspacadmagesshav thewaveletscalingwithin the lower frequeng bandsof the
wavelettransformrepresentationf theimage.Noticethe distribution of the concentricresolutionbandsand
theextentof white pixel regions. Pixel luminancesymbolizeghe degreeof coeficientdecimationj.e., white

pixelsrepresenscalingby 1, black pixelsrepresenscalingby O.

In the linear mapping,resolutionbandsare broughttogetherto generatesharpdegradationwith respecto
ROI centers.Coeficientsaredecimatedht levels 1 (the bottomof the pyramid, or highestfrequeng bands),
2, 3, and4. Nonlinearmappingspread®out resolutionbandsresultingin gradualdegradation.Fewer coef-
ficientsare decimatedat level 3 suggestinghat moreinformationis presered (comparealsothe extent of

white pixel regionsin the nonlinearmappingto the HVS mapping.especiallyat decompositiotevel 2).

Reconstructeimagesareshavn in Figure52. To seethe degradationeffects,notethe texture of the anchor

man’stie, andthe resolutionof the anchors right shoulder Dueto the lengthof the Daubechies-8vavelets,
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moreinformationis containedwithin wavelet coeficientsgeneratinga smootherresolutionreconstruction.
Corversely blocking artifactsare easily detectedn the imagesprocessesvith the length-2Haarwavelets.

TheHaarimagesareprovidedasareferencavhencomparingesolutiondegradationin theimagesprocessed

with Daubechies-@vavelets.
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(a) Originalimage. (b) Linearmapping.

Fig. 51. Waveletcoeficientresolutionmapping(assuming0dpiscreerresolution).
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(a) Haarlinearmapping. (b) Daub-6linearmapping.

Fig. 52. Imagereconstructiorfassuming0dpiscreerresolution).
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CHAPTER X

EXPERIMENT AL METHOD AND APPARATUS

Threeexperimentsvereperformedo testtheadequayg of thewavelet-basedye movementignalprocessing
techniqueandvariableresolutionvideorepresentationExperimentabbjectvesareoutlinedbelow.

1. Experimentl (Eye movementmodeling): The purposeof this experimentis to evaluatethe wavelet-
basedmodelof eye movements.Specifically recordedeye movementsareanalyzedo testfor corre-
spondencef predictedandobsenedsaccadéocations.

2. Experiment2 (Gaze-contingent/Ol detection): The goalsof this experimentare: (1) to visualize
successie scanpattern®f individualsovervideosequencegnd(2) to collectindividualandaggreyate
VolumesOf Interestover videosequencefom multiple subjects.

3. Experiment3 (Gaze-contingentisual representation)The aim of this experimentis to testwhether
peripheralregionsof theimagecanbe degradedimperceptibly This objective is significantlydistinct
from testingsensory-guidetiumanperformanceseeXilil).

Theobjectivesof thethreeexperimentsrerelatedin thesenseahat(1) Experimentl teststheadequayg of the
PARIMA eye movementmodel,(2) Experimen® appliesthemodelto characterizeye movementpatternsn
termsof VOIs, and(3) Experiment3 utilizesthe VOIs to degradedigital imageryin a gaze-contingennan-
ner. All gaze-contingengéxperimentswerecarriedout in the Virtual EnvironmentsLaboratory Department

of ComputerScienceTexasA&M University.

This sectiondescribeghe gaze-contingentideo display systemdevelopedfor the purposeof recordingeye
movementdataduring simultaneouseal-timevideoviewing. The systemarchitectureproblemsandlessons
learnedare discussed.The hardwareand software configurationsaredescribedn §10.1and§10.2,respec-

tively. Experimentallesignsandresultsaredescribedn §XI, §XII, and§XIll.

10.1 Hardware

The main hardware component®of the eye movementrecordingsystemincludean ISCAN eye traclker, an
SGI 2-processoOnyx® RealityEngine?" hostcomputerequippedvith a SiriusVideo™ broadcast-quality
videocapture/displapoard,anda 21instandardNTSCtelevision.! Thefront endof theeyetrackeris shavn

in Figure53. The subjectsetupincludesa head/chirrestwhich provideslimited headstability while main-

1Silicon Graphics, Onyx, RealityEngine2, are registered  trademarks  of
Silicon Graphics,Inc. Sirius Videois a trademarkof Silicon Graphics,Inc. As of this writing, seeURL.:
http://ww. sgi.conm M sc/external .list.htm foracompletdist of trademarks.
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Fig. 53. Virtual Environmentd_aboratory:eye-trackingapparatus.
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taining constantviewing distancefor all subjects.Becausdhe head-ressits atopa monopod(not a tripod)
basesubjectdendedottilt thehead-restvhile leaningonit. A simpleclampmechanisnwasinstalledto pre-
ventsthis. The clampmechanisntonnectghe verticalhead-resmonopodto the tableon which theremote
eye tracker rests.A long roundwoodencylinder (broomhandle)is usedto positionthe head-restelative to
the television so that the eye-screerdistanceis maintainedat about60cm. This cylinder is fastenedo the
verticalhead-respoleatoneend,andto aflat block of woodattheother Butterfly (wing) nutsareusecto al-

low positioningof thehorizontalcylinder. Oncemeasuredtheassemblys tightenedo stabilizethehead-rest.

10.1.1 EyeTracker

Theinfraredvideoeyetrackeris composeaf adesk-topdigital cameraandinfraredlight sourceconnectedo
adedicategersonatomputer(PC).Usingproprietarysoftwareandhardware the PC calculateghesubjects
real-time(60Hz)fixation positionfrom thevideoimageof the subjects cornealreflectionof theinfraredlight
source(first Purkinjeimage). In the presenexperimentalsetup the eye tracler is treatedasa black box de-

liveringreal-timefixation (x,y) coordinate®vera 19.2KbaudRS-232serialconnection.

Oneof theinherentproblemsin arny gaze-contingengystemis the lateng of the eye tracker. In the caseof
theSCAN tracker, althoughits samplingfrequeng is 60Hz,the calculationgequiredto obtainfixation po-
sition (e.g.,calculationneededo disambiguateye movementdrom headmovements)ncur an additional
latengy. Thevendorguaranteedhowever, thatanupdatedixation dataword would be availableonthe serial

line within a periodnot exceedingl8ms.

10.1.2 VideoFormat

The Sirius Video™ subsystenmprovides broadcast-qualityideo captureand playback. StandardNTSC
video is capturedfrom standardvVHS video running on an off-the-shelf VCR. The NTSC video format
(NTSC/componenb25, CCIR square-pigl) provides 525 lines of resolutionallowing 640x 480 video
frames[SGI195, p.240,p.268]The SGI softwarelibrariesprovide capabilitiesfor thetransferof videoframes
encodedn RGBA format, with eachchannelrepresentetdy 8 bits for a total of 32 bits perpixel (otherfor-
matsarealsoavailablebut arenot currentlyused). An in-houseprogramwas developedto to collectvideo
framesin memory Video framesare composedy interlacingNTSC video fields. Video playbackis also
facilitatedthroughthe Sirius boardand an in-houseprogram. Video framesare bisectedinto NTSC video

fieldsbeforememory-to-videdransfer

Videodisplayrateis constrainedy the availability of processorandthe numberof concurrentlycompeting

processedn orderto meettheNTSCdisplayratestheoriginaltargetratewassetto 30fps. Testinghasshavn
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that 30fpsdisplayratesare possibleprovided no otherdirectly competingprocessesxist simultaneouslyon
the machine. If, however, concurrentprocessesre competingfor CPU resourcesthe display rate drops
dramatically In the caseof the eye trackingsystem,a processconcurrentwith the video displayroutineis
requiredto samplethe serialport. Dueto the competitive natureof thesedual processedyoth objectivesof
targetsampleanddisplayratescould notbe metsimultaneouslylnstead a balancevassoughtwheremotion

in thevideosequenceouldstill bepercevedwhile eyetracker datawasobtainedatthefastestatespossible.

To afford a fasteye movementsamplingrate, the taget displaywasdecreasedo 15fpsto matchminimum
motion perceptionrequirementof the humanvisual system. Frameratesas low as 5fps have beensug-
gestedasa critical minimum rate for acceptablesubjectve quality (in the context of audioenhancedideo
conferencing]PH95. The critical interstimulusinterval (i.s.i.) rangerequiredfor the hybrid perceptionof
stroboscopi@andcontinuougnotionis approximately32-64ms(30-15fps)[Mor80]. Thisrangecorresponds
to the two qualitiesof humanvision responsibldor seamlesperceptionof television imagery: the critical
fusionfrequencyof about30Hz which allows flicker-free perceptionof strobe-like 30fps NTSC video (60
interlacedfields per second) andthe perceptionof apparent motionof spatiallydisplacedobjectswith i.s.i

of roughly 64ms(15fps).

Testinghasshavn that a maximumsustaineddisplay rate of 16fpsis achievablein conjunctionwith eye
tracker datacollection at (approximately)60Hz. The multithreadedsystemdevelopedfor this taskis de-

scribedin §10.2below.

The length of video sequence$or recordingand playback(to and from memory)is limited by the rela-
tively small amountof RAM. The Onyx computercontainstwo MIPS® R4400" processorsvith a 320
megabytebasememory? With eachpixel representedby 4 bytes,onevideo framerequiresapproximately
1.23megabytesof storage.Theoretically approximately260 framesof uncompressedideo may be stored
in RAM. Comparedo RAM, diskaccesss extremelyslow andmustbeavoidedin orderto ensurdastvideo
displayrates. Sincemuchof the available memoryis consumedy the operatingsystemandthe userpro-
gramsrequiredto controlvideodisplay experiencehasshavn thata maximumof 128videoframesmaybe

storedin RAM beforedisk swapsarerequired.

The systemimitationsdescribedhbove dictateanempirically optimumvideo sequencelurationanddisplay
ratefor experimentationVideosequencesomposedf 128 NTSC (640 x480) frameswereshovn at 16fps
providing 8 secondof stimulusduration. Sincethe primary goal of the experimentswasthe testingof the

gaze-contingentariableresolutiondisplaystratey, monochromégreyscale)videowasused.

2MIPS is aregisteredrademarksandR4400is a trademarlof MIPS Technologiesinc.
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10.2 Software

Experimentsverecarriedoutin the Virtual EnvironmentsLaboratory Thelaboratoryervironment,with an

operatorandsubjectpresentjs shovn in Figure54. The gaze-contingentideo (gcv) display systemwas

SaGl Dnrx
(console)

operator
5GI Onyx RE2

Fig. 54. Virtual EnvironmentsLaboratory:laboratorysetup.

developedto simultaneouslyisplayvideo andobtainraw eye movementdata. Dueto hardwarelimitations
(see§l10.1above), the systemevolved over several revisions. Althoughiinitial attemptsweredevelopedin-
dependentlythefinal versionin mary waysparallelsthe virtual environmentsystemdescribedy Jacobyet
al. [JAE9€]. Theimplementatiorof the multi-processsharednemorygcv systemevolvedfor very similar
reasongcommonhardwareandsoftwareplatforms),andin the caseof sharednemory with the help of one
of the authors. The minimization of end-to-endateng andeffective updaterate wasthe commondriving

forcebehindgcv’s andJacobyetal’s designgsee[JAE96] for details).

Eye movementsampleandvideodisplayratesof thegcv systemaremeasuredby takingtime-stamgdiffer-
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encesat specificpointsin the sourcecodeduring eachcycle of thetime critical softwareloops? Cycletimes
(periods)areinverted(i.e., 1/period= rate)yielding updateratesfor that softwareloop. In the caseof the
videodisplay a datastructurewascreatedvhich maintainsthe index of the currentlydisplayedframe. This
framecounteradvancesassoonasthevideoupdaterateexceedghe desiredramerate(16fps). Theaveraged
sampledcycle time over the durationof the displayedsequencés reportedgiving an effective displayrate.
Notethat(especiallyona UNIX systemsampledcycle timesneedto beaveragedo accountfor theunder
lying stochastiozariationof the obsened context-switchableproces§JAEQS6]. The samplingrateof the eye
tracker datacollectioncomponents obtainedsimilarly. In this casethe next eye movementtuple (x,y) is not

collectedfrom the serialport buffer until thedesiredperiodhaselapsed18ms).

Thegcv systemorganizationvasbrokeninto sevenmainsub-processgshreadspr light-weightprocesses)
to take advantageof the operatingsystems (IRIX™ version5.3) real-timelibrary extensiongvia aguments
to the systemcallssysnp andschedct | ). During development,t wasfound thatthe bottleneckof the
systemwasthe transferof a video framefrom memoryto the Sirius board. This transferis accomplished
throughasequencef callsto theVideoLibrary (vl Get Next Free, vl CGet Acti veRegi on),themem-
ory transfer(mentpy), andafinal VideoLibrary call (vl Put Val i d). Althoughthe systemmanualpages
offer menctpy asthefastestvailablememorytransfermethod,dueto the voluminousnatureof videodata,
this pointin thevideotransfeoop wasidentifiedasthe sourceof congestionin earlystagesf development,
whenthe gcv systemwasrun asa single processthis video transferdelay preventedtimely collection of
eye movementdatafrom the serialport buffer. Separatinghe competingsoftwaremodulesinto concurrent
procesghreadsallowed morefrequentcontext switching,therebyallocatingsystemresourceso thethreads
morefairly. A furthergainin updaterate performancevasachieved by locking the video transferprocess
onto its own processar Sincethe eye tracker datacollection processrequiresa much smalleramountof
datatransfer(on the orderof bytes),it waslockedtogetherwith the remainingbookkeepingthreadson the
otheravailable processar Finally, all processesvere given the samenon-deyradingpriority to ensurefair
treatmentln all, thefollowing six sub-processeserespavnedby the parentprocesssia thespr oc system
call:
MAI N Themain(parent)processspavns6 child processeandwaitsfor the quit signal.

VI D Thevideobookkeepingthread:in chageof maintainingvideostatuse.g.,currentframenumberbeing

3Preliminary versionsof the systemusedthe C callable function get t i neof day which, accord-
ing to the systemmanualpages,hasa resolutionof 1ms. Examinationof various SGI users’comments
and critiquesof this utility on variousSGl-relateddiscussiomensgroups(e.g.,conp. sys. sgi . bugs,
conp. sys. sgi . graphi cs, conp. sys. sgi . hardwar e, conp. sys. sgi . m sc) revealed that
this mechanisnmay be unreliableandthatits resolutionmay in factbe aslow as10ms. Finding this in-
adequatean alternatve time-stampdnGet UST, part of the Digital Media Library™, wasusedinsteadas
suggestedby variousSGl users.This time-stamps maintainedn SGl hardwareandhasa reportednanosec-
ond resolution(it is a 64-bit numberrepresentingranosecondsincethe last systemreboot). It hasbeen
foundmorethanadequatdor millisecondtiming purposeslthoughit is non-portable.
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displayedyideoplay, videostop,etc. SighalsprocesDRW

TRK Thetrackingthread:in chage of maintainingtracking status(numberof samplessamplerate, etc.)
andtherecordingof eye movementdata,known asthe currentPointOf Regard(POR).Signalsprocess
DSC.

DRW Thedrawing thread:solelyin chageof signalingprocesse®VD andDSC.

DVD Thedraw-to-videothread:initiatesmemoryto videotransfer

DSC Thedraw-to-screerthread:initiatesscreerupdate.This threaddisplaysthe currentvideoframeon the
Onyx monitorwith anoverlayof thecurrentPOR.Althoughthis featureis visually informative for the
experimenterdueto thevideo-to-framelffertransferit is alsoapoint of congestionlt is mostlyused
asadehuggingaid andis turnedoff duringexperimentation.

GUl Thegraphicaluserinterfacethread:maintainsvigil overuserinputs.

Threadsynchronizations achiezedthroughthe useof semaphoregqrovidedby UNIX intrinsic systemfunc-

tion calls(senget, senttl, senop). Thegcv softwaresystemorganizationis shavn in Figure 55,

wheresemaphoreareidentified by a symbolrepresentinga small flag. The raisedflag symbolizesa

semaphoresignaloperationwhile the loweredflag depictsa semaphoravait. Semaphoreare namedafter

theprocesghatthey control,exceptfor processe&Ul , VI DandTRK, which arecontrolledby thesemaphore

syn.

Fromtheexperienceslescribedn [JAE96], it wasdecidedo dissociatehe RS-232serialportdriver process
from thegcv system.Whetherthis programmingstrateyy providesa benefitto the run-timeperformancef
thegcv systemis not known (evidencein [JAE96] suggestghatit does),it certainlyfacilitatesthe devel-
opmentof a serialport driver. The resultis thesvr programwhich is solely responsibldor accessinghe
serialport, readingthe raw eye movementdata,andupdatinga segmentof sharedmemoryfrom which the
gcv systemobtainsthe raw PORdata. The gcv systemobtainsa pointerto the sharedmemoryseggment
by first issuingthe systemcall shnget with anagreedkey to obtainthe properidentification,andthenby
callingshmat to attachthe pointer Accessto the memoryis controlledby a semaphor@reviously created
by svr. In effect,svr actsasa sener/writer processalwayswriting to the sharedbuffer, andgcv actsas
theclient/readeprocessalwaysreadingfrom thesharecouffer. Thesvr programis responsibldor destrg-
ing the semaphorandsharedmemorysegments. This protocolrequiresthatsvr mustbe runningprior to

startingthegcv system.

Besidesxaseof developmenttheindependencef theserialportinterfaceprovidestwo otherimportantben-
efits. First, sincethe gcv systemonly readsfrom sharedmemoryand not directly from the serial port, a
phantomsener may be substitutedn placeof the svr. In fact, a randomeye movementsimulatorwas

createdin this manner The programsi mwas createdto generateeye movementsadheringto expected
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stochasticharacteristic®f naturaleye movementsput with a randomspatialdistribution. In a sensesi m
may be eitherthoughtof asa blind individual with perfectly(in the statisticalsensefunctioning eyes, or
simply asa contet-free eye movementdatageneratarSecondsincethereal PORsener (svr ) only writes
to sharedmemory eye movementsnay be recordedover ary type of imagerydisplayableon the television
set. An exampleof an alternatve eye movementanalysisprogramis a gaze-contingenimagedisplay sys-
tem. Insteadof displayingvideo, singleimagesmay be showvn for varying durations.Thegci systemwas
createdo provide this functionality. Insteadof acceptinga desiredvideodisplayrate,gci acceptsadesired
imagedisplayduration.Sincethereareno practicalmemoryconstraintsassociateavith thesingleimage(un-

likethe128recommendethaximumframesfor gcv), prolongedsingleimagedisplaydurationsarepossible.

10.3 Calibration Procedures

Eachexperimentaltrial includedthreecalibrationsteps.Calibrationwasdividedinto two proceduresexter-

nal andinternal. Externalcalibrationpertaingto the proprietaryeye tracker instrumentcalibrationprocedure
specifiedby the manuficturer Internalcalibrationpertainsto the proceduredevelopedwithin thegcv sys-
temin orderto measuregye tracker accurag. The eye tracker wasexternally calibratedusingthe vendors

proprietary9-point calibrationprocedure.Cecv internalcalibrationwasdevelopedover 30 points. External
calibrationpoints were positionedto matchinternal outliers. The layout of the internal calibrationpoints
denotedby the symbol+ is showvn in Figure56(a). The point arraysareframedfor clarity, horizontaland
verticallinesdo not appearduring calibration.Figure56(b) shavs the positionof externalcalibrationpoints

(depictedby circles) overlayedon top of internal calibrationpoints. The location of calibrationpointsis

(a) Internalcalibrationpoints. (b) External(eye tracker) calibrationpointsover
layedoverinternalcalibrationpoints.
+ + + 4 + + @ 4 4 e} 4 + &
+ 4+ 4+ + + + + 4 4+ + + +
+ + + + + + @ + + o + + @
+ + + + + + + + + + + +
+ + + + + + @ + + e} + + @

Fig. 56. Calibrationstimulus.
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describedn two coordinatesystems:the internal(gcv) imagecoordinatespace andthe television coordi-
natespace.Computationof a mappingtransformatiorfrom (external) eye tracker coordinatego (internal)
imagecoordinatess describedn §10.4. Thefollowing descriptionof thelayoutof bothinternalandexternal

calibrationpointsis in imagecoordinatespace.

The descriptionof the calibrationpoint layoutis basedon a viewing distanceof 60cm(23.622in). Viewing
distanceis maintainedby a stabilizedhead/chirrestdescribedabove. Usingtelevision resolutionspecifica-

tions (NTSC standard)the stimulusdimensionsareobtainedrom thefollowing equations,

x_040_4
y 480 3
X 4y? =217

wheresolving for the unknovns givesy = 12.6in., andx = 16.8in. Denotingthe length of the baseof the

visualangleby r, the horizontalvisualangle8y subtendedby the subjectis givenby

B = 2tan‘1($)

16.800
— 2tant =t
an (47.244)

= 392,

whereD = 23.622is the viewing distancen inches.Theverticalvisualangle8, subtendedby the subjectis

obtainedsimilarly,

8 = 2tan‘1(L)

2D
12,600

_ =1

= 2 (47.244)

= 299,

The effective resolutionin dotsperinch (dpi) of thetelevision is found by dividing the numberof pixelsby

themonitordimensions,

640 480 . .
168- 126" 38dpi

The internal calibrationpoint distribution is basedon a 108 horizontaland 92 vertical pixel displacement
startingat the top-left pixel location (50,50). The bottom-rightcalibrationpoint is locatedat (590,418). At

theaboveresolution the horizontalinter-point distances

_108pixels

ry = 38dpi = 2.842in

resultingin the horizontalinter-point subtendedisualangleof about7° asderivedbelow:

B, = 2tan‘1($)
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6.88° = 7°.

Similarly, thevertical calibrationpoint displacemenof 92 pixelsresultsin a subtendedisualangleof about
6°.

Internalcalibrationis performedtwice, immediatelyafter externalcalibration(beforestimulusdisplay),and
immediatelyafter the stimulusdisplay Henceinternalcalibrationis usedto checkthe accurag of the eye
tracker beforeandafterthe stimulusdisplay to checkfor instrument'slippage”. The 30 internalcalibration
pointsareshavn in randomorderin a semi-interactre mannersimilar to the externalcalibrationprocedure.
As eachpoint is drawvn on the screen(the subjectis presentedvith an x to minimize aliasingandflicker
effectsof theanalogdisplay),thegcv systemwaits for ainput key beforesamplingeye movementdatafor
aperiodof 800ms.Theinput key delayallows the operatorto obsenre eye stability onthe eye tracker’s eye
monitor. The eye is judgedto be stableoncethe eye tracker hasrepositionedhe eye in the centerof the
camerdrame.Recordegoint of regarddatais mappedo imagecoordinatesn in real-time.Calibrationdata

is storedin aflat text file for laterevaluation.

10.4 Eye Tracker-Image Coordinate SpaceMapping Transformation

Two differentcoordinatespacegepresenstimulusimageryandgazeposition,respectiely. Dimensionsof
stimulusimageryarebasedn the dimensionf the videodisplay (640 x 480 pixels)while gazepositionis
dependentn theresolutionof theeye tracker (512 x 256 pixels). Sincegazepositioninformationis sought
in imagecoordinatesa transformationis soughtmappingeye tracker coordinateso imagecoordinatesThe
mappingis graphicallydepictedin Figure57, whereimageand eye tracker dimensionsare shovn approx-

imately to scale. In this section,a linear mappingis derived betweeneye tracker and image coordinates,

256| eye tracker | — image 480

512

640

Fig. 57. Eyetrackerimagecoordinatespacanappingtransformation.

following a consideratiorof nonlineardisplaydistortionspresentedbelow.
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10.4.1 Stimulus Display Distortions

Videodatapresente@n thetelevision displayis subjectto ageometridransformatiordueto severalpossible
optical distortionspresentin the display[RR93 p.58]. Robinettand Rolandconsidersphericalaberration
(SA), coma,astigmatism(AST), field curvature(FC), distortionandchromaticaberrationsn the context of

designinga stereoscopitiead-mountedisplay The authorsdescribenonlinearfield distortionasthe effect
of straightlinesappearingurvedonthedisplay Althoughthistype of severeaberratiorwasnotobsenredin

the currenttelevision display internalcalibrationpointsappearedlightly displacedrom expectedocations
dueto the curvatureof the picturetube. This distortionis known asthe pin-cushioneffect [FvD82, p.105].
Pixel datais effectively spreacbut concentricallyfrom the centerof the screenmostnoticeablyin thecorners
of thedisplay Theglobaleffectis hardly noticeablegespeciallyin viewing imagery but local pixel perturba-
tionsaresignificant. To illustrate, the upperleft calibrationpoint at location(50,50)in imagecoordinatess

displayedatalocationnear(21,21)in television coordinates.

Onepossiblecompensatiomethodfor theopticalnonlinearityof thedisplayis a predistortiorof thestimulus
image.For example,to correctlydisplayastraightline in theinternalimage,a curvedline needgo bedravn
on the externaldevice, balancingout the optical distortion. This methodis computationallyexpensve since
it needgo beperformedovertheentireimage.In thepresengye trackingapplication|t is moreimportantto
obtaincorrectPORmeasuremenhsteadof ensuringundistorteddisplayof the stimulus. Thatis, insteadof a
predistortiontransformatiorof thetelevision input, a suitablemethodis soughtfor real-time,point-by-point

correctionof theeye tracker output.

Thepin-cushioreffectcanbe compensatetbr automaticallyif anappropriatéransformatiorcanbederived
from the eye tracker’s measurementsf displayedpixel locations. Thatis, if eye tracker coordinatesanbe
passedhroughthesamedisplaydistortionastheimagecoordinatese.g.,pixelinformationfrom bothsources
appearingon the samedisplay device, the distortion effectswill effectively cancel. This is the motivation
behindtwo eye tracker datatransformatiormethodsdescribedelow, which arebasedon two differentmea-

surementechniguesin thesesectionstheterms‘transformation”and“correction” areusednterchangeably

10.4.2 Eye Tracker Coordinate Transformation

The first attemptat eye tracker datacorrection,termed“manual”, was performedby measuringthe pixel
locationsof the internalcalibrationpointsasthey appearean the television screen.Pixel coordinatesvere

obtainedin inchesand corvertedto pixel values. The secondattempt,termed“automatic”, usedthe eye

4The TV measuremeris anapproximatecountof thetelevision’s RGB pixel triads.
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tracker’s fine-graineccursorpositionreadouto estimatethe coordinate®f the displayedcalibrationpoints.
Sincethevideosignalis sentthroughthe eye tracker, the calibrationpointsaredisplayedon the eye tracker
stimulusmonitor. The eye tracker cursorcan then be positionedover the calibrationpoints by usingthe
keyboardarrow keys. A statusreadouton the monitor shovs the cursors x- andy-coordinatesn eye tracker
coordinatespace.Both manualandautomaticapproachesanbe usedto transformeye tracker coordinates.
Manually andautomaticallymeasuregointsareshovn in the left andright columnsof Figure 58, respec-
tively. The point arraysareframedfor clarity, horizontalandverticallines do not appearduring calibration.

Measuredpoints are representedy circles joined with a line to the corresponding:alibration point rep-

(a) Manuallymeasured. (b) Automaticallymeasured.

SN A

R
/|
/i
/7]

Fig. 58. Eyetrackerimagecoordinataransformatiormeasurements.

resentedoy a +. The top row shavs raw measurementsf both manualand automaticapproaches.The
apparentharger discrepang seenin the automaticapproachs a resultof the eye tracker’s limited vertical
resolution(approximatelyhalf theimageheight). The bottomrow shavs measuregointscorrectedby two

transformatiormethodsdescribedelow.

10.4.3 Manual Transformation of Eye Tracker Data

Themanualkcompensatiomethodrelieson bilinearinterpolationamongmeasureerrorvaluesatfour corner
pointsclosesto arecevedPORdatapoint. Theinterpolatiorresolutionis limited to thenumberof calibration
points (30) storedin the “error lattice”. Givenan arbitraryPOR(x,y) in the eye tracker coordinatespace,
the point is first linearly mappedfrom the eye tracker coordinaterangeto theimagecoordinatespacej.e.,

(x,y) — (s,t), wheres,t areimagecoordinates.The closesterror pointsin imagespacearefound by using

truncatedntegervaluesof the (s,t) coordinatesasindicesinto the errorlattice, with (xoo,Yoo) denotingthe
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closestupperleft errorpoint,i.e.,

X00, Y00 Xs),1t]>Yls],1t])

X|s|+1,[t]»Y[s]+1,[t])s

( ) (
(Xo1,Y01) = (X(s,[t)+1:Y[s,[t]+1)
(X10,Y10) (
( ) (

X11,Y11 X8 +1,[t)+15 Y]] +1,[t|+1)-

Thevalues(s,t) arethencorvertedto interpolationparameterdy thefollowing rule:
(st) =(s—[s|,t—[t]),

definings asthex-coordinaténterpolantandt asthey-coordinatenterpolant.Finally, new imagecoordinates

(X,y) areobtainedthroughbilinearinterpolation:

X (1—1t)[(1—s)x00+ (S)Xo1] + (1) [(1 — S)X10+ (S)X11]
y (1=1)[(1 = 9)yoo+ (8)Yo1] + (1) [(1 — S)y10+ (S)y11]

Correctectalibrationpointsareshown in Figure58(e).

10.4.4 Automatic Transformation of Eye Tracker Data

Theautomatiomeasuremennethodabandonedilinearinterpolationin favor of Lagranges methodof least
squaregLS86, §2.5]. Lagranges methodwaschosenin orderto estimatethe matrix B expressinghe two-
dimensionatransformatiorrequiredto bring the obsened pointsinto alignmentwith the calibrationpoints.
Minimizing the error of the transformatiorparametersver the thirty samplepointsgivesa one-timecalcu-
lation applicableto all raw datapointsasthey areobtained.Thusinsteadof alookuptable,asis requiredby
the bilinearinterpolationmethod,the transformatiorcompensatiomequiredasa resultof Lagranges mini-

mizationis a 3x 2 matrix. Theform of this matrix andthe estimationof its coeficientsaredescribedelow.

Switching notation for calibration points from §10.4.3, denotethe sampled(obsened) lattice points by
{Xi1,%i2} andtheinternalcalibrationpointsby {yi1,yi2} for i € [1,30]. Assumingmatrix B canbe found,
thetransformatiorrequiredto bring the obsenedpointsinto alignmentis, in generafor i € [1,n], expressed
by Equationg10.1)and(10.2):

yi1 Y12 1 X1 X2
Y21 Y22 1 X1 X2 ap Oz
(10.1) S = S Bi1 PBr2
S o B21 B2z
Yni  Yn2 1 Xm Xn2 |

[ 0y d2
(10.2) [vir Yiz] = [1 %1 X2 ]| B Pa2 ] ,
| B21 PBz2
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or in matrix notation,

Y = XB.
Writing out Equation(10.2)gives
Yin = o1+ PBaaXia+ Barxiz
Yiz = O2+Bai2Xi1+ BaXi2

with a; andaz denotingthetranslatiorparameterandf;; denotingscale/rotatioriactors.Thesoughtmatrix

B is atwo-dimensionahomogeneousoordinateéransformatiormatrix.

Matrix B is estimatedy Lagrangesmethodof leastsquaresor themultivariatemultiple regressiormodel[Fin74,
§4.3-84.5]. Thegeneralinearmodeldescribingi € [1,n] obsenationsof p randomvariablesyy, k € [1, p],

from q predictorsxj, j € [1,q] is specifiedby thefollowing p separateinivariateequations:

[Yil Yi2 - Yip] = [0(1 oz .- O(p]
+ Xa1[ B Pz -+ PBup |
+ X2 Bar B2z -+ Bop |

X[ Bar Baz -+ Bap |

+ [Eil &2 - €ip],

_+_

whereay and i arethe linearregressiornparameterselatingxiq to y;p with randomerrore;,. The sample

estimatds expressedn matrix form by Equationg10.3)and(10.4):

. Fdy G - G
cen X cee X ~ ~ A
v Lol e B B o By
(10.3) o TP = T T T B Bz o Bap |4
Yol - Ynp _1 X1 -+ Xng K K -
_Bql BqZ qu
[(E11 E12 o Exp ]
€1 &2 - &2p
_énl €2 - énp_
GG o G
Bz P2 -+ Pap
(10.4) [yt - Vip] = [1 X1 - %q ]| P Ba2 -+ Bop |+
Bar Baz -+ Bagp

[ &1 &2



193

or in matrix notation,
Y = XB+E,

wherematrix X is composecbf rows of valuesof the predictorvariablesfor n obserations,E is then x p
matrix of sampleresidualsor errors,andmatrix B is the (g+ 1) x p matrix of partial regressiorcoeficients

for predictingeachoutcomemeasurdrom the p independentariables.

In orderto estimatethe matrix B by the methodof leastsquaresthe squaredsampleresidualsof n sampled
obsenationsareminimized. The sumof squaredesidualdor oneoutcomemeasures onediagonalelement

of ETE, andtheir sumis thetraceof ETE [Fin74, p.110]° Thatis, the sumof squaredesidualds givenby
tr(ETE) =tr [(Y —XB)T(Y - XB)],
which is minimizedby settingthe partial derivativeswith respecto the elementsf B to zeroandsolving.
Theresultingnormalequationsare
XTXB=XTY.

The systenmis left-multiplied by (XTX)~? to obtainthe estimateof B:

B = (X™X)"IXTy
= G Xy,

whereG~1 is known asthe pseudo-inerseof X. For detailson theimplementatiorof this method,the es-

timability criterion,andtheinvertibility of G, seg[Fin74, §4.4].

In the particularcaseof the internal calibrationpoints, settingthe parameterg = 2 andq = 2 resultsin a

3 x 2 estimatematrix B:
-1

1 x11 X2 yi1 Y12

. 11 -1 1 X1 X2 11 -1 Y21 Y22
B= X11 X21 ot Xm1 . ) X11 X21 tt+ Xni ) )
X12 X2 -+ Xn2 : : : X12 X2 -+ Xn2 : :

1 X1 Xn2 Yn1  Yn2

wherethematrix G = XT X is the 3 x 3 symmetriccovariancematrix

T N n za=1xl'21 %ir]:lxiz
G=X'X= Zinzlxil %i:lxil Zi:nlxilé(iZ
Yi—iXi2  Yj—pXi2Xin D=1 X>

For the 30 automaticallymeasuregoints, the solutionof matrix B is estimatecby the matrix

~ ap a2 7.58 —22.00
B=|PBu Bz | =] 133 0.0
Bo1 P22 0.00 2.00

SThetraceof a squarematrix M, denotedby tr (M), is definedasa sumof its diagonalelements.
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Revertingto the calibrationpoint notationof §10.4.3,correctedPORdata(X,y’) is obtainedfrom raw POR

data(x,y) throughthetransformation,

X = 7.58+1.33
y = —2200+ 2.00y.

As expectedthetranslatiorandscalefactorscorrespondo thedimensionsandrelative spatiallocationof eye
tracker andimagecoordinatesin practice arestrictedsubsebf the eye tracker coordinatespacevasusedto
estimatecorrespondindocationsof calibrationpointsin imagespace.The scalevalueof 1.33 corresponds
to thescalefactorbetweerthe eye tracker andimagex-coordinates|32,438 and[50,590, respectiely. The
dimensiorratio (590— 50) /(438— 32) gives1.33. They-coordinatescalevalueof 2.00is obtainedgiveneye
tracler andimagey-coordinateranges[36,22( and[50,418], respectrely. Translationfactorsmay be sim-
ilarly derivedfrom the relative locationof the upperleft cornersof the coordinatespacesshavn overlayed,

approximatelyto scalein Figure59.

0,0
32,36 eye tracker
438,22@
Y 590,41

Fig. 59. Eyetrackerimagecoordinatespaceoverlay.

10.4.5 Comparison of the Transformation Methods

Themeasuremertf obsenedcalibrationpoint locations(manualor automatic)s independentrom thecor-
rectionmethodused. In sections§10.4.3and §10.4.4above, the manualmeasurementinethodwas paired
with thebilinearinterpolationcorrectionandthe automationeasurememtaspairedwith the methodof least
squaresCorrectectalibrationpointsareshovn in Figure60. Eithercorrectionmethodcanbeusedwith each

form of measurementiowever, the automaticmethoddirectly circumventsdisplayeffectssinceeye tracker
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(a) Bilinearinterpolation. (b) Leastsquares.
+ + + + + + + + + + + +
+ 4 + + + + + + + + + +
+ 4+ + + + + + + + + + +
¢ + + & & & + + & + + +
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Fig. 60. Eyetrackerimagecoordinataransformatiorresults.

measurementsf imagecalibrationpointsarecarriedout onthestimulusdisplay andhencearesubjectto the
samedistortion. Furthermorethe eye tracker providesa moreprecisemeasuremeriechniquefor estimating
calibrationpointlocationstherebyeliminatingthe introductionof anothersourceof measuremergrror. For

thesereasonghe automaticmethodis incorporatednto thegcv system.

In generalthemethodof leastsquaress capableof evaluatingpotentialrotationalerrors.In thepresentase
only the linear regressionmodel was consideredn §10.4.4,sincenonlineardisplay distortionseffectively
cancelout. Concevably, higherordertermsin the regressionmodel could provide more robust correction

parametershouldthis needarise.
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CHAPTER XI

EXPERIMENT 1: EYE MOVEMENT MODELING

The goalof this experimentis to evaluatethe wavelet-basedanodelof eye movements Specifically recorded

eye movementsareanalyzedo testfor correspondencef predictedandobsenedsaccadéocations.

11.1 Video Sequences

Three8-second 16fpsvideo sequenceareusedasstimulus. Eachsequencés composedf a singlewhite
dot (10-pixel diameter)subtendingoughly 1° visualangle. The dot randomlysimulatedixations,saccades
andsmoothpursuiteye movements. Thatis, fixation durations,saccadiaepositioningand smoothpursuit
movementsaredravn from randomdistributionsof arangeof valuescorrespondingo known eye movement
characteristicsThreesequenceareusedfor all subjectsdenoteddy siml, sim2 andsim3andreferredto as

“random-dot”"sequences.

Fixationsaremodeledby ARMA feedbacksequences,

X M +Xo—1+ &, a<ty<h,

Yoy = My, +W-1+&, aty<b,

whereg;, = &, ~ N(O, (5/4)?) were chosento simulatesmall perturbationsaboutthe meanfor a givenin-
terval. Variationsroughly correspondo a3 x 3 squarepixel region which, measuring3v/2 pixelsalongthe
diagonal,subtendd/4° visualangle.Thetypical spatialdistribution of fixation dwell timesroughly extends
to 1/4° (full angle),75% of thetime [Car77, p.105]. Samplesvere generatediniformly every 18ms,with
eachconstant-meamterval lastingan averageof 375mswith a Poissondistribution. Thatis, interventions
(saccadesare distributed with an averageinter-arrival time of 375ms. An interventionis inducedby the

instantaneoushangeof meangy, andy, (stimulusdotlocation),distributedby thefeedbackrelation

My = 'th—1+£“tx’

'Jty = IJty71 + alJty I

whereg,, ~ N(0,32?) andgy,, ~ N(0,16%) is choserto simulatespatialsaccad@amplitudes The p, andk,
distributionsroughly correspondo a quarterof the size of the eye tracker’s rectangulatresolutionwindow
(twice the 32 x 16 standarddeviationsgiving a 128 x 64 pixel rectangle). Smoothpursuitsare randomly

initiated whenever the stimulusdot happengo fall in maiginal regionsof theimagedefinedto be 100 pixels
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wide. Pursuitsaresimulatedoy the ARMA feedbacksequences,

X Mo + X -1+ &, a<tx<b,

Yy = My,

whereg, =~ N(11,(3)?) waschoserasa constanincrementin the x-directionduring the pursuitduration.
The incrementfalls within a rangeof [1,21] pixels, which at 27dpi subtend€).06-1.34 visual angle. The
positionof the stimulusdotis updatedevery 62.5ms(for 16fpsframerate)giving avelocity rangeof roughly
[1,20°/s. Theincrementvalueis madenegative if the stimulusdot happengo startat theright imagemar
gin. Theresultantdot movementsoccuratrandomy-coordinatesndtraversethe screerfrom left-to-right or

right-to-left at arandomconstantelocity.

11.2 Experimental Trials

Eachexperimentalsessiorconsistsof multiple subjectgestedindividually in experimentaltrials. Eachtrial
consistsof single presentationsf threerandom-dotvideo sequencesTrials arelimited to a total of three
videopresentationsinceloadingof thevideointo memoryrequires/ minutesandtheexperiments designed
to processachindividualin roughly 30 minutes.Eachtrial consistf thefollowing steps:
1. Brief introduction.Whena subjectenters s/heis asledto sit in front of the eye tracker headrest. The
equipments briefly describedvith emphasi®ntheeye trackerinfra-red(IR) light sourceandcamera.
It is pointedout thatthe IR assemblycontainsa standardbverheadprojectorbulb asthe light source.
This is doneto alleviate ary preconceied fearsregardingthe apparatugsomesubjectswere under
theimpressiorthateyelid movementwould berestricted).Subjectsareassuredhatthe experimentis
physicallyunobtrusve.
2. Notrainingis givento subjects.

3. VideopresentationEachvideopresentatiortonsistof thefollowing substeps:

(a) Externalcalibration.Oncethe subjecthassettledinto the headrest,the eye tracker s calibrated,
asdiscussedn §10.3.

(b) Internalcalibration. Immediatelyfollowing external calibration,the internal calibrationproce-
dureis performedto recordthe initial accurag of the eye tracker. The calibrationresultsare
storedin a text file for later analysis(the file namecorventionadopteds (<seq_nane>. 1. -
cl b).

(c) Stimulusdisplay The video is presentedwice in successioreachtime eye movementsare
recordedandstored(thefile namecorventionsadoptedare(<seq_nane>. por).

(d) Internalcalibration.Immediatelyfollowing stimuluspresentationthe internalcalibrationproce-

dureis performedonceagainto recordthefinal accurag of theeyetracker. Thecalibrationresults
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arestoredin atext file for later analysis(the file namecorventionadopteds (<seq_nane>. -
2.clb).

11.3 Subjects

A total of 7 subjects(4 female,3 male) participatedin Experimentl. The agedistribution was mean21,
minimum 19, andmaximum23. The subjectswererecruitedfrom an introductorycourse(CPSC203) for
non-engineeringnajorsofferedby the Departmenbf ComputerScience Subjects'majorsrangedrom Biol-
ogy (BIOL) to Political Sciencg POLS).Theundegraduatdevel distributionwas0 freshmen2 sophomore,
2 juniorsand3 senior All subjecthadgoodvisionwith 1 subjectwearingglasses? wearingcontactienses.

Therewereno subjectdrom the Department®f ComputerScienceor ElectricalEngineering.

11.4 Experimental Design

The predominanproblemwhich hampersye movementexperimentss the invariability of humanscanpath
patternsover complex scenery Scanpathvariability emanatedrom two sources. First, naturalsceneryis
viewed differently by differentindividuals. Although certainelementsn the scenemay be fixated consis-
tently betweenindividuals, the order of fixationsmay vary greatly Secondan individual’'s scanpathsnay

differ greatlyon successie views of the samescengNS71g NS714.

To limit scanpathvariability, subjectsmay be coercedo concentraten certainvisual featuresby theintro-
ductionof a performanceriterion. Simply askingsubjectgo follow a prominentobjectin avideosequence
greatlyreducesnter- andintra-subjectvariability. This visual tracking experimentalparadigmis usefulin
testingperipheralsensitvity. Note thatthis paradigmdiffers from the visual searchtasksincethe objectto
befixatedis generallyconspicuousindeasilyfound. Thevisualtrackingparadigmalsodiffersfrom typical
tasksusedin peripheralsensitvity experimentssincethe point of fixation is not restrictedto a givenscreen
location,e.g. ,thescreercenter Insteadthe directedparadignresemblesmoothpursuittaskssincethe sub-

jectis instructedto maintaingazeover a givenobject,whetherit is still or in motion.

Random-dotideosequencewerepresentedn serialorder Sincetherewasno controlfactor, no prescribed
presentatiorderwasnecessaryit is not expectedhatsubjectsviewedsequencedifferently, but this point

is notexplicitly testedn theanalysis.
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11.5 Results

The objective of Experimentl is to evaluatethe PARIMA modelof eye movements.Specifically sincethe
PARIMA modelis basedon the detectionof saccadeghe analysiscenterson comparisorof expectedand
detectedsaccaddocations. Descriptive statisticsare presentedegarding“hit rate” (percentage&etectionof
total saccadesand“correctnesgate” (percentagealetectionof correctsaccades)Thesestatisticsarethen
usedto make a rough qualitatve assessmendf the PARIMA modelandits susceptibilityto Type | andll

errors(falsepositvesandfalsenegatives).

Usefulnesof PARIMA saccadealetectionsn the video sequenceare contingenton two factorsof the eye
trackingexperiment:(1) accurayg of the eye tracker, and(2) accuray of the eye tracker during the viewing
task. Gazepositionis not verified in this experimentsincegazepositiondoesnot bearsignificanceon the
evaluationof the signal processingstratgyy. Gazepositionis examinedin Experiment3 whereperipheral
imagemanipulationdependsn viewers’ collocationof gazewith the intendedregionsof interest. Prior to

thesaccadeletectionanalysisgye tracker accurag is testedn thefollowing two sections.

11.5.1 Verification of Eye Tracker Accuracy

Themeasurementf gazedepend®n the accurag of the eye trackinginstrument.Eyetracker accurag was
measuredy internalcalibrationprocedureglescribedn §10.3. Measurements/eretaken beforeandafter
stimulusviewing trials, asdiscussedn §11.2. Theseproceduregprovide the basisfor two statisticalmea-
sures:(1) the overall accurag of the eye tracker, and(2) the amountof instrumentslippageduring stimulus
viewing. Thelattermeasuremergivesanindicationof theinstrumentaccurag duringtheviewing task,i.e.,

by recordinglossof accurag betweerthe before-andafterviewing calibrationprocedures.

Eyetrackerreadingawvereobtainedover 30 internalcalibrationpointsasdescribedn§10.3. Eachcalibration
point measurementonsistsof eye tracker samplesaboutthe calibrationpoint over an 800msperiod (ap-
proximately44 individual datapoints). Rav samplepointsfalling in the exterior 10-pixel wide bordersare
ignored. Thisis dueto the eye tracker’s propertyof generating0,0) valuesduringblinks (confirmedby the
vendor).For thisreasonary time araw samplepointis closeenoughto thelocation(0,0) (within 10 pixels),
it is removedfrom furtherconsiderationAn averageof valid datapoints(centroid)is obtainedandthe error
betweerthe centroidandcalibrationpointis calculated.Eachtwo-dimensionakuclidiandistancemeasure-
mentis corvertedto thethe full visualangledependenbn the viewing distanceandcalculated-esolutionof
thetelevision screen.Thuseachcalibrationrun contains30 averagemeasuredleviationsat eachcalibration
pointin termsof visualangle.A graphicalexampleof this measuremeris shovn in Figure61. Theinternal

calibrationlocationsarerepresentedy +, samplemeasurementarerepresentedy individual pixel dots,
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(a) Calibrationbeforestimulusviewing (avg. er (b) Calibrationafterstimulusviewing (avg. error:
ror: 1.40). 1.77).

i i o ey % 1 ‘[ g H \ M .

Fig. 61. Typical pertrial calibrationdata(subject# 21).

andcentroidgazepositionsarerepresentedtby circles,joined with the correspondingalibrationpoint by a
line. Thelengthof the line is the averageerror deviation in pixels. This distancey is corvertedto visual
angleb by the calculation
r
0=2tan" ! —
2D’
whereD is the viewing distance.The errordistancer is measuredn the sameunits asthe viewing distance

D, dependenbn theresolutionof thedisplay

To quantifytheoveralleye trackeraccurag succinctly theaveragecalibrationerroris obtainedrom eachset
of calibrationpointsin orderto calculateanoverall averagestatisticof the eye tracker. Theresultingaverage
instrumenterror is an averagestatisticover all calibrationrunsperformedin Experimentl. The calculated
meanvalueis 1.87. Thisis nota particularlyinformative statisticsincethe datadoesnot appeato fit anor-
mal distribution. The histogramof averageerrorsis shovn in Figure62. Sincethe averageerrordataappears
skewed, a more meaningfulstatisticis the medianvalue,which ignoresthe influenceof outliers. Its value
is 1.41°. Using similar reasoningor reportinga dispersionstatistic,the interquartilerange(iqr) is utilized
insteadof the standarddeviation for its robust responsedo outliers. Theiqgr valueis 0.97. Thesefindings
indicateanoverallacceptablg@erformancenotfar off from thevendors claimedaccurag (roughly1°visual

angle).

11.5.2 Verification of Eye Tracker Slippage

Quantificationof the before-andafterviewing eye tracker error providesa measuref instrumentaccurag

during the viewing task. A graphicalexampleof this measuras shovn in Figure 63 which is a composite
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Fig. 62. Overall eye tracker error histogram.

plot of Figures61 (a) and(b). Notice that measureaye positionsin relationto calibrationpointscoincide
well overall. To quantifythis correspondence,one-wvay ANOVA wasperformedonthemeansf thebefore-
andafterviewing averageerror measuresTable 18 lists the ANOVA measuresn §C. Error meanboxplots
areshonvnin Figure64. On averageno significantslippageis detectedy this statistic.Notethat ANOVA in
this caseis not very informative sinceit doesnot considereye tracker slippageon a pertrial basis. Thatis,

the ANOVA only reportssignificantcorrespondencef the meanmeasurements.

To examineeye tracker slippageon a pertrial basis,differencesf averageerrorswere calculatedbetween
the before-and afterviewing calibrationruns on a perrun basis. Differencemeasurementfit a skewed
distribution, asshown in Figure65. Due to the apparenskewed distribution, statisticalmeasuresobustto
outliersareused.Themedianerroris -0.25, andinterquartilerangeis 0.40°. Thesevaluesquantifytheclose
correspondencef examplepre-andpost-vieving calibrationmeasurementshavn graphicallyin Figure63.
Overall,thetrackeraccurag variesroughlya quarterof adegreevisualangleoverthe 8-secondriewing task.
Over somecalibrationpoints,accurag improveswhile over othersit degrades.Sincethe peakfrequeng is

closeto 0, generallythe accurag beforeandafterviewing the stimulusremainsstableoverall.

11.5.3 Evaluation of PARIMA Model of Eye Movements

The PARIMA modelof eye movementscharacterizedixationsand smoothpursuitsby detectingsaccades

modeledby meandiscontinuities. The resultanteye movementanalysisis a reconstructedrersionof the
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Fig. 63. Compositecalibrationdatashaving eye tracker slippage(subject# 21).

Values

15F

Fig. 64

Column Number

. Pre-vs. post-stimulussiewing averagecalibrationerrorboxplots.
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Fig. 65. Overall differenceerrorhistogram.
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original eye movementsignalwith removedsaccadievents. The modelis evaluatedthroughcomparisorof
detectedandexpectedsaccadéocations.Mean“hit” and“correctnesstatesarediscussedDatafor calcula-

tion of thesestatisticds givenin Tables19-21.

Themeanpercenthit rate” of themodelis estimatedt45%. This statisticis obtainedoy calculatingtheratio

of correctlyidentified saccadesersusthe total numberexpectedover eachexperimentalrial. For example,
thefirst randomdot sequencésim) containedl4 expectedsaccadesf varying spatialamplitude.Analysis
of subject21’s scanpatternsdentified9 of thesesaccadesorrectly(64% hit rate). Hit ratesfor all subjects

wereaveragego producethe meanhit rateof 45%.

Themean‘correctnessate” of themodelis estimatedat 29%. This estimatds obtainedby takingtheratio of
correctlyidentifiedsaccadesersughetotal numberof saccadedetectedn the (individual's) eye movement
signal. For example,27 saccadesveredetectedn subject21’'s eye movementpatternsover sequenceiml
(seeTable19). Of these 9 saccadematchedhe expectedsaccadéocationgiving a 27% correctnessateof

themodelfor this scanpattern.

Saccadaletectionratewasqualitatvely analyzedo testfor saccadepatialamplitudebias. Thatis, at first
glanceit appearedhat saccadespatialamplitudemayinfluencedetectiong.g.,large saccadesmay be more

easily detected. To testthis, expectedsaccadespatialamplitudeswere calculated(farright columnsin in
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Tables19-21).Saccadeletectionsacrossndividualsareplottedagainstsaccademplitudein Figure66. No
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Fig. 66. Percensaccadeletectionvs. saccadepatialamplitude.

obvioustrendis visible in the plot of Figure66. Thatis, datapointsappeato beroughly uniform aboutthe
verticalline x = 3.63, which is the meanof saccadeamplitudesof the visual stimulus. In particular both
saccadesvith spatialamplitudesof 1.34 and4.83 visual anglewere alwaysdetected 100 percentdetec-
tion) suggestinghatwhenpresentthe PARIMA modelhadno difficulty locatingeitherof thesetwo saccade
signaturesThisis not surprisingsinceoncethe spatialdecompositiorthresholds set,the three-dimensional
waveletanalysisshouldperformdiscontinuitydetectionequallywell no matterwhatthe spatialsaccadem-

plitude (solong asit is overthe spatialthreshold).

11.6 Discussion

Thehit andcorrectnessatesidentifiedabove indicatethe PARIMA model's possiblesusceptibilityto Typel
andTypell errors.Thehit ratesuggesta Typell (falsenegative)error, i.e.,failureto identify atruesaccade.
The correctnessate suggestsa Type | (falsepositive) error, i.e., identificationof falsesaccadesLow esti-
matedvaluesof bothmeasuresmply thatthe PARIMA modelclassifiesoo mary non-saccadeandsufiers
from afairly large missrate. In essenceit seemghe PARIMA modeloverestimatesaccadesAt leastfour
possibleproblemsmay be responsibldor the somavhat poor initial evaluationof the PARIMA model: (1)

stringentclassificatiorof saccadenatches(2) experimentabiastowardhigh velocity saccadeg3) incorrect
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initial estimationof modelparametersand(4) confoundingsaccade-lik events.

The criteria usedto judge saccadenatcheggeneratiornof positive or null saccadaletectionvaluesin Ta-

bles19-21)wasvery strict. Saccadanatchesvereidentifiedif obsened saccadesnatchedexpectedioca-
tions exactly. Thatis, if a saccadéetweernvideo frames001-002was expected,an obsened saccadevas
deemeda matchif frames001-002werenot part of ary VOIs, i.e., if frames001-002were partof a VOI

hole. No errortolerancevasgiven,i.e., if frame002waspartof a VOI, theobsenedsaccadevasdeemedch
mismatch.This maybetoo stringenta criterionsinceit doesnot allow ary delaybetweerthe stimulussac-
cadeandthe obsenedsaccadeMore liberal estimatesnay be usedwhich provide alargertemporalinterval

for saccadenatches Continuingthe currentexample,providing a one-frametolerancdevel would produce
a saccadenatchfor the expectedsaccaddetweerframes001-002if anobsenedsaccad®ccurredbetween
frames002-003,0r betweerframes001-002whereframe002is thefirst frameof a VOI. Furtherrelaxation
schemesnayimprovethehit rateestimate Thepointis, the exactmatchcriteriausedin the currentanalysis

probablyunderestimatethe power of the PARIMA model.

Relatedto the stringentsaccadematchcriteria is the distribution of the stimulussaccades.Fast stimulus
saccadesmay evoke delayedsaccadeesponses the eye movementsignal. Thatis, afaststimulussaccade
may incur a longerresponséime from the subject. At presentpracticallyall stimulussaccadesompleted
within onevideoframeduration(62.5ms).Therangeof stimulussaccadessedis [.97,12.33]° visualangle,
generatingsaccadevelocitiesof [15.52,197.28)°/s. Slower saccadesnay generataifferentresponsedimes

which maygive morerobustestimate®f the PARIMA model's capability

PARIMA analysisof eye movementdn all casesusedconstantvaluesfor wavelet spatialandtemporalde-
compositiorthresholdg3 spatialand2 temporaldecompositiotievelswereused).Criteriafor initial choices
of theseparametergregivenin the modeldescription,in §VII. Sincethe above analysissuggests fairly
high Typell errorrate,themodelshouldbeevaluatedusinglargerspatialdecompositiorevels. A largerspa-
tial decompositioreffectively smootheghe spatialvariability of the eye movementsignal, limiting saccade

detectiorto large spatialdiscontinuities.

Finally, only aweakattemptwasmadeto distinguishpossibleconfoundingeventsfrom saccadedn particu-
lar, blinks maybefalselyinterpretedassaccadesThe eye tracker generates datavalueof (0,0) duringfull
eyelid closure(lossof pupil in the eye tracker optics).Priorto full lid closure however, theeye tracker signal
correspondindo initial eyelid movementresemblesignalstypically associateavith saccadiactvity. That
is, eyelid movementcauses@napparensaccaddowardsthe upperleft cornerof theimage. At presentcare

is takento remove valuesatthe point (0, 0) andat a closedistancego theimageboundariesHowever, sam-



206

pled dataremainwithin centralimageregionscorrespondingo apparensaccadegeneratedy blink onsets

just prior to full eyelid closure. A graphicalexampleof this problemis shavn in Figure67. Note the dot

L S R
1 P * - - ¢
S R .

Fig. 67. Calibrationdatashaving partial eye blink (subject# 28).

patterngepresentinggampled®OR dataat the two calibrationpointswith largesterror. Thesedot patterns,
alongwith the vectordefinedby the internal calibrationpoint andthe calculatedcentroidof the POR data,
clearlyindicatea pathtowardsthe upperleft regionsof the screen Theseeye tracker samplesvererecorded
during partial eyelid closuresjust prior to blinks) andare not removed from analysis(the averageerror of

the calibrationshown in Figure67is 1.41°, with range[0.13,10.33]°). A moresophisticatedblink detection

algorithm(basedn pupil measure$or example)mayimprove the PARIMA model.

In summarytheinitial evaluationof the PARIMA modelperformecdhereprobablyunderestimatethe power
of themodel. Presentlyit appearssif the PARIMA modeloverestimatesaccadesSuggestionsveregiven
for morerobustanalysisof the data,aswell asfor thevariationof bothmodelparameterandstimuluschar

acteristican futureexperiments.
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CHAPTER XIlI

EXPERIMENT 2: GAZE-CONTINGENT VOI DETECTION

Thegoalsof thisexperimentare: (1) to visualizesuccessie scanpatternf individualsovervideosequences,
and(2) to collectindividualandaggregyateVolumesOf Interestover videosequenceom multiple subjects.
Recordedndividual andaggregatescanpatternsareobtainedfor comparisoragainsideal obsener patterns

(in Experiment3).

12.1 Video Sequences

Two 8-secondl6fpsvideosequenceareusedasstimulus.Eachsequencés presentedh its original stateas
digitally capturedrom ananalogvideosource(a VCR). Firstandlastframesof thecnnsequencareshavn

in Figure68. Not shovn in Figure68 arethefirst andlastframesof the flight sequenceln this sequencea

_(a)enn(frame001). _ (b) cnn(frame128).

Fig. 68. Unprocessegideosequences.

Navy fighterchasget, in thelowerright portionof theimage,is following a smallertargetplanewhich starts
atthetop right portionof thefirst frame. Thetargetplaneperformsa half-roll evasionmaneuerarcingfrom
thetop-rightto thetop-left screerregionsthroughthe bottomof the screen.The horizonrotatesasthe chase
planepursues.The chaseplaneremainssteadyrelative to the framesinceit bearsthe camera.Lighting on

thechaseplanechangessit emegesfrom shadev to sunlight.

Individuals’ successie scanpatternsarerecordedover the cnnsequenceavhile the flight sequencés usedto
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obtainanindividual’'s representatie scanpatternfor comparisornversugheideal obsenrer.

12.2 Experimental Trials

The experimentalsessiorconsistsof multiple subjectstestedindividually in experimentaltrials. Eachtrial
consistsof threepresentationsf the cnn sequencandtwo presentationsf the flight sequenceEachtrial
consistof thefollowing steps:

1. Brief introduction.Whena subjectenters s/heis asledto sit in front of the eye tracker headrest. The
equipments briefly describedvith emphasi®ntheeye trackerinfra-red(IR) light sourceandcamera.
It is pointedout thatthe IR assemblycontainsa standardbverheadprojectorbulb asthe light source.
This is doneto alleviate ary preconceied fearsregardingthe apparatugsomesubjectswere under
theimpressiorthateyelid movementwould berestricted).Subjectsareassuredhatthe experimentis
physicallyunobtrusve.

2. Training. Prior to the startof the trial, the flight sequencés shavn threetimesto the subjectfrom
videotape.Trainingis donesothatsubjectscanfamiliarizethemseleswith thevideo contentandcan
identify the target objectfor the visual trackingtask. No trainingis performedover the cnnsequence
andsubjectsarenottold of its contentin advance.

3. VideopresentationEachvideopresentatiorfollows thefollowing substeps:

(a) Externalcalibration.Oncethe subjecthassettledinto the headrest,the eye tracker s calibrated,
asdiscussedn §10.3.

(b) Internalcalibration. Immediatelyfollowing external calibration,the internal calibrationproce-
dureis performedto recordthe initial accurag of the eye tracker. The calibrationresultsare
storedin a text file for later analysis(the file namecorventionadopteds (<seq_nane>. 1. -
cl b).

(c) Stimulusdisplay Thevideois presentedn successionvith eye movementsecordedandstored
eachtime (the file namecorventionsadoptedare (<seq_nanme>. 1. por, <seq_name>. 2. -
por,and<seq-nane>. 3. por , with only two datasetsrecordedor theflight sequence).

(d) Internalcalibration.Immediatelyfollowing stimuluspresentationthe internalcalibrationproce-
dureis performedonceagainto recordthefinal accurag of theeyetracker. Thecalibrationresults
arestoredin atext file for later analysis(the file namecorventionadopteds (<seq_nane>. -
2. clb).
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12.3 Subjects

A totalof 18 subjectg8 female,10 male)participatedn Experiment2. Theagedistributionwasmeanl9.61,
minimum 18, and maximum23. The subjectswererecruitedfrom an introductorycourse(CPSC203) for
non-engineeringnajorsofferedby the Departmenbf ComputeiScience Subjects'majorsrangedrom Busi-
ness(BUSN) to Psychology(PSYC).The undegraduatdevel distribution was6 freshmen6 sophomore3
juniorsand3 seniors.All subjectshadgoodvisionwith 1 subjectwearingglassesb wearingcontactienses.

Thereweretwo subjectsfrom the Department®f ComputerScienceor ComputerEngineering.

12.4 Experimental Design

Videosequencewerepresentedn serialorder Sincetherewasno controlfactor no presentatiororderwas
used.Subjectsviewedthreepresentationsf the cnnsequencendtwo presentationsf the flight sequence.
The visual tracking paradigmwas usedover the flight sequenceand no viewing instructionswereissued
over the cnn sequencéfree viewing paradigm). It is not expectedthat subjectsviewed the flight sequence

differently, but this pointis nottestedn theanalysis.

12.5 Results

The objectvesof Experiment2 arethe collectionof aggreyateVOIs over the cnnsequencandanindivid-

ual’'s scanpatternsover theflight sequence.

The choiceof subjects’scanpatternsfor the constructiorof individual andaggreyateVOlsis contingenton
two factorsof theeye trackingexperiment:(1) accurag of theeyetracker, and(2) accuray of theeyetracker
duringtheviewing task.In thecaseof theindividual VOI collection,thechoiceof the subjects scanpatterns
is alsocontingenton the accurag of gazepositionover the intended(ideal obsener) Regions Of Interest.
Gazepositionis not verified for subjectsviewing the cnn sequencasthereis no predeterminedcanpath.
Prior to the visualizationof the individual and aggreyateVVOIs, eye tracker and gazepositionaccurag is

givenin thefollowing two sections.

12.5.1 Verification of Eye Tracker Accuracy

Themeasurementf gazedepend®n the accurayg of the eye trackinginstrument.Eyetracker accurag was
measuredy internalcalibrationprocedureslescribedn §10.3. Measurementseretaken beforeandafter
stimulusviewing trials, asdiscussedn §12.2. Theseproceduregprovide the basisfor two statisticalmea-

sures:(1) the overall accurag of the eye tracker, and(2) the amountof instrumentslippageduring stimulus
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viewing. Thelattermeasuremergivesanindicationof theinstrumentaccurag duringtheviewing task,i.e.,

by recordinglossof accurag betweerthe before-andafterviewing calibrationprocedures.

Eyetrackerreadingawvereobtainedover 30 internalcalibrationpointsasdescribedn§10.3. Eachcalibration
point measurementonsistsof eye tracker samplesaboutthe calibrationpoint over an 800msperiod (ap-
proximately44 individual datapoints). Rav samplepointsfalling in the exterior 10-pixel wide bordersare
ignored. Thisis dueto the eye tracker’s propertyof generating0,0) valuesduringblinks (confirmedby the
vendor).For thisreasonary time araw samplepointis closeenoughto thelocation(0,0) (within 10 pixels),
it is removedfrom furtherconsiderationAn averageof valid datapoints(centroid)is obtainedandthe error
betweerthe centroidandcalibrationpointis calculated.Eachtwo-dimensionakuclidiandistancemeasure-
mentis corvertedto the the full visual angle,dependenbn the viewing distanceand calculatedresolution
of thetelevision screen.Thuseachcalibrationrun contains30 averagedeviationsat eachcalibrationpoints

measuredn termsof visual angle. A graphicalexampleof this measuremen shavn in Figure69. The

(a) Calibrationbeforestimulusviewing (avg. er- (b) Calibrationafterstimulusviewing (avg. error:

ror: 0.96). 1.10).
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Fig. 69. Typical pertrial calibrationdata(subject# 29).

internalcalibrationlocationsarerepresentetly +, samplemeasuremeni@rerepresentedly individual pixel

dots,andcentroidgazepositionsarerepresentetby circles,joined with the correspondingalibrationpoint

by aline. Thelengthof theline is theaverageerrordeviation in pixels. Thisdistancer is corvertedto visual
angleb by the calculation

r

0 =2tan! >0’

whereD is the viewing distance.The errordistancer is measuredn the sameunits asthe viewing distance

D, dependenbn theresolutionof thedisplay
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For aggregateV Ol creation sevensubjectaverechosenwvhoseaveragecalibrationerrorwassubjectvely low
(about1-2° visualangle). To quantify the overall eye tracker accuray for theseindividualssuccinctly the
averagecalibrationerroris obtainedrom eachsetof calibrationpointsin orderto calculateanoverallaverage
statisticof the eye tracker. Theresultingaverageinstrumenterroris anaveragestatisticover thesesubjects’
calibrationruns performedin Experiment2. The calculatedmeanvalueis 1.18. Thisis nota particularly
informative statisticssincethe datadoesnot appeatrto fit a normaldistribution. The histogramof average

errorsis shawvn in Figure 70. Sincethe averageerror dataappearskewed, a more meaningfulstatisticis

Overall Average Eye Tracker Error (deg. v.a.)

3.5r *

251 *

Fig. 70. Overall eye tracker error histogram.

the medianvalue, which ignoresthe influenceof outliers. Its valueis 0.9C°. Using similar reasoningfor
reportinga dispersiorstatistic,theinterquartilerange(iqr) is utilized insteadof the standardieviation for its
robustresponseo outliers. Theigr valueis 0.30°. Thesefindingsindicateanoverallacceptabl@erformance,
notfar off from thevendorsclaimedaccurag (roughly 1°visualangle). The averageerrorfor theindividual
VOlI collectionwas0.83 beforestimulusviewing and0.86after Eye movementpatterngprovided by this
individual are consideredslightly betterthan average. When asled whetherthe subjecthad ary previous
visualtrackingtraining, the subjectansweredn the negative but notedhuntingasan enjoyablehobby The

subjectis referredto as“hunter”.
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12.5.2 Verification of Eye Tracker Slippage

Quantificationof the before-andafterviewing eye tracker error providesa measuref instrumentaccurag
duringtheviewing task.A graphicalexampleof this measurés shovnin Figure71whichis acompositeplot

of Figures69 (a) and(b). Notice that measureaye positionsin relationto calibrationpointscoincidewell

A e S SRR
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Fig. 71. Compositecalibrationdatashaving eye tracker slippage(subject# 29).

overall. To quantifythis correspondencaone-way ANOVA wasperformedon themeansof the before-and
afterviewing averageerror measuresTable 22 lists the ANOVA measuredn §D. The error meanboxplot
is shawvn in Figure72. On average no significantslippageis detectedy this statistic. Notethat ANOVA in
this caseis not very informative sinceit doesnot considereye tracker slippageon a pertrial basis. Thatis,

the ANOVA only reportssignificantcorrespondencef the meanmeasurements.

To examineeye tracker slippageon a pertrial basis,differencesf averageerrorswere calculatedbetween
the before-andafterviewing calibrationrunson a pre-runbasis.Differencemeasurementfit a skeweddis-
tribution, asshowvn in Figure73. Statisticalmeasuresobustto outliersareused.The medianerroris -0.14,
andinterquartilerangeis 0.38. Thesevaluesquantify the closecorrespondencef examplepre-andpost-
viewing calibrationmeasurementshavn graphicallyin Figure71. For subject‘hunter”, the averageerror
betweerthe pre- andpost-vieving calibrationmeasurements 0.03. Overall, the tracker accuray before

andafterviewing the stimulusremainsfairly stable.
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Fig. 72. Pre-vs. post-stimulus/ziewing averagecalibrationerrorboxplots.
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Fig. 73. Overall differenceerrorhistogram.
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12.5.3 Verification of GazePosition

To verify the individual’'s gazeposition with respectto expectedRegions Of Interest(ROIs) of an ideal
obsener, eye gazeposition error was calculatedon a perframe basisover all participatingsubjects’data.
EstimatedvolumesOf Interest(VOIs) from theraw PointOf Regard(POR)dataidentifiedthe subjects fix-
ation locations. Theselocationswerethen comparedo expected(ideal) VOI locations. Referencdideal)
VOls werecomparedo the subjects obsenedVOIs by dismantlingthe VOlIs into VOI-frameintersections
(ROIs). The errormeasuravascalculatedasthe distancebetweenidealand obsened ROIs for eachframe
andcorvertedto degreesvisualangle. A medianerror valueof the subjects VOI datarepresents measure
of the gazeerrorover the entiresequenceQutlier measurearror valuescorrespondingo suspectedblinks
weredroppedrom the mediancalculation.The overall mediangazepositionerrorfor subject‘hunter” over

theflight sequencés 1.07 visualangle,with iqr 1.03.

Theperframeerrorof “hunter”s scanpatternswith respecto theidealobseneris shavn in Figure74. Note
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Fig. 74. Perframegazeerrors.

missingframedatais linearly interpolatedn the graph(e.g.,over frames3-49). Missing frame datacorre-
spondsto the lack of Regions Of Interestat saccadidocationsin the VOI record(i.e., saccade&dentified
by the PARIMA model). During onsetof the video sequenceaccordingto the PARIMA model,the subject
performedsix saccadesver frames7-9,9-12,20-22,29-30,31-32,and35-39(someof thesesaccadesay

be blinks). The subjectwas obsened acquiringthe objectduring thesefirst few secondgroughly 2.5s,40
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framesat 16fps). Thelarge errorsat frames81-91 correspondo the subjects obsenedlag behindthetarget
objectandsubsequergaccadgerformedto catchup to the object. The PARIMA modelidentifiedsaccades
over frames82-85,89-90,and 91-93. Figure 75 (a) shaws the subjects VOlIs just after acquisitionof the
target object. The targetplaneis seenin the texture-mappedrame betweerfirst two VOIs. Figure 75 (b)
shaws the subjects VOIs just prior to the saccadiactiity over frame82-93. Re-establishefixationsover

(a) View just aftertargetacquisition. (b) View justprior to saccadi@ctivity.

Fig. 75. Individual subjects (“hunter”) VOIs over theflight sequence.

the target objectcanbe seenbehindthe secondiexture-mappedmageframe. The three-dimensionadcan-

pathis not shavn in Figure 75, but is visible in Figure76. Theview in Figure 76 is slightly off-centeredo

(a) View over earlyportion of the sequence. (b) View over later portionof the sequence.

Fig. 76. Individual subjects (“hunter”) VOIs andscanpattover theflight sequence.

exposethe scanpattandframeintersections.n Figure76 (a), the target planeis seenjust to theleft of the
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scanpath-framatersection Figure76 (b) shavs thetargetplaneslightly above the scanpath-framantersec-
tion. Thescanpattin thelatterimage,dravn by linearly-interpolatingpetweernvOIl segments approximates

the saccadedetectedver frames89-93.

12.6 Discussion

AggregateVOls overthe sevenqualifying subjectsvaspresente@nddiscussedhn §VIII. During creationof
the aggreaterepresentatioran interestingobsenation wasmaderegardingan individual's successie scan
patternsoverthecnnsequenceRecallthateachof the sevensubjectssiewedthecnnsequencéhreetimesin
successionSubject7 appeargo have madesaccadesver severalregionsof thevideoframein thefirst two
trials, but maintainedan almoststeadyfixation over the centralregion in thelasttrial. (Subject7’s pre-and
post-vieving averageeye tracker errorwas0.8% and0.83, respectiely.) Figures77 shovsthescanpattand

VOlIs of thefirst trial. Figure77 (b) shows diverseeye movementsfrom the centralregion of the screento

(a) 2D scanpath. (b) 3D VOls.

Fig. 77. Individual subjects (subject# 7) first scanpatlandVOls overthe chnnsequence.

theright portion,andthento theleft sideof the screen A very shortfixationis madeat theright sideof the
image.Figure78 shovsthescanpattandVOls of thesecondrial. Figure78(b) indicatesa saccadérom the
left portion of the screento the region just above the timebox, followed by a saccadeo timebox. Although
not clearly seenin Figure 78 (b), interactionin the 3D visualizationervironmentshoved the scanpather
minatingover theanchormars tie. Figure79 shows the scanpatrandVOIs of thethird trial. The subjects
eye movementsarerestrictedto the facialareaof thevideo sequenceFigure79 (b) shovstheVVOIs overthe

sequenceNotethatthe currentview is within a VOI (the 3D scanpathine is removedfor clarity).

Note the marked differencein eye movementvariability acrossthree viewing trials over the samevideo
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(a) 2D scanpath. (b) 3D VOls.

Fig. 78. Individual subjects (subject# 7) secondscanpatlandVOls overthe cnnsequence.

(a) 2D scanpath. (b) 3D VOls.

Fig. 79. Individual subjects (subject# 7) third scanpattandVOlIs over thecnnsequence.
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sequenceAn interestingquestionarisesregardingthe reasorfor the diminishedspatialvariationin the sub-
ject’s eye movementpatterns.One explanationis that attentionis drawvn to motion events(in this instance
the movementof theanchors lips). Anotherreasons theviewer’s formationof a mentalmapof theimage
contents. The contentsof the cnn sequencelid not changefrom trial to trial. To speculatejt may be that
thathaving viewedthe sequencéwice previously, the subjectdecidedo focusattentionon oneportionof the

image,beingalreadyfamiliar with the peripherakontent.

To furtherinvestigateperceptiorof the periphery Experiment3 degradesperipheralregionsof threediffer-
ent video sequencesThe aggragateVVOIs obtainedover the cnn sequencen this experimentare usedas
spatiotemporaRegions Of Interestin aneffort to predictlocationsof viewers’ foci of attention.VOI visu-
alizationof subject‘hunter”s scanpatterngFigures75 and76) suggest$airly goodcorrespondencef this
subjects eye movementgo theideal obsenrer. The analysisof gazepositionerrorover corresponding/Ols
substantiatethis obsenation. Missing VOI segments(VOI “holes”) representhe PARIMA eye movement
model’s predictionof the subjects saccadesThe adequayg of this representatiofor gaze-contingentideo

representatiois testedn Experiment3.
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CHAPTER Xl

EXPERIMENT 3: GAZE-CONTINGENT VISUAL REPRESENTATION

Thegoalof this experimentis to testwhethemperipherakegionsof theimagecanbe degradedmperceptibly
This objective is significantly distinct from testingsensory-guidethumanperformance Humanperceptual
characteristicsnustbe distinguishedrom thoseof performanceAn exampleof this distinction,pointedout
by Shebilsle, arisesin the context of readingperformancgShe93. Perceptuallynoticeabledegradationrmay
beintroducedwithoutimpedingperformancde.g.,comprehensionf text). In the presentase the focusof

the experimentis theimperceptiblampairmentof the stimulus(video).

The specificaim of this experimentis to testthe variableresolutionmappingprovidedby thewaveletbased
gaze-contingentideo representationTwo resolutionmappingfunctionsare testedagainstan unprocessed
sequence.The resolutionmappingsare denotedby LIN (for linear), HVS (for humanvisual system),and
ORG (for original, or unprocessed)Both LIN andHVS mappingsntroduceperipheraldegradationof digi-
tal imagery HVS degradationfollows a resolutionfunction derived from empiricalquantificationof human
visualacuity. LIN is alower boundfunction(in termsof relative resolution)generatingnorerapid degrada-

tion of the periphery The multiple-ROI degradatiorprocessingtrateyy is describedn §1X.

13.1 Video Sequences

Three8-second 16fpsvideo sequenceareusedasstimulus. Eachsequencés degradedoy the LIN, HVS,
andORG mappingswith respecto designatedhtra-frameROls. Threedifferentintra-frameROl localization
stratgjiesareusedin eachof four experimentakessionsFramesrom the unprocessedequenceareshovn
in Figure80. Not shawvn in Figure80 arethefirst andlastframesof the flight sequenceln this sequencea
Navy fighterchasget, in thelowerright portionof theimage,is following a smallertargetplanewhich starts
atthetop right portionof thefirst frame. Thetargetplaneperformsa half-roll evasionmaneuerarcingfrom
thetop-rightto thetop-left screerregionsthroughthe bottomof the screen.The horizonrotatesasthe chase
planepursuesThe chaseplaneremainssteadyrelative to theframesinceit bearghecameralighting onthe
chaseplanechangessit emegesfrom shadev to sunlight. Sequencdlight is usedin two sessionssubject

to a differentROI placemenstratayy in eachsession.

The brain2 sequenceimulatesa virtual ervironment, Exploring the Brain Forest being developedat the
Scientific VisualizationLaboratory Departmentof ComputerScience,Texas A&M University [MBD96].

Exploring the Brain Forestpresentshierarchicalviews of the brain at several levels of scalefrom a global
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(b) cnn(frame001).

(a) brain2 (frame001).

Fig. 80. Unprocesseglideosequences.

overview to immersionwithin its forestof neuronsandglial cells. The brain2 video sequencesimulatesa
“fly-through” of sucha neuralforest. To simulatethe proposedattentive graphicaldisplay of this complex
virtual ervironment,two attentive techniquesreused.First, a scale-dependerstratayy is usedto represent
modelneuronsat two levels of geometricdetail. Neuronsare renderedas cylindrical modelsnearthe ex-
pectedcentral(foveal)regionsandaswireframemodelsat greatemdistancesSecondthe ROI-basedvavelet
reconstructiordescribechereinformsthe gaze-contingerdtrateyy. Videoframesareprocessedt the LIN,

HVS andORG deggradationlevelscontingentuponexpectedocationsof intra-frameROls.

Thecnnsequencés choserfor its contentof ahumanface. Thesequenceontaingelatively little motion, but
is representatie of potentialimageryfoundin telephory. Thesequencés alsowell suitedfor visualattention
andeye movementstudiessinceit containsseveral distinguishabldeatureswhich may sene asattentional

attractors.

13.1.1 VOI Strategies

ThreeVolumeOf Intereststratgyiesareusedto vary the ROI localizationwithin video sequences.

1. Theideal sessiorutilizesa VOI basedon an“ideal obsener”. Thelocationof the visualtarget(ROI)
wasmanuallymeasuredor eachvideo frame of the sequenceTheresultingVOI is assembledrom
thelist of ROls.

2. Thepreat(for preattentie) sessiorutilizesa VOI obtainedfrom onesubjects trial runin Experiment
2. The subjectprovided eye movementpatternsconsideredslightly betterthanaverage.Whenasled
whetherthe subjecthadary previousvisualtrackingtraining,the subjectansweredn the negative but
notedhuntingasan enjoyablehobby The subjectis referredto as“hunter” and providesmodeleye

movementpatterngor the preattentie session.



221

This strateyy is preattentire sinceplacementf the ROI anticipateghe viewer’s future point of regard.
To clarify, a humansubjects eye movementpatternstypically include “breaks” of “holes” in the re-
sulting VOI dueto saccadesor blinks. In contrastthe VOI of an “ideal obserer” is a continuous
dynamicfixation. Intra-frameROls aredefinedasintersection®f VOIs andvideoframes.In thecase
of discontinuousvOls derived from humansubjects,certainframesoccur betweencontinuousVOl
segmentsresultingin a null VOI-frameintersection.Thelack of anintra-frameROI resultsin overall
degradatiorof theframe;inclusionof suchaframein thevideosequenceesultsin asuddenbpriefloss
of resolution. Sincehumanvision is practicallyblind during saccadeandblinks, this resolutionloss
theoreticallydoesnot posea problemprovidedit correspondso a blink or saccadeThe predictionof
asaccadef blink, however, is not currentlypossible.For thisreasonsinceit is believedthata sudden
lossof resolutionwouldimpedeperceptiony Ol “holes” needto befilled in by extendingpastor future

VOI sggmentsin thetemporalVOI stream.
Extensionof future VOI sggmentsto the pastresultsin an anticipatoryvideo stream,in terms of

foveal ROI placement.Considerframe f which happengo occurwithin a VOI “hole”, asdepicted

in Figure 81. Assumealsothatthe last VOI (VOI;_1) terminatesat frame f — k, and that the next

VOIiyq

VOl 4

fk o S Y

Fig. 81. Schematid/Ol extension.

VOI (VOIi+1) commencestframef + 1. Sinceby the PARIMA modelof eye movementthe frames
f € [f —k, f +1] constitutea discontinuity(e.g.,dueto a saccade)the spatiallocationsof VOI;_; and
VOlIi+1 neednotcorrespondTo ensurehatperceptioris notdisruptedanartificial Region Of Interest

mustbeinsertednto frame f. Determinatiorof thelocationof the ROl atframe f is the sourceof the



222

currentproblem.To re-emphasizedeally the frameshouldnot containan ROl andshouldbe subject
to maximaldegradatioronly if it canbereasonablyxpectedhata saccader blink will occurbetween
framesf —kandf +1. Thisis nota practicalexpectationhowever, dueto the unpredictableatureof

saccadeandblinks (blinks moresothansaccades).

A pragmaticsolutionto theVVOI “hole” problemis theextensionof eitherVOIl;_1 orVOI;;1 overframe
f. Extensionof VOI;_; into thefutureis areactive solutionsinceit assumeshatthefixation will per
sistuntil frame f. Extensionof VOl into the pastis an anticipatorystratey sincea region of high
resolutionis introducednto thevideo streamprior to the expectedarrival of afixation. In essencehis
stratgyy is basedontheassumptiorof attentionprecedinga fixation changeandis adoptedn the preat

VOlI stratayy.

Note that both the ideal and preat stratgies are limited to the choiceof viewing paradigmwhereit
canbe reasonablyexpectedthat viewerswill follow a similar viewing pattern. Thatis, the viewing
paradigmmustbe basedn a suitableviewing task,e.g.,visualtracking.

3. The agg (for aggreyate)strategyy utilizes an aggreyateVOI constructedrom eye movementpatterns
of several viewersin Experiment2 (see§XIl). Therationalefor this stratayy is the evaluationof the
aggregateVOI constructiorasa gazepredictionmethod.The expectatiorhereis thatmultiple viewers
will identify all the potentialspatio-temporategmentsof the video streamthatneedto be presentect
full resolutionfor completeperceptiorof thesequencefollowing this agumentthe hypothesigs that
perceptiorwill notbeimpededn only if thesesggmentsaredisplayedat high resolution.Unlikeideal

andpreat, however, the agg strateyy doesnot explicitly rely ona commonvisualscanpath.

13.1.2 Experiment Sessions

Four experimentsessionsvere conductecbasedon the following combinationf video sequencandVOI

stratgyy: (1) flight (ideal), (2) flight (preat),(3) brain2 (ideal),and(4) cnn (agg). Ideal obsener VOIs were
createdfor boththe flight andbrain2 sequenceskFor the flight sequencethe VOI follows the targetplane,
asillustratedin Figure82. Theflight sequencés alsousedin combinationwith the preattentre VOI strat-
egy. Both degradatiorstratgiesusetheflight sequencéor its easilyidentifiabletargetsuitablefor thevisual
trackingparadigm.Figure83 shavs the VOI of subject‘hunter” over theflight sequenceMissing VOI sec-

tionsare“holes” correspondingo discontinuitiesdentifiedby the PARIMA model.

In the brain2 sequencethe ideal obsener’s VOI follows an artificially overlayedcrosshaiiin the centerof

thevideoframe,asshowvn in Figure84. The crosshaisenesasa visual cueeasilylocatedby subjects.
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(a) Left perspectie. (b) Right perspectie with zoom.

Fig. 82. ExpectedvOls: flight (idealobsener).

(a) Left perspectie. (b) Right perspectie with zoom.

Fig. 83. ExpectedvOls: flight (preattentie).

(a) Left perspectie. (b) Left perspectie with zoom.

Fig. 84. ExpectedvOls: brain2 (idealobserer).
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Figure 85 shaws the aggregateVVOI formedover the cnn sequencdy subjectsn Experiment2. Although

(a) Left perspectie.

(b) Off-centerperspectie with zoom.

TR “I'.

Fig. 85. ExpectedvOls: chn(aggreyate).

expectedinterestingspatialregionscorrespondo VOI location,the aggregatemodeldoesnot extendVOIs

asis donein the preatmodel.Hence high resolutionregionsare“turned off” whenno VOI is present.

13.2 Experimental Trials

Eachexperimentalkessiorconsistsof multiple subjectdestedindividually in experimentaltrials. Eachtrial
consistsf threepresentationsf onevideo sequencgrocessedn theLIN, HVS, andORG manner Trials
arelimited to threevideo presentationsinceloadingof the video into memoryrequires7 minutesandthe
experimentis designedo processeachindividualin roughly 30 minutes.Eachtrial consistsof the following
steps:
1. Brief introduction.Whena subjectenters s/heis asledto sit in front of the eye tracker headrest. The
equipments briefly describedvith emphasi®ntheeye trackerinfra-red(IR) light sourceandcamera.
It is pointedout thatthe IR assemblycontainsa standarcbverheadprojectorbulb asthe light source.
This is doneto alleviate any preconceied fearsregardingthe apparatugsomesubjectswere under
theimpressiorthateyelid movementwould berestricted).Subjectsareassuredhatthe experimentis
physicallyunobtrusve.
2. Training. Prior to thedisplayof LIN, HVS, ORG sequenceghe subjectis shovn the ORG sequence
fromvideotape.Thesequencés shavn threetimeswith anexplanationof digital artifacts(blockiness,
blurry regions,jaggededgesandthelike). It is mentionedhatthe ORG sequenceontainsno artifacts

andthatsubsequergequenceéo be shovn in no specificorder)shouldbejudgedrelative to the ORG
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sequence.

3. VideopresentationEachvideopresentatiortonsistof thefollowing substeps:

(a) Externalcalibration.Oncethe subjecthassettledinto the headrest,the eye trackeris calibrated,
asdiscussedn §10.3.

(b) Internalcalibration. Immediatelyfollowing external calibration,the internal calibrationproce-
dureis performedto recordthe initial accurag of the eye tracker. The calibrationresultsare
storedin a text file for later analysis(the file namecorvention adoptedis (<seq_nane>. -
<lin| hvs|org>. 1. clb).

(c) Stimulusdisplay The video is presentedwice in successionpachtime eye movementsare
recordedandstored(thefile namecorventionsadoptedare(<seq_nane>. <l i n| hvs| or g>. -
1. por and<seq.nane>. <l i n| hvs| or g>. 2. por).

(d) Internalcalibration.Immediatelyfollowing stimuluspresentationthe internalcalibrationproce-
dureis performednceagainto recordthefinal accurag of theeyetracker. Thecalibrationresults
arestoredin atext file for later analysis(the file namecorventionadopteds (<seq_namne>. -
<lin| hvs|org>. 2. cl b).

(e) Stimulusjudgment.Following the secondnternalcalibrationstepthe subjectis told to sit back
andrelaxandto markthe percevedlevel of impairmenton a 5-pointimpairmentscaleshovn in
Table 13. The impairmenttable follows the CCIR Recommendatio®00 rating scaleprovided
in [ST94. Valuesof 1 and5 areassignedo the IMPERCEPTIBLE andVERY ANNOYING judg-

ment,respectiely.

13.3 Subjects

A total of 16 subjects(7 female,9 male) participatedin Experiment3. The agedistribution was mean
19.4,minimum 18, andmaximum?22. The subjectsvererecruitedfrom the Departmenbf Psychologyun-
demgraduatepool. Subjectmajorsrangedfrom Agricultural Biology (AGBL) to Psychology(PSYC).The
undegraduatdevel distribution was8 freshmen3 sophomore4 juniorsandl senior All subjectshadgood
vision with 3 subjectswvearingglasses?2 wearingcontactlenses.Therewereno subjectsfrom the Depart-
mentsof ComputerScienceor ElectricalEngineeringandall wereconsideredaive in termsof their ability

to judgeeffectsof imageprocessingnethods.

Subjectswererandomlydivided into equalgroupsof 4 for eachof 4 experimentalsessions.Eachsession
pertainedto a particularvideo sequencéflight (ideal), flight (preat),brain2 (ideal), cnn (agg))following a

randomizedlock experimentadesign.



TABLE 13
5-pointimpairmentscale.

1. Sequencel

(|
(|

(]
(|

IMPERCEPTIBLE

PERCEPTIBLE, BUT NOT ANNOYING
SLIGHTLY ANNOYING

ANNOYING

VERY ANNOYING

2. Sequence&

(|
(|

(|
(|

IMPERCEPTIBLE

PERCEPTIBLE, BUT NOT ANNOYING
SLIGHTLY ANNOYING

ANNOYING

VERY ANNOYING

3. Sequences

OooOooOooao

IMPERCEPTIBLE

PERCEPTIBLE, BUT NOT ANNOYING
SLIGHTLY ANNOYING

ANNOYING

VERY ANNOYING
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13.4 Experimental Design

Processedideo sequence$LIN, HVS, and ORG) were presentedn randomorder (seeTable35in § E).
Note thatin Table 35 somesubjectsfrom Experiment4 wereincluded. Experiment4 was a supplemental

experimentrun asanextensionof Experiment3.

Thestimulusvideowasshowvn twice to eachsubjectafterviewing thetrainingvideo. This constitutesa mod-
ification of the CCIR Recommendatiob00 doublestimulusimpairmentmethod(sequenc&BAB whereA

is theunprocessedequence)Theresultingsequencerderusedis ABB.

13.5 Results

The objective of Experiment3 is to evaluatewhetherthereis ary perceptibledifferencein the differentres-
olution mappingaundertrackingandfree viewing conditions.A specifichypothesideingtesteds whether
the spatialresolutiondegradationof the HVS mappingis imperceptibleundereitheror both conditions.The
resolutionmappinghypothesiss examinedthroughthe ANalysis Of VAriance (ANOVA) of subjectve qual-
ity testing. Subjectsratedthe differently processedideo sequencesnderdifferentviewing conditions.An

unprocessedORG) sequencavasusedasthe control stimulusfactor If thereis no statisticallysignificant
differencebetweermmeanratingsof the HVS andORG sequencethenit is reasonedhatthereis no percepti-

ble effect of the HVS mapping.Resultsof this analysisarereportedhere.

Usefulnessf subjective ratingsof the video sequencesare contingenton threefactorsof the eye tracking
experiment:(1) accurayg of the eye tracker, (2) accurag of the eye tracker during the viewing task,and(3)
accurag of gazepositionovertheintendedRegionsOf Interest.Theimpairmentanalysismplicitly assumes
that subjectsaimedtheir gazeat the intendedhigh-resolutionROI targets. Prior to the impairmentanalysis,
this assumptiornis testedn thefollowing two sectionsvhich evaluateeye tracker andgazepositionaccuray

of theexperiment.

13.5.1 Verification of Eye Tracker Accuracy

Themeasurementf gazedepend®n the accurayg of the eye trackinginstrument.Eyetracker accurag was
measuredy internalcalibrationprocedureglescribedn §10.3. Measurements/eretaken beforeandafter
stimulusviewing trials, asdiscussedn §13.2. Theseproceduregprovide the basisfor two statisticalmea-
sures:(1) the overall accurag of the eye tracker, and(2) the amountof instrumentslippageduring stimulus
viewing. Thelattermeasuremergivesanindicationof theinstrumentaccurag duringtheviewing task,i.e.,

by recordinglossof accurag betweerthe before-andafterviewing calibrationprocedures.
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Eye tracker readingswere obtainedover 30 internal calibrationpointsasdescribedn §10.3. Eachcalibra-
tion point measurementonsistsof eye tracker samplesaboutthe calibrationpoint over an 800msperiod
(approximately44 individual datapoints). Rav samplepointsfalling in the exterior 10-pixel wide borders
areignored. This is dueto the eye tracker’s propertyof generating0,0) valuesduring blinks (confirmedby
the vendor). For this reasonary time araw samplepointis closeenoughto the location (0,0) (within 10
pixels), it is removedfrom further consideration An averageof valid datapoints(centroid)is obtainedand
the error betweenthe centroidandcalibrationpoint is calculated.Eachtwo-dimensionakuclidiandistance
measuremerns corvertedto the the full visualangledependenbn the viewing distanceandcalculatedres-
olution of thetelevision screen.Thuseachcalibrationrun contains30 averagedeviationsat eachcalibration
point measuredn termsof visualangle. A graphicalexampleof this measuremeris shovn in Figure 86.

Theinternalcalibrationlocationsarerepresentetby 4+, samplemeasurementarerepresentethy individual

(a) Calibrationbeforestimulusviewing (avg. er (b) Calibrationafterstimulusviewing (avg. error:

ror: 0.86). 1.46).
i wooR t # % A T o
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Fig. 86. Typical pertrial calibrationdata(subject# 11).

pixel dots,andcentroidgazepositionsarerepresentetby circles,joined with the correspondingalibration
pointby aline. Thelengthof theline is the averageerrordeviationin pixels. This distancey is corvertedto
visualangleb by the calculation
r
0=2tan ! —
2D’
whereD is the viewing distance.The errordistancer is measuredn the sameunits asthe viewing distance

D, dependenon theresolutionof thedisplay

To quantify the overall eye tracker accurag succinctly the averagecalibrationerroris obtainedfrom each
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setof calibrationpointsin orderto calculatean overall averagestatisticof the eye tracker. The resulting
instrumenterror measurds an averagestatisticover all calibrationruns performedin Experiment3. The
calculatedneanvalueis 2.48. Thisis nota particularlyinformative statisticssincethe datadoesnot appear

to fit anormaldistribution. The histogramof averageerrorsis shavn in Figure87.  Sincetheaverageerror

0 Overéll Average I‘Eye Tracker ‘Error (deg. \‘/.a.)

60 i
50+ 1
40+ ]
30 i
20+ 1
10 1

0 L L P |
0 2 4 6 8 10 12 14

Fig. 87. Overalleye tracker error histogram.

dataappearskewed,a moremeaningfulstatisticis the medianvalue,whichignorestheinfluenceof outliers.
Its valueis 1.42°. Usingsimilar reasonindor reportinga dispersiorstatistic,the interquartilerange(iqr) is
utilized insteadof the standarddeviation for its robustresponsedo outliers. Theigr valueis 1.1C°. These
findingsindicateanoverall acceptabl@erformancenot far off from thevendors claimedaccurag (roughly

1° visualangle).

13.5.2 Verification of Eye Tracker Slippage

Quantificationof the before-andafterviewing eye tracker error providesa measuref instrumentaccurag
during the viewing task. A graphicalexampleof this measuras shovn in Figure 88 which is a composite
plot of Figures86 (a) and(b). Notice thatmeasureadye positionsin relationto calibrationpointscoincide
well overall. To quantifythis correspondence,one-way ANOVA wasperformedonthemeansf thebefore-
andafterviewing averageerror measuresTable 23 lists the ANOVA measuredn §E. Error meanboxplots
areshovnin Figure89. Onaverageno significantslippageis detectedy this statistic.Notethat ANOVA in

this caseis not very informative sinceit doesnot considereye tracker slippageon a pertrial basis. Thatis,
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Fig. 88. Compositecalibrationdatashaving eye tracker slippage(subject# 11).
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Fig. 89. Pre-vs. post-stimulussziewing averagecalibrationerrorboxplots.
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the ANOVA only reportssignificantcorrespondencef the meanmeasurements.

To examineeye tracker slippageon a pertrial basis,differencesof averageerrorswere calculatedbetween

the before-and afterviewing calibrationruns on a pre-runbasis. Differencemeasurementfit a skewed

distribution, asshown in Figure90. Due to the apparenskewed distribution, statisticalmeasuresobustto

30 T T T
Overall Average Error Differences (deg. v.a.)
25 b
20+ B
15+ B
10 bl
| o Wﬂ |
0 . ’—h—\ ‘ . m—J
-8 -6 -4 -2 0 2 4

Fig. 90. Overall differenceerrorhistogram.

outliersareused.Themedianerroris -0.18, andinterquartilerangeis 0.54°. Thesevaluesquantifytheclose
correspondencef examplepre-andpost-viaving calibrationmeasurementshavn graphicallyin Figure88.
Overall, thetracker accurag variesroughly a fifth of a degreevisual angleover the 8-secondviewing task.
Over somecalibrationpoints,accurag improveswhile over othersit degrades.Sincethe peakfrequeng is

closeto 0, generallythe accurag beforeandafterviewing the stimulusremainsstableoverall.

13.5.3 Verification of GazePosition

To verify subjects’gazepositionwith respecto expectedRegions Of Interest(ROISs), eye gazepositioner
ror wascalculatedon a perframebasisover all participatingsubjects’data. EstimatedvolumesOf Interest
(VOls)from theraw PointOf Regard(POR)dataidentifiedsubjects’fixationlocations.Thesdocationswere
thencomparedo expected(ideal) VOI locations. Referencgideal) VOIs werecomparedo eachsubjects
obsenedVOIs by dismantlingthe VOIsinto VOI-frameintersectiongROIs). The errormeasuravascalcu-

latedasthe distancebetweeridealandobsenedROls for eachframeandcorvertedto degreesvisualangle.
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In the caseof theaggreyateVOI stimulus,subjectsintra-framefixation locationsarecomparedo the closest
expectedintra-frameROI (basedon a Euclidianmeasure).A medianerror value from eachsubjects VOI
datais usedasa representatie measureof the gazeerror over the entire sequenceOutlier measurecerror

valuescorrespondingo suspectedlinks weredroppedrom the mediancalculation.

Overall gazepositionerror is shovn over eachsequencén Table 24. Not surprisingly the brain2 (ideal)
sequencéncurredtheleastamountof gazepositionalerror. Thiswasexpectedsincesubjectavereinstructed
to maintainsteadygazepositionatacentrallocationof thedisplay Subjectdid notappeato have significant
difficulty in performingthis task. Two-way Analysisof Varianceof the mediansndicatesno significantdif-
ferencein meanvalues(meansof mediansp = 0.7178).However, the differencebetweerexperimentalV Ol
paradigmsds significant(p < 0.0000). Statisticaldatais givenin Table25. One-way ANOVA of the median
of meansbetweernresolutionmappingssupportsthe similarity of degreeerror. Datafor pairwise meanof

mediancomparisonss givenin Tables26,27,and28.

The two-way ANOVA of meansbetweenviewing conditionssuggestghat the VOI presentatiorstrategy
(ideal, preat,agg)is a factorin obsened gazepositionerror. To investigatefurther, one-way analysisof
variancewas performedbetweernthe meanof mediangazeerrorswithin eachexperimentalVOI paradigm.
In somecaseglatahadto betruncatedo performthe analysisresultingin slightly differentmeanvaluesfor
individual conditionsbetweercomparisons.

1. Sequencdlight (ideal) vs. flight (preat): Mean gazeerror boxplotsare shavn in Figure 91. The
differencebetweemmeanof mediang5.0419 vs. 1.9577F, respectiely) is someavhatsignificant(p <
0.05)suggestinga smallergazeerrorduringtheflight (preat)sequencéhanduringflight (ideal).

2. Sequencdlight (ideal) vs. brain2 (ideal): Mean gazeerror boxplotsare shovn in Figure 92. The
differencebetweenmeansof medians(3.7050 vs. 0.6278, respectiely) is significant(p < 0.01),
suggesting smallergazeerrorduringthe brain2 (ideal) sequencéhanduringflight (ideal).

3. Sequencdight (ideal)vs. cnn(agg): Meangazeerrorboxplotsareshovnin Figure93. Thedifference
betweermeanof mediang5.0419 vs. 3.4210, respectiely) is notsignificantsuggestingomparable
gazeerror betweenthe two sequencesThis is someavhat surprisingsincethe flight (ideal) sequence
containednly oneVOI while thecnn (agg)sequenceontainedseveral. Multiple VOIswereexpected
to distractviewersgeneratinga significantlylarge gazepositionerror.

4. Sequencdlight (preat)vs. brain2 (ideal): Mean gazeerror boxplotsare shavn in Figure 94. The
differencebetweenmeansof medians(2.0006 vs. 0.6278, respectiely) is significant(p < 0.01),
suggestinga smallergazeerrorduringthebrain2 (ideal) sequencéhanduringflight (preat).

5. Sequencdight (preat)vs. cnn(agg): Meangazeerrorboxplotsareshavn in Figure95. Thedifference

betweenmeansof medians(1.957T vs. 3.4210, respectiely) is somevhat significant(p < 0.05),
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Fig. 91. Meangazeerrors,flight (ideal) vs. flight (preat).
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Fig. 92. Meangazeerrorsflight (ideal)vs. brain2 (ideal).
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Fig. 93. Meangazeerrorsflight (ideal)vs. cnn(agg).
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Fig. 94. Meangazeerrorsflight (preat)vs. brain2 (ideal).
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Fig. 95. Meangazeerrors,flight (preat)vs. cnn(agg).

suggesting smallergazeerrorduringtheflight (preat)sequencéhanduringcnn(agg).

6. Sequencdrain2 (ideal)vs. cnn(agg): Meangazeerror boxplotsareshown in Figure96. The differ-
encebetweemmeanf mediang0.6278 vs. 3.5539, respectiely) is stronglysignificant(p < 0.01),
suggestinga muchsmallergazeerrorduringthebrain2 (ideal) sequenc¢handuringcnn (agg).

The one-way ANOVA tablesfor theabove comparisonsregivenin Tables29, 30, 31, 32,33,and34.

Of all viewing conditions,the aggreyateVOI stratey, utilizing multiple intra-frameregionsof interest,ap-
pearsto presenthe mostdifficult visualtrackingtask. On the onehand,qualitative obsenationsof this task
suggesthat multiple regions, when easyto differentiatefrom backgroundmagery tendto disruptnormal
viewing patterns.Subjectsexhibited someconfusionasto which ROI to fixate,andin general foundthese
seguenceanng/ing. Subjectve quality ratingssupportthis obsenationandarepresentedh thenext section.
Onthe otherhand,quantitatve gazeerror measurementsuggestshat, on average viewerswere capableof

fixating a particularintra-frameROI with surprisingaccurag (overallmediangazeerror2.98 visualangle).
Interestingly this medianof medianserrormeasuremeris notsignificantlydifferentfrom theideal VOI con-

dition, andis only somavhatworse(in termof statisticalsignificancefrom the preattentie condition.

Overall, the analysisof gazeerror suggestswo importantpoints: (1) viewershave little difficulty in match-
ing gazeto expectedocationswithin fixation (brain2 (ideal) sequenceandtracking(bothflight sequences)
paradigmsand(2) the degreeof errorindicatescloseproximity to the intendedregion of interest.On aver-

age recordedjazepositionsdid notvary morethanroughlythefovealdimensiorasprojecteconthestimulus
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Fig. 96. Meangazeerrors,brain2 (ideal)vs. cnn(agg).

display Interestingly performancés somavhatbetterover the preattentre sequencéhanover theideal ob-
senersequenceThis is someavhatsurprisingsinceviewerswereexpectedo foveally matchtheidealtarget.
Qualitatively, gazeof the subject(“*hunter”), whoseVOI datawasusedto generatéhe (preat)sequenceends

to slightly fall behindthe moving target. It is interestingto notethatin this experiment,“hunter”s viewing

patterngorovide a betterpredictionof scanpatternghantheideal obserer.

13.5.4 Impairment Perception Analysis Over All Conditions

Mean resultsfor the 16 subjectswere analyzedby two-way ANOVA and are shovn in Table 36 in §E.
Columnsin the ANOVA tablereferto the differentmappingsLIN, HVS, ORG), rows referto the effect of
differentsequenceflight (ideal),flight (preat),brain2 (ideal),cnn (agg)). Theimportantstatisticalconsider
ationin this analysidgs the testfor variability. The analysisfinds no evidenceof variability acrossesolution
mappinggcolumns) but thereis strongindication(p < 0.0000)of variability acrosdifferentviewing condi-
tions(ideal, preat,agg). Furthermorethereappearso be evidenceof interactionbetweerrow-columnpairs
(p < 0.03).

At first glancethesefindingssuggesno perceveddifferencein mappings.However, dueto the strongevi-
denceof variability acrossviewing conditions interactiondbetweereachconditionmustbe furtheranalyzed
to gaininsightinto the results. The goal of the analysisis to ascertainvhetherthereis ary perceved dif-

ferencebetweerthe LIN, HVS, andORG mappings.Overall analysisin this caseis meaningfulonly in the
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sensdhatit indicatesa statisticaldifferencebetweersequenceiewing conditions.

13.5.5 Impairment Perception Analysis BetweenConditions

The overall analysiswasbrokendown to identify statisticallysignificantinteractionsbetweerviewing con-
ditions (pairsof rows) in the experiment. Two-way ANOVA statisticswere examinedto testfor significant
differencedetweernviewing conditions.The ANOVA tablesareshavn for selectecpairsof conditionsin §E.
Resultsareinterpretedasfollows:
1. flight (ideal) vs. flight (preat): no significantdifferencewasfound betweernresolutionmappings nor
betweenviewing conditions. No significantinteractionsbetweenfactorswere found. This finding
suggestshattherewasno statisticallysignificantdifferencein percevedquality amongtheresolution

mappingor betweerthe viewing conditions.

Thesignificantobsenationhereis thatthereis no apparentlifferencebetweentheideal obsenerand
preattentre methodof resolutiondegradation Differencedetweerresolutionmappingsareexamined

within eachviewing conditionbelow.

Sincethereis no statisticallysignificantdifferencebetweenthe ideal and preatprocessingstratgies
betweenthe flight viewing conditions,only the ideal condition is usedin comparisonbetweenthe
remainingthreeconditions.

2. flight (ideal) vs. brain2 (ideal): no significantdifferencewasfound betweerresolutionmappingsnor
betweerviewing conditions.No significantinteractiondbetweerfactorswerefound.

3. flight (ideal)vs. cnn(agg): a significantdifferencewasfoundbetweerresolutionmappingqp < 0.02),
andbetweerviewing conditions(p < 0.0000).Stronginteractionbetweerthefactorsalsoappearedp
<0.01).

4. brain2 (ideal) vs. cnn (agg): a significantdifferencewas found betweenresolutionmappings(p <
0.01) and betweernviewing conditions(p < 0.01). The interactionbetweenfactorswasnotablyless
significant(p < .1).

The analysisbetweernconditionssuggestso significantdifferencebetweerthe preattentie andideal view-
ing conditions,andno significantdifferencebetweersequenceéypesover theideal (andhencepreattentie)
viewing condition. By deductve reasoningthe viewing conditionthatappeargo standout is the aggrejate
condition. Analysiswithin conditionsis carriedout below in anattemptto narrov down the effect that ap-
pearsto setthe aggreateexperimentapartfrom the otherconditions. Individual analysiswithin conditions
arealsoperformedto drav conclusionsegardingresolutionmappings.Fromthe above it appearghereis

no significantdifferencebetweenmappingsexceptin the casewhenthe apparentlyconfoundingaggreyate
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factoris considered.

13.5.6 Impairment Perception Analysis Within Conditions

The primary interestin performingthe within-conditionanalysisis to testfor significancebetweenmpair-
mentratingsof the threeresolutionmappingfactors(LIN, HVS, ORG). Meanresultsfor eachviewing con-
dition areshavn in Figure97. One-way ANOVA wasperformedover resultsfrom eachviewing condition:

(a)flight (ideal). (b) flight (preat).
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Fig. 97. Meanboxplotsbetweerresolutionmappingratingswithin viewing conditions(columnsl, 2, and3
correspondo LIN, HVS, andORG mappingsrespectiely.)

1. flight (ideal): no significantdifferencebetweenthe meanswasfound preventingthe rejectionof the
null hypothesis#,.
2. flight (preat): no significantdifferencebetweenthe meanswas found preventingthe rejectionof the

null hypothesis;.
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3. brain2 (ideal): no significantdifferencebetweenthe meanswasfound preventingthe rejectionof the
null hypothesis;.

4. cnn(agg): a significantdifference(p < 0.01) betweenthe meanswasfound strongly suggestinghe
rejectionof the null hypothesis#,. Thisindicatesa significantdifferencebetweerresolutionmapping
underthis viewing condition. The boxplot suggestghatthe LIN conditionis significantly different
from the HVS and ORG factors. To confirm this, eachpair of columns(resolutionmappingfactors)

wasanalyzed One-way ANOVA tablesfor thesepairsaregivenin §E andaresummarizedere:

(a) LIN vs. HVS: statisticallysignificantdifference(p < 0.05);
(b) LIN vs. ORG:statisticallysignificantdifference(p < 0.05);
(c) HVS vs. ORG:differenceis not statisticallysignificant.

It appearghat the linear mappinggeneratederceptuallysignificanteffectsfrom both the HVS and
ORG mappings.

13.6 Discussion

The boxplotsin Figures97 (a)—(d)reflectthe somavhat curiouslylow rating of the unprocesse@ORG) se-
guence.The expectedrating of the ORG sequencavasimperceptiblelmeanof 1). Therearetwo possible
reasongor this result: (1) the closeviewing distancefor all conditions,and(2) the naivete of the subjects.
Theformer criterionwasimposedto simulatea large field of view (> 30° visual angle),necessaryor pro-

viding alarge enoughspatialregion to testperipheraldegradation.At the requiredviewing distancg(60cm),

however, imperfectionsof a standardNTSC television becomeevident. Aliasing of fine lines, for example,
becomeguitevisible. In onecaseasubjecttommentean the“slightly annging” quality of thecalibration
symbols(x). The subjecthadto beinstructedto refrainfrom judging the calibrationsymbolsand concen-
trate on the stimulusvideo. Clearly, high-resolutiondisplaysare neededo preventthe confoundingeffects

of low-resolutionmonitorswith the effectsof imageprocessindechniquesinderinvestigation.

The latter explanationof the thelow rating of the ORG sequencenay be a resultof the subjects’inexperi-
encein thejudgmentof digitally processedmagery Expectedartifactsweredescribedn vaguetermssuch
asfuzzinessjagginessand blurrinessin orderto avoid technicaljargon suchasringing effects, or block

artifacts.Neverthelesssubjectanay have haddifficulty in recognizingmpairments.

The importantquality of the analysisis not so much the absoluteimpairmentrating, but ratherthe rela-
tive score. The assumptiorusedin the following interpretationof resultsis that a statisticallyinsignificant
differencebetweerthe unprocessedequenceanda processeanesuggestaninsignificantfactor i.e., im-

perceptibledegradation.
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Interpretatiorof the statisticalanalysissuggestshe HVS resolutionmappingproducedmperceptibledegra-
dationof thevideo streamunderideal and preattentie visual trackingconditions. This resultwasexpected
sincethe degradationstratgly wasdesignedo matchhumanvisualacuity. Two subjectseportednotto have
seenary differencebetweenthe HVS and ORG sequencegonefollowing the brain2 (ideal) sequencethe
other following flight (ideal) presentation).Surprisingly the linear mapping(LIN) also generatedmper
ceptibledegradationresults(underideal and preattentre conditions). The linear mappingwas expectedto

generateerceptibledegradation.

Resultsbetweenrthe ideal and preattentie conditionssuggesthat VOI-basedpredictionof eye movements
is effective for visualtrackingtasks.Beforethis contentionvastested anaggreyateV Ol wascompiledfrom
severalsubjects’eye movementpatternsgduring a visualtrackingtask. Sincethe aggreyateVOI qualitatively
resembledheideal obsener’s, the goal of this experimentwasto testthe minimal conditionof usingonly
onesubjects patternsasa predictorfor resolutiondegradationin the video stream(flight). Resultssuggest

thatoneeye movementpatternis sufficient for this purpose.

VOlI-basedoredictionof eye movementanay not be effective for naturalviewing tasks.This hypothesisvas
testedhroughthe degradatiorof thecnn (agg)sequenceResultsshav thatundernaturalviewing conditions
(no imposedviewing task), aggreateVVOIs impair perception(or perhapsmore fairly naturaleye move-
ments).lt is suspectedhatthe problemresidesn the discontinuousatureof the VOIs. In this experiment,
VOlIswerenotextendedasin the preattentre case.Theresultingvideo sequenc@ossessed bubblingqual-
ity of highresolutionregions. Thatis, in alow resolutionperipherakegion, a high resolutioninsetsuddenly

appears.

The bubbling effect of aggreyateVOls reflectsthe poor predictive power of VOIs in free viewing situations.
The discontinuitieswithin VOIs correspondo obsened saccadesnadeby viewers over the courseof the
video sequenceThis is a historicalrecord. Replayinga sequencerocessedhroughaggraateVOIs may
depictlocationswhereviewerslooked in the pastbut thereis no guaranteahat viewerswill repeatthese
patternswithout prior instruction. In this sensethe VOI modelof eye movementanay detectsaccadein

an eye movementrecord,but this recorddoesnot sene well aspredictorof future eye movementpatterns.
A computationamethodof eye movementpredictionover arbitrary (natural)scenenyis an openproblemin

visionresearch.

Thebubblingeffect of aggrayateVOIs generatea type of sudderonsetstimulussuspectedf drawing gaze.

It wasobsenedthat viewerstendedto follow the high resolutioninsetsasthey appeared Eye movements
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werenot asautonomougsobsenedin Experiment?, ratherthey hada forcedappearancelt is interesting
to notethatthe HVS processedequenc@roducedstatisticallyimperceptibleresultseventhoughforcedeye
movementsvereobsened. Thedistinctionbetweerperceptiorandperformancenentionecearliermay offer
a partial explanationof the obsenedresults. At the milder degradationlevel (HVS), subjectamay have had
their eye movementampairedby the suddernonsetROls, but still managedo perceptuallyform a coherent

representatioof the sequence.

Thelatterspeculatre commentsring up anintriguing question:is it possibleto guidegazewhile impercep-
tibly degradingperipheralareas?Gazeis guidedto a certaindegreein the directedaspectof visual media.
Television commercialor moviesaredirectedsothatthe audienceollows someinformationalcriteriasuch
asactionin amovie, or amarketedproduct. This type of directionmayalsobe possiblen visually intensive
applicationssuchasvirtual reality. The aggreyateVOI experimentsuggestshat VOIs may be effective for
this purposelt maybepossibleto forcefully guidegazein avirtual environmentsolong asperformancenot

necessarilyperceptionjs notimpeded.
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CHAPTER XIV

CONCLUSION

This dissertationraddresseshe designof a gaze-contingensystemaimedat matchingthe requirementof
humanvisualattention.Neurophysiologicahndpsychophysicditeratureis surveyedto gaininsightinto the
functionality andlimitations of the humanvisual system.Tacitly assuminghe point of gazecoincideswith
the focus of attention,the objective is three-fold: (1) the study of the dynamicaspectof eye movements,
(2) the visualizationof attentionin space-timeand(3) the quantificationof perceptualimitations of human
fovealandperipheralision. The dissertatiortargetsthreespecificaims:

1. Developmentof the Piecavise Auto-Regyressie IntegratedMoving Average(PARIMA) time series
modelof eye movements.This modelis usedin the analysisof recordedeye movementpatternsfor
spatiotemporalocalizationof saccadedjxations,andsmoothpursuitmovements.

2. Visualizationof spatiotemporagye movementghroughVolumesOf Interest providing an aggreyate
graphicalrepresentatioof visual attention.

3. Implementatiorof awavelet-basedideoresolutiondegradatiormethodmatchinghumarnvisualacuity.

Thefirstandthird objectivesarerealizedusingthediscretenvavelettransformdueto its propertieof multires-
olution frequeng localizationandmultiscalesubsamplingA real-timeeyetrackeris usedfor eye movement

dataacquisitionandmodelevaluationthroughsubjectie quality experiments.

14.1 Time SeriesPARIMA Model of Eye Movements

The wavelet-basedime seriesmodelof eye movementwoffersa simpleyet robusttechniquefor spatiotem-
porallocalizationof saccadesThroughsaccadaletectionthe modelidentifiesfixationsandsmoothpursuit
movements. The PARIMA modelapproximatesionlineareye movementsthroughthe simplified assump-
tion of linear summation.For this reasonit is not an adequatenodel of the underlyingneuraloculomotor
processesDueto its spatiotemporalocalizationproperty the pyramidalmultiresolutionwavelettransform
offersflexible detectionof multiscaleinterventions(i.e., edgesor saccades)Computationallythis edgede-
tectiontechniquds knownto beoptimal. ThePARIMA representatioprovidesa parsimoniougxpressiorof
piecavisesignalcomponentsorrespondindgo dynamicfixations. Overall,the PARIMA modelis apowerful

mathematic-theoreticlameawork for eye movementanalysis.

Empirical evidencesuggestshe PARIMA model's adequayg for eye movementmodeling. Althoughthe ag-
gressve statisticalanalysisexposedhe model's susceptibilityto Typel andTypell errors,themodel’s utility

is demonstratethrougheye movementvisualizationandits applicationin gaze-contingenitmagerepresen-
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tation.

14.2 Three-dimensionalVolume Of Inter estEye MovementVisualization

Three-dimensionadye movementvisualizationoffersthreeadvantage®ver two-dimensionabpproaches:

¢ identificationof scanpattonsetandterminationandmovementdirection,

e quantificationof dwell times,and

e unambiguousepresentationf transitionaleye movements.
Thefirsttwo benefitsareprovidedby theexplicit representationf thetemporaldimension.Thethird depends
on the underlyingframework usedfor eye movementclassification(i.e., the PARIMA model). Utilizing a
suitableanalyticalsubstrateYolumesOf Interestexplicitly denotedynamicfixationsdelineatedy saccades.
VOls generalizehe two-dimensionatepresentationf eye movementshy providing a visualtemporalrefer

enceframe.

AggregateVolumesOf Interestextend the identificationof interestingtwo-dimensionakpatialfeaturesto
three-dimensionapatiotemporatomponent®f thevisualstimulus.This is particularlyusefulfor the study
of motion stimulus. Localizationof dynamicfixationsthroughaggregyateVVOIs also givesinsightinto the
mechanisnof visual attention. AggregateVOls furnish an adequateredictionof eye movementunderre-

strictedconditions,e.g.,visualtracking,but not free-viening.

14.3 Gaze-ContingentResolutionDegradation

Evidencesuggestghat undercertainconditions,a significantamountof information may be withheld in

gaze-contingentisual displayswith little perceptibleeffect. Surprisingly experimentalresultssuggesthat
underthe visualtrackingparadigm effectsof linearandacuity-matchingesolutionmappingareimpercep-
tible. Dyadic linear mappingresultsin roughly 50% resolutiondegradationover 97% of the image (50%
resolutionbeyond the 105 x 105 foveal ROl over a 640 x 480imageframe). This informationreduction
hassignificantimplicationsfor gaze-contingenimageandvideo compressionFurtherresearchs required
to testHVS-matchingmultidimensionaligital compressiorof imagery e.g.,degradationof color, contrast,

andmotion.

Thevisualtrackingparadigmutilizedin humansubjectexperimentdimits thegeneralizabilityof results.Vi-
sualtrackingassumes priori positionalgazeinformation.In free-viewing, theeffectsof thelinearmapping
degradationareclearlyvisible. In fact,usingthis degradation the sudderonsetof displayedhigh resolution

areastendsto distractnaturalviewing patterns,as demonstratedyy the aggreyateVVOI condition. Further
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researclis neededo determinevhether(a) amilder form of degradationcanofferimperceptibleesultswith
significantsavingsin termsof compressionand/or(b) linear (or stronger)degradatioreffectscanbe usedto
induceeye movementpatternsaffecting perceptiorwithout impedingperformance Currentresultsprovide

positive supportfor bothavenuesf research.

Subjectve impairmentratingssuggestmperceptiblesffectsof resolutiondegradationmilder thanthelinear
mappingfunction. Temporalrampsusedto graduallymodulateRegionsOf Interestmayfurtherenhancehe

perceptve quality of processedideo.

Obsenationsmadeduringlinearmappingexperimentsuggesthepossibility of directinginducedeye move-
mentsto specificlocationsthroughthe useof noticeabledegradatioractingasa cuefor visualattention.This
form of directedviewing paradigmmay be adequatdor preseration of visual performanceat the cost of

percevedqualityimpairment.

14.4 Summary

In conclusionthe PARIMA modelof eye movementsandthe wavelet-basednethodspresentedn this dis-
sertationoffer a suitableframework for the developmentof gaze-contingentisual displays. The PARIMA

modelis an adequatdinear approximationof the nonlinearsignal, delineatingfixation and smoothpursuit
movementsoy saccadaliscontinuities.The utility of the wavelet-basedechniquess demonstratethrough
the generatiomof both (1) meaningfulthree-dimensionalisualizationof eye movementshroughVolumes

Of Interestand(2) imperceptiblespatiotemporaimageresolutiondegradation.
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CHAPTER XV

FUTURE DIRECTIONS

Utilizing theframework for gaze-contingentisualcommunicatioradoptedn thisdissertationfecommenda-
tionsfor futureresearctaremadewithin threeapplicationcontexts, namelyGaze-Continger¥irtual Reality,
Multi-ComponentVisual Representatiorand ComputationaModeling of Visual Attention. Openproblems
within generalareasaswell asspecificshortcomingof presenimethodsareidentified,andsuggestiongor

improvementsareproposed.

15.1 Gaze-ContingentVirtual Reality

Virtual ervironmentstoday lack realism. Real-timedisplay of visually rich sceneryis encumberedy the
demandto renderexcessve numbersof polygons. This problemis especiallyseverein virtual reality. To
minimize refreshlateng, image quality is often sacrificedfor speed. The gaze-contingentepresentation
strategyy developedin this dissertatioris a potentialsolutionto this problem. Specifically the wavelet-based
imagedegradatiormethodologys directly applicableto graphicgenderindFou95. Themultiresolutionim-
agereconstructiorseamlesslgxtendsto therepresentationf 3D graphicalobjects.Theuseof anappropriate
HVS-matchingresolutionmappingshouldgenerategraphicalmodelsmatchinghumanvisual resohability.
Thistype of renderings applicableto graphicalervironmentswvhereeye trackersareusedasanocularinter-

face,e.g.,gaze-contingentirtual reality andgraphicalsimulators.

A prototypefor gaze-contingeniultiresolutionrepresentatioris the virtual ervironment, Exploring the
Brain Forest beingdevelopedat the Scientific VisualizationLaboratory Departmenbf ComputerScience,
TexasA&M University[MBD96]. Two attentive graphicaltechniquesor display-timecompressiommrecur-
rently beinginvestigated Thefirst scale-dependeistratgy is contingentupondisplayingmodelneuronsat
four levelsof geometriadetail. The secondproposedstratgy trackstheviewer’'s eye andmatchesmageryto

the gaze-contingenperceptualimitations of the humanvisual system.

15.1.1 Scale-dependenGeometric Modeling

Exploring the Brain Forestpresentsierarchicalviews of the brain at severallevels of scalefrom a global
overview to immersionwithin its forestof neuronsandglial cells. To simulatethe attentive graphicaldisplay
of this complex virtual ervironment, the scale-dependestratgy representsnodelneuronsat four levels of

geometricdetail. Differentgeometricmodelsare utilized at differentrangegscales)rom the viewer under
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this discrete model-swithing display stratgy. The virtual environmentis modeledon a three-dimensional
gaze-contingergegmentedstage. The presentatiomf differentgeometricmodelsis evokedat differentloca-

tions of the stage,asshavn schematicallyin Figure 98. Nearthe expectedcentral(foveal) region, neurons

00

Texture Mapping

Outside Field of View Outside Field of View

Fig. 98. Gaze-contingergaggmentedstage.

arerepresentetdy implicit surfaces.Furtheraway, in termsof depthandeccentricity the modelis switched
to a cylindrical segmentrepresentationf neuronswhere7-9 polygonsareusedper cylinder circumference.
Furtherstill, the modelis changedo wire-framecurvesof variablethicknessn 3-space At the boundaries

of the stage denseneuronaforestsaretexture mappecdntothe stages polygonalbackdrops.

15.1.2 Gaze-contingentGeometric Modeling

The wavelet-basednultiresolutionstrateyy developedherefor imagedegradationcanbe usedfor multires-
olution geometricmodelingof figures,curves,andsurfaces [CG95 DLR95]. CohenandGortlershav the
utility of waveletdecompositiongor B-splinecontrol point andleastsquaresditinganddiscusshe imple-
mentationof a multiresolutioncurve andsurfacemodeler DeRosel ounsberyandReissellusewaveletsto
represenmultiresolutionsurfacesof arbitrarytopology In general,objectsare subdvided by refining the

control point lattice by projectingto subspacesf differentscaleqe.g.,applicationof anappropriatescaling
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function at a givendecompositiorievel). The control point lattice denotingfigures,curves,andsurfacesis
analogougo ann-dimensionalmage.Thereforethe multiresolutionimagerepresentatiostratgy presented
in this dissertatioris applicableto graphicalobjects. Application of this strateyy to neuronalmodelingex-
tendsthediscretemodel-switchingstratgy to aseamlesmultiresolutionrmodelstratgy. Thegaze-contingent
stagesegmentssene asindicatorsof resolutionlevel, cueingsuccessie representationsf the model(e.g.,

dyadicapproximations).

15.1.3 Outlook

The needfor Gaze-ContingenYirtual Reality (GCVR) systemshasbeenrecognizedand prototypicalsys-
temsutilizing dynamicfovealregionsof interestarecurrentlyunderdevelopmen{Jac97 McC97. Thework
in this dissertatiorshouldbe transferredo virtual reality ervironmentsusing miniatureeye trackingoptics
installedin high-resolutionhead-mountedlisplays(HMDs).! Following successfutesting, wavelet-based
attentve graphicalrenderingshouldbe evaluatedn the GCVR. It is the opinionof theauthorthatwith suffi-
ciently fastgraphicshardware,gaze-contingemenderingmay prove moremanageabl¢éhandigital imagery

dueto the potentiallysmalleramountof control point dataneededo represengraphicalobjects.

15.2 Multi-Component Attentive Visual Representation

Mostdisplaytechniquesassumenisotropic,or homogeneousgpresentationf visualinformation,although
the humanvisual system(HVS) doesnot procesghis informationin toto. JPEGand MPEG are prominent
examplesof codecavhichhomogeneouslgompressmagerythroughisotropicquantization Selectve quan-
tizationschemesrebeingdeveloped however, in anticipationof automaticcontrolalgorithms[ISO97. As

shavnin thisdissertationresolutionis onecomponenalongwhich anisotropidmagedegradations capable
of matchingthelimitations of theHVS. A multi-componentiegradationstrateyy for visuotopicscenerepre-

sentations proposedelaw, followedby recommendationor real-timeattentve displayof imagery

15.2.1 Visuotopic SceneRepresentation

Researctpresentedn this dissertatiordealswith peripheraldegradationof spatialresolution. The human
visual systemis peripherallylimited alongmorethanonevisual dimension.A multi-componentyisuotopic

imagedegradationstratgy alongsix dimensiongs proposedn §3.3,andis repeatederefor corvenience:

LCurrentlyHMDs supportactive matrix LCDs with 640 x 480resolutionproviding a60° (diagonal)field
of view (e.g.,the V6 from Virtual ResearchSantaClara, CA). Leadingmanufcturersof video-basedye
trackers(e.g.,ISCAN andASL) offer installationof miniatureopticsinto theseHMDs.



248

1. Spatial Resolution should remain high within the foveal region and smoothly degradewithin the
peripheralmatchinghumanvisualacuity.

2. Temporal Resolutionmustbeavailablein the periphery Sudderonseteventsarepotentialattentional
attractors.

3. Luminance shouldbe codedfor high visibility in the peripheralareassincethe peripheryis sensitve
to dim objects.

4. Chrominanceshouldbe codedfor high exposurealmostexclusively in the fovealregion, with chro-
maticity decreasingharplyinto the periphery This requiremenis a direct consequencef the high
densityof conesandpanwocellularganglioncellsin thefovea.

5. Contrast sensitvity shouldbehighin the peripherycorrespondingo the sensitvity of the magnocel-
lular ganglioncellsfound mainly outsidethe fovea.

Specialconsideratiorshouldbe givento suddernonset,luminous,high frequeng objects(i.e., suddenlyap-

pearingbrightedges).

The above multivariatequantizatiorof peripheralvision requiresa processingtrategy capableof analyzing
andsynthesizindgocal imageregionsalongall of the above dimensionslt is notknown at thistime whether
the wavelet stratgyy cansatisfythis requirement.Luminanceandcontrastmay be betteranalyzedn image
spaceinsteadof the wavelet domain,althoughthe wavelet transformhasbeenusedfor contrastenhance-
ment[LH94]. Thewavelettransformappearsuitablefor chrominanceanalysis synthesisanddegradation.
Degradationof the color componentmay requirea form of wavelet coeficient decimationin color space.
The wavelet transformis particularlywell suitedto the analysisof spatialand temporalfrequencieqe.g.,
spatiotemporaédges)asshawn in this dissertation An interestingresearcltirectionis a unifiedrepresenta-

tion (encoding)f images(andvideo) suitablefor processingachandall of theabove components.

15.2.2 Real-Time Attenti ve Display Recommendations

Real-timewavelet-basedisuotopicdisplayof imageryrelieson fastanisotropicsynthesisof imageframes.
At presentimagerepresentatioinvolveswavelet decompositiongoeficient filtering, and reconstruction.
For animageof appropriatesize,e.g.,640 x 480, this setof operationgrohibitsreal-timeexecution. Two

possiblesolutions which mayalleviate processingequirementsarediscussedbelow.

First, thewaveletcoeficientfiltering stratgy generatesesultsequivalentto MIP-mapping,however, there-
cursive natureof thewaveletreconstructioris moretime intensve thanthe MIP-mappingsynthesisin terms
of imagesize, n, the computationakcompleity of wavelet reconstructioris O(nlog(n)), comparedo the

O(n) complexity of MIP-mapping.MIP-mappingabsorbgheinitial O(nlog(n)) costduringdecomposition.
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Thereis a correspondingnemory-performanctadeof betweerthe two approacheshowever. Waveletde-
compositionrequiresno more memorythanthe original image,while MIP-mapsubimagesequireroughly
30% morestorageper frame[DM95]. If the extra memoryrequirementsre not prohibitive, MIP-mapping

reconstructiorprovidesfasterdisplaysincemostof the processingostis absorbedluringdecomposition.

A secondpossiblesolutioninvolves pre-filtering of a bankof imagesreadyfor real-time,gaze-contingent
display A priori identificationof potentialregionsof interestmaybe usedto pre-filterimagesresultingin a
setof imagesfor eachframeof video. During eachsaccadethe imagecontainingROIs at appropriatdoca-
tionsmaybesubstitutedor theupcomingframe. The currentdiameterof thefoveal ROl is 105pixels. For a
640 x 480image,roughly 24 foveal ROls areneededo cover the entiredisplay A bruteforce pre-filtering
approachrequiresa setof 24 imagesper video frame. For gaze-contingentideo, this approachs clearly
prohibitive dueits intensive memoryrequirementsThe requiremenof holding 24 framesin memoryis not
unreasonabld gaze-contingerdtaticimagesareusedasstimulus. Thus, it is recommendedhatreal-time
attentive display strat@iesbe initially evaluatedover staticscenery The programgci hasbeendeveloped

for gaze-contingentiewing of a singleframeandis suitablefor this purpose.

Both solutionspresentedherefor real-timeimagereconstructioraredependentn anappropriatelyfastgaze

predictionstrateyy. Thisis discussedn §15.3.3.

15.3 Eye MovementAnalysis

The developmentof a gaze-contingensystemdependon a real-timeeye movementclassificationstrateyy.
The PARIMA model, presentedn this dissertation provides an adequatdinear filtering strateyy capable
of sggmentingnonlineareye movementsignalsinto dynamicfixationsthroughthe localizationof saccades.
However, experimentalresultsexposedthe currentimplementatiors susceptibilityto Type | andll errors.
Stratgjiesfor refinementof the modelaregivenin §15.3.1. Extensionof the modelto real-timeeye move-

mentanalysiss suggestedh §15.3.2,andreal-timepredictionof eye movementss discussedn §15.3.3.

15.3.1 PARIMA Model Parameterization

The currently chosenPARIMA parameter®verestimatesaccades.Although subjectve quality ratings of
identifiedVOls supportthe models overall acceptablgerformancee.g., pre-attentre viewing conditionof
flight sequence)i is expectedthatrefinemeniof PARIMA parametersvill yield betteraccuray. Stratgies

for parameterefinementely oniterative testingof parameterandmodelevaluation.
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It is suspectedhata higherspatialdecompositioevel will resultin betterdetectionof inter-framefixations.
Higher spatialdecompositiorresultsin coarsersubsamplingproviding a morerobust solutionof the corre-

spondenc@roblemasdiscussedn §7.4.

As suggestedn §XI, empirical evaluationof the model's performanceshouldrelax the criteria of saccade
matchesBecausef theinherenteye trackingdelaybetweenstimuluspresentatiomndpoint of regarddata
collection,eye movementscannotbe expectedto matchperfectlywith temporalstimulus(e.g.,onset). Typ-
ical saccadelurationandeye tracker latengy may be usedasdelaycriteria. For example,a delayof oneto

two videoframes(62-125ms)may provide a morerobustanalysisof the model.

15.3.2 Real-Time Wavelet-basedEye MovementAnalysis

Currently analysisof eye movementsis performedoff-line. Eachsetof point of regarddatais corverted
to a video streamand analyzeden masseby the three-dimensionalvavelet transform. Becauseonly two
levels of temporaldecompositiorareused,the analysiscanbe performedin real-timeon a smallnumberof
videoframes referredto asa “mini-sequence” Thedelayof this analysisdependsnthetime neededo (1)
composehe eye movementsamplesnto video frames,(2) spatiallydecomposghe frames,(3) temporally
decompos¢he mini-sequence4) performthe ROI detection(5) temporallyreconstructhe mini-sequence,
(6) spatiallyprojectthe subsampledrames,and(7) performtheinter-framelinking of ROIs into VOIs. Pro-
cessingtime dependson the size and numberof imageframes. Framesize is dependenbn eye tracker
resolution(currently512 x 256), althougha smallerframe size may be usedif on-the-fly spatialsubsam-
pling maybe substitutedor spatialdecompositior{step(2)). The numberof framesdepend®n therequired
temporaldecompositiorievel of the wavelettransform. At presenttwo temporaldecompositiorievels are
neededrequiring4 video frames. The 4-framerequirementictatesa minimum delayof 4xsp, wheresy is
the eye tracker sampleperiod. Currently eye trackerstypically provide samplesvery 18msresultingin a
72msdelay Underthis configuration,72msrepresentshe lower boundfor two-level real-timeanalysisof
eye movements A one-level temporaldecompositior{at leastonelevel is required)decreasethe minimum

delayto 36msbut is moresusceptibldo noise.

Real-timeanalysisof eye movementanay indicatethe currenttype of eye movementa subjectis executing
(e.g.,fixation, saccadeput it is doubtfulthata VOI history could be built in real-time. VOIs arecurrently
assembletby matchingeachframe’s ROl with the VOI currentlystoredin memory VOIs areextendedo the
currentframethrougha searchof existing VOIs (see§8.1). Searchimeis directly proportionalto thenumber

of VOlIsin therecord.



251

To make thereal-timeeye movementanalysisvorthwhile,atleastthe currentVOl needdo bestoredin mem-
ory. Thatis, assoonasa saccadderminationis detectedPORdatashouldbe assembledhto the currently

storedV Ol for the purpose®f short-timeeye movementprediction(discussedhext).

15.3.3 Real-Time Eye MovementPrediction Thr ough Forecasting

Anticipatory gaze-contingensystemaely on somemechanisnof eye movementprediction. Predictionof
potentialfixation pointsover an entireimageor imagesequencés an openproblemin computervision re-
quiring computationalmageunderstandingldentificationof visual attractorghroughanalysisof historical
data,asattemptedn this dissertationdoesnot constitutea predictionof eye movements.Predictionof eye
movementdasedsolelyon eye movementdata(i.e., out of the visual context) doesnot seemto make sense.
However, thedesiderataddressetierereflectstheambitiousgoal of long-timepredictionof eye movements.
Thatis, the goal asstatedis concernedvith the identificationof imageregionswhich oneandall subjects
will fixateatsomepoint. Indeed,f suchanalgorithmwereavailable,marny computewision problemswould
undoubtedlybe solved. For real-timeeye movementprediction,a differentmind setis requiredviewing the

problemin the shortterm.

ThePARIMA modelof eye movementss conceptuallbasedntime seriesanalysigTSA). A subsebf TSA
methodsot utilizedin the PARIMA modelinvolvesforecastingpf obsenedtrendsin serially correlatedsig-
nals. For example,forecastingmethodsare usedin the analysisof stock market data. Although reliable
long-termforecastingstratgiesdo not exist, fairly goodapproximationsrepossiblein theshortterm. In the
context of areal-timeanticipatorygaze-contingergystemthis type of approachmaybe sufficientto predict
the directionof gazeover a small numberof video frames. Considerthe real-timeeye movementanalysis
approactproposedn §15.3.2,whereit is suggestedhata shortrecordof the currentVOI be maintainedn

memory SinceeachVOI is modeledby an ARIMA time series,the VOI may generateeliable short-time

forecastgprovidedit is sufficiently long.

Time seriesforecastings generallyconcernedvith predictingtrendsin the data. With respecto fixations
andsmoothpursuits,short-timeforecastanay provide predictionof the directionof thesemovements.This
may be usefulfor trackingthe viewer’s gazeduring smoothpursuitmovementsbut may not provide useful
informationregardingfixations. In eithercase saccadesmayintervenedefeatingthe utility of thisapproach.
Saccadeareproblematicsince(1) they disruptthe relatively continuoudixation and pursuitsignal,and(2)
their shortdurationpreventsmeaningfulanalysis.lt is unlikely thattime seriesforecastingcould be applied

quickly enoughto offer a predictionof saccadelirection.
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Real-timepredictionof saccadeposesa significantproblem,yet to effectively overcomethe eye tracker’s
inherentdelay this problemmustbe addressedReal-timedetectionof saccadeseemamanageablsinceit
requiresdentificationof high-amplitudediscontinuitiesn thesignal. However, theshortdurationof saccades
requiresreal-timepredictionof “ballistic” saccadelirectionfrom relatively few datapoints. A possiblefast
solutionto this problemmaybe a gradient-basedne. Thatis, oncea saccadés detectedan estimateof the
saccades directionmay be obtainedby calculatingthe gradientdirectionof the differenceof two (or more)

successie PORsamples.

15.4 Computational Modeling of Visual Attention: A Survey

A centralproblemunderlyingthe computationabpproacho gaze-contingentisualcommunicatiorsystems
is the predictionof eye movements.A computationaimodelof visual attentionis actively beingsoughtby
computervision researchersAt presenta fully functionalmodelof visual attentionhasnot yet beenfound.
In this section,several prominentattemptsat the specificatiorof sucha modelaresummarizedfollowed by

recommendationfor possiblefuture researchdirectionswith emphasion the wavelet-basedpproach.

Visual attentionis generallydescribedy the seamleséncorporationof the attentional'what” and“where”
functionality. Visualperformancecanbe distributedbetweertheseconceptsn thefollowing manner:
e The “where” appeardo function in parallel over the peripheralvisual scene,acting as a selectve
(voluntary),or reflexive or reactie (involuntary)component.
e The“what” coincideswith serial,fovealvision.
Most modelsof visual attentioneitheraddresoneof the “what” and“where” conceptspor attemptto incor-

poratethemboth. Selectednodelsof visualattentionarebriefly reviewedin thefollowing sections.

15.4.1 Kochand Ullman’s Model

KochandUIlIman modelselectve visual attentionby threedifferentstagesi1) Salientfeaturesfrom a setof
elementaryeaturescomputedn parallelacrosghevisualfield andrepresentetly a setof topographianaps,
arecombinednto asaliencymap (2) A WinnerTake-All (WTA) mechanismoperatingonthesalieny map,
identifiesthe mostconspicuougocation. A pyramidalstructure suchasthe frameavork proposedor image
processing@ndanalysishy Rosenfeldsee[JR94), is usedto implementhe WTA mechanism(3) Properties
of the selectedocationaresentto a centralrepresentationThe WTA mechanisnautomaticallyshiftsto the
next mostconspicuousocation. Theshift canbebiasedy proximity andsimilarity preferencefKU85]. The
elementaryfeaturesencodedy thetopographianapsincludecolor, orientation directionof movementand

(binocular)disparity A postulated'switch” mapsthe propertiesof the selectedmostconspicuoushocation
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from featurespaceto the morecentralnon-topographicepresentatioandis held asthe principalexpression
of early selectve visual attention. The topographicfeaturemapsandthe saliengy map correspondo the

“where” of visualattention while the selectve mappingfunctioncorrespondso the “what”.

15.4.2 Ahmad’s Model

Ahmadproposes biologically-motivatedefficient computationamodelof visual attentioncalledVISIT (a
looseacrorym for anetwork thatperformsVisual SearcHTeratively) [Ahm91]. Theglobalnetwork structure
is dividedinto four distinctsubnetverks: (1) the gating network(the “what”), responsibldor suppressingul
activity exceptat a givenlocation,(2) the priority network(the “where”), which determineghe locationsof
interest,(3) the contml network whichis responsibldor sequencingndfor mediatingthe informationflow
betweerthe gatingandpriority networks,and(4) theworkingmemorywhich temporarilystoresrelevantin-
formation. A priority mapusedby thepriority network is similarto KochandUIIman’s salieny map. Unlike
KochandUIlIman's WTA stratgy, the control network shifts attentionby usingboth top-davn andbottom-

upinformation(similarin spiritto Wolfe's GuidedSeach—see§15.4.4below) fedto a built-in maxfunction.

Ahmadrelatesaspectof VISIT to variousneurologicalmodulesinvolvedin attentionalfunction. Specif-
ically, the gating systemrelatesto the Pulvinar; the bottom-uppriority mapto the superiorcolliculus and
frontal eye fields; the control network to the posteriorparietalareas,andthe working memoryto the pre-
frontal cortex [Ahm91, §6.3].

15.4.3 Sandon’s Model

Sandomroposes hierarchicarepresentationf spatiallocationasthebasisfor aconnectionishetwork sim-
ulatingattention[San9(. Specifically a Gaussiampyramid,computedy repeatedlysmoothingandreducing
theinputintensityimage,providesmultiresolutiondatapathsto the attentionalconnectionishetwork layers
allowing competitionamongscaledor higherlevel processingSincestatic, monochromatitmagesareused
asinput, the lowestlevel featuresusedby the modelare orientededges. A central-ecitatory, peripheral-
inhibitory interactionamongfeaturesof a giventypeis appliedto eachof the featurearraysusedasinput
to the attentionalnetwork. A WTA mechanisnmwithin the attentionalnetwork inhibits all but the strongest
activationwithin theimagearray Similarto Ahmad’s gatingnetwork, the effect of the attentionalactiity is

to gate(select)featuresrom specificimageregions(the “where”) up to highernetwork layerswhereobject

recognitionoccurs(the “what”).

It is importantto notethe useof the Gaussiampyramid. This pyramidalstructureis similar to the hierarchy

of imagesusedin MIP-mappingandto the subsampleimagesgeneratedby the waveletscalingfunction. In
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fact, with appropriatevavelets,the waveletrepresentatioprovidesan identicalbut supersetepresentation
of the structureusedby Sandon.The waveletrepresentatiom a sensecontainstwice asmuchinformation
sinceit alsocontainsghe multiscalederivative (or differenceimagesgeneratedby the waveletfunction. Fur-
thermore multiscaleedgeinformation, correspondingo orientededgefeatures,s readily availablein the

waveletdomain.

15.4.4 Wolfe'’s Model

Following Treismans notionof afeaturemap,Wolfe proposes computationamodelof visualsearchcalled
GuidedSeach [Wol93, Wol94].2 Wolfe’s feature-specifienapsare usedby parallelprocesseso analyzea
scenen orderto guideattention.Theinformationfrom featuremapsis combinedn anactivationmap. The
activationmapis a weightedsumof the activationsin the parallelfeatureprocessorsAttentionis deployed
from locationto locationin orderof decreasingctivation. Wolfe's GuidedSearch occurswhenthe signal

from the parallelprocessess often (but not always)largerthanthe backgroundhoise.

BecauseéNolfe’s strateyy is goal-directedt is consideredy the presentiuthorto be a partialmodelof visual
attention(e.g.,covert or voluntaryattention). Visual attentioncanalsobe involuntaryor reflexive. Wolfe's
modelis mentionecherebecausé adhereso generahttentionaprinciples,i.e.,themodeldividesthesearch

taskinto a preliminaryparallelstage(the “where”) followed by a sequentiabearchprocesgthe “what”).

15.4.5 Tsotsos'Model

Recently Tsotsoshasproposeda modelof visual attentionmotivatedby complexity analysisof the visual
system[Ts099. Tsotsosarguesthat vision (computationakind human)is intractableif performedin toto
over the visual sceng[Ts09(Q. Specifically it is suggestedhat unboundedrisual search(wherea targetis
eitherexplicitly unknavnin advanceor is notusedin the executionof the search)s NP-completeTheproof
relieson a directreductionof visual searchto the Knapsackproblem.Boundedsearchpn the otherhand,is
claimedto have lineartime compleity in the sizeof theimage. Althoughthe resultof Tsotsos’complexity
analysismay be questionabldseecommentarie®f Heathcoteand Mewhort, Krueger and Tsay, and Kube

in [Ts09Q), it leadsto the generallyaccepteadonclusionthatselectve attentionis essentiafor vision.

A descriptionof Tsotsos’attentionalmodelappearsn variousplaces|CT92g CT92h Ts09Q Ts09g. The

modelis similar to Koch and Uliman’s algorithmwith two distinctions: (1) the modeldoesnot rely on a

2Visual searchcanbe consideredh goal-directedsubtaskof visual attention,e.g.,the covert or voluntary
componentFor moreinformationon this topic, see[BKB93, BM93, DMS93 Dol93, GS93 JCB93,Liu93,
TK93, VOD93.
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salieny map,and(2) the WTA strateyy is modifiedby “bias units” allowing multiple winners(see[CT924).
Theselectiormechanisnis similarto bothAhmad'sandWolfe’'s modelsin thatbothbottom-upandtop-down
pyramidalsearcheareemployed(seg[Ts095). TheimagepyramidresemblesSandons Gaussiarstructure

sinceit is composef progressiely spatiallyaveragedmagesat higherlevels(see[CT920).

The pyramidalrepresentatiois computedbottom-up,modified by biasesf available,andthe mostsalient
item is detectecandlocalizedin a top-dowvn fashion,pruningpartsof the pyramid that do not contribute to
the mostsalientitem. The top-dovn “attentionalbeam”inhibits regions outsidean internal passzonenot

unlike amoving centersurroundreceptve field.

Tsotsosclassifieshis modelasaninstanceof the selectivetuning hypothesiswvhich claimsattentionis used
to tunethevisualprocessingrchitecturen orderto overcomepyramidalcomputatiorproblemsandto allow
task-directedprocessing.This classof attentionalmodelsis contrastedy the authorwith two othermajor
computationahypothesespamelythe selectiverouting andtempoal tagging hypothesesThe former con-
tainsmodelssimilar to Koch andUllman’s and Anderson OlshauserandVan Essers (see§15.4.6below).
The latter catggory containsmodelsbasedon single-cellperformancepredictions(e.qg.,firing ratesandfre-
gueny modulations). The main distinctionsbetweenthe selectve routing and selectve tuning hypotheses
aretheinclusionof inhibitory processesisedin spatialselectionanda multiple-winnermodificationof the

WTA mechanism.

15.4.6 Anderson, Olshausen,and Van Essens Model

Falling underTsotsos’selectiverouting classof modelsof visual attention,Anderson,OlshausenandVan
Essenproposea routing circuit modelof visual attentionf]AOV95]. The authorsaddresghe issuesof shift
andscaleinvarianceby incorporatinga switchingmechanisnfor shifting andrescalingsensoryinput data.
The generalpurposeof a (low-level) switchingmechanisnis to rescaleyeposition,andotherwisereformat
visualinformationinto a standardepresentatioffor later (higherlevel) recognitionprocessesVisual atten-
tion playsa key role in this processsinceattendingto an objecttheoreticallyplacesit into a canonical,or

object-basedeferencdrame.

The quintessentiapredictionof the routing circuit modelis thatcorticalreceptve fields shouldbe dynamic;
shifting and rescalingwith attention. The model providesa view of preattentre vision which, in general,

providesinput to a salieny mapincluding color andtexture gradients.
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15.4.7 Survey Summary

Thebrief surey of computationamodelsof visualattentionpresentedhereis by no meansexhaustve. Four
highlightedcomputationastrateyies,however, appeacommonto mostapproachesrirst, visualinputis pop-
ularly representetby a coarse-to-fingyramidalstructure.Secondsomeform of featureor salieny mapis
derivedfrom the pyramidalrepresentatiofe.g.,luminance gdge,or motion). Third, a (possiblymulti-layer)
gatingnetwork is arrangedo selectthe mostsalientcomponent(sfrom the salieny map. Theselectiormost
oftenappeardo be handledby a variantof the WinnerTake-All strateyy. Fourth,a controlmechanisn{such
asselectve routingor tuning)is proposedasa meandor feedinginformationto furtherprocessingreasand

for dynamicallyrelocatingthefocusof attention.

Componentof computationaimodelsof visual attentionare generallyfashionedafter their hypothesized
neurologicalcounterpartsin broadterms,the four major computationamodulesidentifiedherecorrespond
to four corticalareasmplicatedin visualattention:(1) The pyramidalrepresentatiogorrespondso retino-
geniculo-corticalreceptve fields. (2) Saliengy mapsencodevisual informationasrepresentedby feature-
sensitve cellsfoundin the striatecortex (areaVl). (3) The WTA gatingstratey representseurondn either
the superiorcolliculus, frontal eye fields, parietalcortex, or Pulvinar (4) The control mechanisnmodels
neuronsthoughtto residein the Pulvinaranddeep(possiblyposteriorparietal)layersof the cortex. For a

recentalthoughbrief, surey of computationamodelsof visual attentionsee[OK95].

15.5 Computational Modeling of Visual Attention: A ProposedFramework

Computationaimodelsof visual attentionrely on a pyramidal framework for representatiorof the visual
sceneaasthebasisfor furtherattentionalprocessingln mostcasesthefeatureor saliengy mapbuilt from this
coarse-to-fingepresentatiomcludeseitheredgeor luminanceinformation. The inclusionof both features
typically requiresthe constructiorof several salieny maps.Here,awavelet-basednodelof visualattention
is proposedvhich utilizes the wavelettransforms ability to represenboth luminanceandedgeinformation
simultaneouslyln the caseof multi-componentmagery(e.g.,color video),thewavelettransformprovidesa

unifiedframework for therepresentationf luminance chrominanceandspatiotempora¢dgeinformation.

The following outline presentdetailsthe applicationof the spatiotemporalvavelet framework to the de-
sign of a wavelet-basednodel of visual attention. Recommendationfor model designare presentedn
threestagesdescribing(1) the waveletsaliencypyramidin §15.5.1,(2) the gatingnetwork (the “where”) in
§15.5.2,and(3) the control mechanisn{the “what”) in §15.5.3. Preliminaryimplementatiordirectionsare

suggestedh §15.5.4,anda proposednodelevaluationmethodologyis discussedn §15.5.5.
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15.5.1 The SaliencyPyramid (the encodingof visual input)

Thebottomlayerof the proposedattentionaimodelrepresentshe substrataisedfor parallelidentificationof
visualfeatures Following thereasoningisedin previousmodels,acoarse-to-fingyramidalencodings sug-
gested.Thewavelettransformis recommendedbr this purposesinceit readily providesa hierarchical pyra-
midal multiscalerepresentatioonf thevisualinput. With appropriatevaveletfunctions,e.g.,Gaborwavelets
modelingretino-geniculo-corticabrientation-selectie cells, the wavelettransformcombinedraditionalfirst
andsecondmodelelements.Thatis, both pyramidalaverageandsalieny maprepresentationsf the input
are containedin the wavelet structure. To emphasizehis duality, the wavelet representatiotis termedthe
saliencypyramid With the exceptionof chrominanceand contrastinformation, a single salieny pyramid

encodesnultiple visualcomponentsincludingresolution Juminance andspatio-temporairequeng.

15.5.2 The Gating Network (the “where”)

The next layer of the model representshe gating functionality of the superiorcolliculus, the frontal eye
fields, the parietalcortex, andthe Pulvinar It is suggestedhat the gatingnetwork is representedby three
subnetvorksmodelingthethreecorticalcentersmplicatedin eye movementcontrol: (1) thesuperiorcollicu-
lus (involuntaryattention),(2) the middle temporal(MT) area(voluntary, or covert attention),and cortical
centersassociatedavith vestihulo-oculareye movementdreflexive attention).Gatingsubnetverks shouldbe
incorporated/ia aswitchingcircuit alternatingamongvoluntary involuntary andreflexive attentionamodes.
The gatingnetwork’s overall function shouldselectthe mostsalientcomponenfrom the salieng pyramid,
dependingpn the currentattentionaimode. For example,if the currentmodeis voluntary, involvedin task-
directedselection the gating network shouldsimulatevisual search. Someform of WTA stratgy may be
implementedasthe selectve mechanisme.g.,a neuralnetwork incorporatingcentral-excitatory, peripheral-

inhibitory (centersurround)interactionamongfeatures.

15.5.3 The Control Mechanism (the “what”)

The controlmechanisnshouldbeinvolvedin the selectionof the next focusof attention.An inhibitory fea-
ture interactionlayer may be providedin the gatingnetwork which attenuategreviously inspectedegions.
The controlmechanisnshouldmodelthe functionality of areaswithin the Pulvinarandthe posteriorparietal

cortex.
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15.5.4 Preliminary Dir ections

The centralproblemidentifiedin the context of video processings the predictionof gaze. Sinceit is sus-
pectedthatmotionis the dominantattentionaktimulusto which thevisualsystenrespondsthe above model
of visual attentionshouldinitially be implementedwith only onetemporalsaliengy pyramid representing
motion features. The spatiotemporapyramid shouldideally be constructedn real-time,following recom-
mendationdor real-timeeye movementanalysispresentedn §15.3.2. Otherfeaturessuchascolor may be

incorporatedat a laterdate.

15.5.5 ProposedModel Evaluation

The purposeof the computationamodelof visualattentionis to predicteye movementpatternsover avideo
sequencef arbitrarylength. Metrics basedn VolumesOf Interestareproposedasmethoddor preliminary
evaluationof themodel.Predictedeye movementpatternamayberepresentetly VOIs from which objective
measureshouldbe derived for the given stimulus. Variability measuresnay also be obtainedto testthe
model’s performanceon successie runsover the samevideo sequenceNext, VOIs obtainedfrom experi-
mentalsubjecttrials shouldbe usedto derive subjectivemeasuresAn estimateof the model's performance
shouldbedravn from a comparisorof VOI-basedneasuresSuggestion$or the developmentof subjectve

andobjective metricsaregivenbelow in §15.5.5.1and§15.5.5.2 respectiely.

15.5.5.1 Subjective VOI Measure of Eye MovementVariability

VOlIs obtainedfrom experimentalsubjecttrials may be usedto derive subjectivemeasure®f humaneye

movementvariability over visual stimuli. Qualitatively, the VOI model depictsthe variability of subjects’
eye movementpatternsover the courseof the visual stimulus. As seenin the experimentalresults,a single
VOI overthecourseof avideosequencsuggestéttle variability in eye movementoverthescengrecallan
individual’'sthreeviewing trials of thecnnsequenceéiscussedh §12.6). This obsenationmaybeinterpreted
aseitherdueto the subjects familiarity with the contentor the uninterestingquality of the contentitself.

Quantitatvely, the numberof VOls detectedbver a sequencgivesa numberof visual featureson which the

subjectfixated. The numberof aggreyateVOls givesa numberof featuredixatedby multiple subjects.

In essencethe VOI modelmaybe usedto derive a measuref eye movementvariability over visual stimuli.
Furthermorethis measuremay alsobe usedasa qualitatve degree of disorientationof subjectspresented
with particulartypesof stimuli. For example,considerthreetypesof video sequences(a) a movie or com-
mercial,(b) a sportingeventsuchasa football game,and(c) a streetsuneillancescene.ln (a), the directed

natureof the compositionsuggestan expectedsmallnumberof similar scanpathsin (b), virtually oneVOI



259

is expectedcenterentheplayeror objectof intereste.g.,thefootball or thequarterbacklin (c), thediverse
amountof information(e.g.,crownds, cars,etc.) suggestan expectedarge numberof diverse(sparselysitu-
ated)VOls.

The video sequencesisedin the presentwork areratherextremeexamplesof video sequencesthe flight
andbrain2 sequencesontainasingle(possibly)moving objectsuitablefor visualtracking,while thecnnse-
guencds composedf relatively motionlesscontent.In the sequencessedin thevisualtrackingparadigm,
generallya single VOI was obsened, as expected. The free-viewing paradigmevoked someavhat diverse
responsewith identifiablefixation pointsthroughthe aggregateVOI composition.At this stageonly qual-
itative obsenationscanbe maderegardingthe VOIs generatedver thesevideo sequencesThe variability
foundin theVOls shouldbeexpressedjuantitatvely. This measurenaybedependenbvnboththenumberof
VOls andtheir spatiotemporatlispersion.Theresultantmetricwould provide a subjectivemeasuref video

content.

15.5.5.2 Objective VOI Quantification of DiverseVisual Stimulus

Analogousto the subjectve measuresf videocontentderivedfrom humaneye movementpatterngproposed
in §15.5.5.1 pbjectivemeasuresanbe obtainedrom eye movemenipatterngredictedby thecomputational
modelof visualattention.This metricdichotomyis similar to subjectve quality ratingsof imagerycompared
to statisticalobjective measurege.g.,the mean-squaredrror (MSE)). In the presentcontet, an objective

measuref video contentis soughthasedn computationallygenerated/ Ols.

The three-dimensionalvavelet analysisof eye movementsis directly applicableto video processing.An
objective measureof video contentestimateshe variability of potentialvisual attractorswithin the video
sequence.This is a more difficult problemthanthe subjectve measuresinceit relies on the detectionof
salientimagefeatures Correctdetectiorof visualattractorss a centralissuein the developmenbof acompu-
tationalmodelof visualattention,discussedn §15.4. Neverthelesscertainimagefeaturessuchasmotion,
may be readily detectedcomputationally Sincevideo motionis essentiallymanifestedoy temporaledges,
the wavelet-basedaccadeletectionalgorithmmay sene asa suitablestartingpoint for the developmentof
an objective motion metric3 Congruencéetweendevelopedobjective and subjectie metricswould offer
encouragingrogressowardsa computationamodelof visual attention.For this reasoralone the develop-

mentof objective measuresf diversestimuli shouldbe pursued.

3As aninformal test,the saccadeletectionalgorithmwasrun over the tennissequenceSurprisingly the
“informative details” detectecby the algorithmcorrespondedo the tennisplayer’s arm, paddle,andtennis
ball, asexpected.Backgroundeaturesvereeliminated(or “inhibited”) uponreconstruction.
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15.6 Epilogue

Researchuncoveredin this investigationidentifiesopenproblemsin the interdisciplinarystudy of human
vision andvisual attention. Resultsof the work performedin this dissertatioroffer a spatiotemporaframe-
work suitablefor the developmentand evaluationof computationamodelsof visual attention. More work
liesaheadpromisingexciting discoveriesin computegraphicsandscientificvisualization signalprocessing

andeye movementmodeling,andgaze-contingerdisplays.
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Filter coeficientsof the Barlaud,Burt and Adelson,Mallat, and Chui (multiplicity-2), bi-orthogonaffilters

aregivenin Tables14,15,16,and17 (roundedo fit thetablewidth). Dueto the symmetryof the sequences,

only half of the Chui spline wavelet coeficientsare shavn in Table17, wherehy = hy_x, gk = 94—k, and

similarly for theduals.

TABLE 14
Barlauds nearorthonormalkplinefilters.
K hi Ok hg Ok
-4 0.0378285 0.0378285
-3 | -0.0645389  0.0238495 -0.0238495 0.0645389
-2 | -0.4068942 -0.1106244 -0.1106244 -0.4068942
-1 | 0.4180922 -0.3774029 0.3774029 -0.4180923
0 | 0.7884856 0.8526987 0.8526987 0.7884856
1| 0.4180923 -0.3774029 0.3774029 -0.4180923
2 | -0.4068942 -0.1106244 -0.1106244 -0.4068942
3 | -0.0645389 0.0238495 -0.0238495 0.0645389
4 0.0378285 0.0378285
TABLE 15
Burt andAdelsons Laplacianpyramidfilters.

K hi Ok hg Ok
-3 0.0151523 -0.0151523
-2 | -0.0707107 -0.0757614 -0.0757614 -0.0707107
-1 | 0.3535534 -0.3687057 0.3687057 -0.3535534
0 | 0.8485281 0.8586297 0.8586297 0.8485281
1| 0.3535534 -0.3687057 0.3687057 -0.3535534
2 | -0.0707107 -0.0757614 -0.0757614 -0.0707107
3 0.0151523 -0.0151523




TABLE 16
Mallat's quadraticsplinefilters.

k hi Ok hk Ok

-3 0.0078125 0.0078125

-2 0.0546850 0.0468750

-1 ] 0.125 0.1718750 0.1171875

0| 0375 -2.0 -0.1718750 0.6562500

1|0375 2.0 -0.0546850 0.1171875

2| 0.125 -0.0078125 0.0468750

3 0.0078125

TABLE 17

Chui’s (multiplicity-2) cardinalsplinefilters.
K hi, ha_k Ok+1, 93—k h, ok Ok+1, 03—k
1| 0.683012701892 0.866025403784 1.000000 0.8333333
2 | 0.316987298108 -0.316987298108 0.500000 -0.5000000
3 | -0.116025403784 -0.232050807569 0.0833333
4 | -0.084936490539  0.084936490539
5| 0.031088913246 0.062177826491
6 | 0.022758664048 -0.022758664047
7 | -0.008330249198 -0.016660498395
8 | -0.006098165652 0.006098165652
9 | 0.002232083545 0.004464167091
10 | 0.001633998562 -0.001633998561
11 | -0.000598084983 -0.001196169967
12 | -0.000437828595 0.000437828595
13 | 0.000160256388 0.000320512777
14 | 0.000117315818 -0.000117315818
15 | -0.000042940569 -0.000085881139
16 | -0.000031434679 0.000031434678
17 | 0.000011505891 0.000023011782
18 | 0.000008422897 -0.000008422897
19 | -0.000003082990 -0.000006165980
20 | -0.000002256905 0.000002256905

0.000000826079

0.000001652159
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APPENDIX B

MATRIX TENSOR PRODUCTS

Giventwo matricesA, B with dimensions] x K andL x M, respectiely, thetensor(or Kronecler, or direc)

productof the matricesdenotedby A ® B, is definedas

1B aB --- akB
aB apB --- axB
C=A®B= .
anB apB --- axB
where
ajbrr  ajbe - ajbim
ajbor  ajb - ajbom
ajkB = . ’
ajbLr ajkbe -+ ajkbum

giving C dimensionJL x KM. An elementof C in termsof the elementsof A andB is written asC =
[Cj1,km] whererow andcolumnsof C aredenotedby dualsymbols(jl), (km), respectiely, suchthatcj ym =
ajkbim [J0s95 p.167]. Relabeling[cj km] with two new indicesp,q, 1< p<P, 1<q<Q, sothatC =

[Cpq] = [Cji xm], theindicesp, q aregivenby:

p=(j—1L+l,andgq = (k—1)M+m.

A:[ ]andB:[r St],
Xy z

ar as at|br bs bt
ax ay az|bx by bz
cr cs c |dr ds dt
cX cy cz|dx dy dz
er es e | fr fs ft
ex e ez|fx fy fz

For example,given

® 0O Q
—- O T

C =A®Bisab x 6 matrix:

Thetensomroductis associatie,
(A®B)®C=A®(BRC)=A®B®C,
anddistributive with respecto addition:
A®(B+C)=A®B+A®C.

For furtherdetails,see[J0s93.
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APPENDIX C

EXPERIMENT 1SUPPLEMENTARY MATERIAL

C.1 Experiment Approval and Consent

Experimentl (initially entitled“Eye MovementModeling”) hasbeenreviewed andapproved by the Insti-
tutional Review Board (IRB)-HumanSubjectsin ResearchTexasA&M University The official approval
formis shovnin adigitizedreproductiorin Figure99. All subjectsignedandrecevedaninformedConsent

Form, asapprovedby theIRB. A blankexampleform is shovn in adigitizedreproductiorin Figure 100.

C.2 Verification of Eye Tracker Slippage

Analysisof varianceof eye tracker slippageis givenin Table18.

TABLE 18
Pre-vs. post-stimulussiewing averagecalibrationerrorone-way ANOVA.
ANOVA TABLE
Source SS df MS F
Columns 05976 1 05976 0.3825
Error 62.5 40 1.563
Total 63.1 41

p = 0.5398

C.3 Evaluation of PARIMA Model of Eye Movements

Hit and correctnessatesfor detectedsaccadesn obsened eye movementsare presentedn Tables19-21.

Symbolsl and0 denotethe positive andnegative identificationof a saccaderespectiely.
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TEXAS A&M UNIVERSITY
Oiffice of the Vice Prasident for Research and Associate Provost for Sroduate Studies
College Stotion, Texos 77843-1112
(409 BAS-BSA5 R (40%) BAS-1855

February 6, 1997
MEMORANDUM
TO: Andrew T. Duchowski
Department of Computer Science
SURIECT: Protecol Entitled, "Eye Movement Modeling™

The above referenced protocol has been:

A Approved February 6, 1997
—Conditionally approved (see remarks below)
— Tabled for future considerations

— Disapproved (sce remarks below)

— Not Considered

by the Institutional Review Board - Human Subjects in Research.

The study is approved for one year. As stipulated in the IRB Guidelines all protocols are subject
to annual review and any changes must be approved by the Board.

Qr==p e
) ;

. Murl Bailey, Chair

Institutional Review Board -

Human Subjects in Research

Fig. 99. Experimentl approval.



INFORMED CONSENT FORM suss. 1o |E[1[2]31

(to be filled in by experimenter)

Please read the following information pertaining to the experiment. If you choose to participate, please sign
and date this document.

1.

Purpose of Study

The objective of the current research is modeling eye movements. That is, the experimenters are seeking
a mathematical description of the way the eyes move. All experiments are conducted in the Virtual
Environments Laboratory of the Computer Science Department (H. R. Bright Building, room 322).

. Number of Subjects

Approximately 30 subjects are requested to participate in this study.

. Experimental Procedure

I will be asked to view visual stimulus (3 short video clips, 8 second duration) while my eye movements
are being monitored. Eye movements are recorded with the use of a video eye tracker which works by
shining a low-intensity infra-red light at the eye so that the camera may be able to track the location
of the pupil. The infra-red light poses no danger.

I will not need to wear anything, ingest anything, nor provide any fluid samples. However, during
calibration and stimulus viewing, I must try to keep my head perfectly still. This is necessary
so that the eye tracker does not lose its focus on my eye. To prevent fatigue, 7-minute breaks will be
given between video sequences. The entire experiment should take about half an hour.

. Compensation and Benefits of Participation

I will receive neither compsenation nor benefits from this study except for 1 course credit as designated
by the Psychology Department. If I choose to withdraw from the study I will not receive the credit.
I may still earn the course credit by participating in other psychology experiments, or by writing a
short paper, or whatever is required by the Psychology Department (please consult the Department for
further explanation).

. Questionnaire

I will be asked to fill out a short questionnaire during the study. I may refuse to answer any question
that makes me uncomfortable without withdrawing from the study.

. Experiment Anonymity

If I agree to participate in this study, all recorded data will be kept anonymous. My eye movement data
will be encoded by subject number. My name will not appear in any reports or papers resulting from
this research. A separate videotape release form is provided in case the experiment is to be recorded
on videotape. If I choose to withdraw from the study, no record of my participation will be kept. I
may withdraw at any time during the experiment.

This research study has been reviewed and approved by the Institutional Review Board—-Human Subjects in
Research, Texas A&M University. For research-related problems or questions regarding subjects’ rights, the
Institutional Review Board may be contacted through Dr. Richard E. Miller, IRB Coordinator, Office of
Vice President for Research and Associate Provost for Graduate Studies at (409) 845-1811.

I have read and understand the explanation provided to me. I have had all my questions answered to my
satisfaction, and T voluntarily agree to participate in this study. T have been given a copy of this consent

form.
Subject Date
Principal Investigator/or Authorized Representative Date.

If you have any further questions concerning this research study, please contact Andrew Duchowski (H. R.
Bright office 414A) at 845-9980, 775-0986, or by email at andrewd@cs.lamu.edu.

Page 1 of 1

Fig. 100. Experimentl InformedConsentorm.
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TABLE 19
Experimentl saccadeletectionstatisticsover sequencsiml
Expected Per--
saccade Subject # subject irancpjisg o
location hit rate
) (degree
(inter-frame .
location) visual
angle)
21 22 23 26 27 28 29
003-004 o 1 1 1 o0 1 1 71 2.78
010-011 1 0 1 1 1 1 1 86 2.12
017-018 1 1 1 1 1 1 0 86 5.38
023-024 1 1 1 1 1 1 0 86 4.20
030-031 1 1 1 1 1 1 1 100 1.34
035-036 1 1 1 0 1 o0 0 57 4,78
042-043 1 0 1 0 1 o0 0 43 6.27
054-055 O o0 O O o0 o0 1 14 4.54
066-067 o 1 1 o0 1 1 0 57 6.42
099-100 1 1 1 1 1 1 1 100 4.83
110-111 o o 1 o0 1 o0 1 43 2.62
117-118 o 1 0 o0 1 o 0 29 3.02
123-124 1 1 0 0 o0 1 0 43 1.76
124-125 1 1 0 0 0 o0 0 29 1.78
Total expected Total found

14

27 20 21 19 23 30 21
Percent correct over total expected
64 71 71 43 71 57 43
Percent correct over total found
33 50 48 32 43 27 29
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TABLE 20

Experimentl saccadeletectionstatisticsover sequencsim2

Expected
: . Saccade
saccgde Subject # sgbject Amplitude
location hit rate
. (degree
(inter-frame X
. visual
location)
angle)
21 22 23 26 27 28 29
041-042 O o0 O O o0 o 0 0 2.84
046-047 1 0 0 0 o0 1 0 29 2.49
053-054 O o0 1 0 0 o0 0 14 2.34
072-073 o 1 o0 1 o0 1 1 57 2.72
078-079 o 1 0 o0 1 o0 0 29 2.42
084-085 o o0 1 1 o0 O 0 29 4.40
090-091 o 1 1 1 1 1 1 86 4.79
097-098 1 0 1 0 1 o0 0 43 1.91
099-100 o o 1 o0 1 o0 0 29 4.70
113-114 1 0 0 1 o0 1 0 43 6.59
119-120 1 0 1 0 1 o0 1 57 6.68
Total expected Total found

11

18 18 28 22 20 22 22
Percent correct over total expected
36 27 55 36 45 36 27
Percent correct over total found
22 17 21 18 25 18 14
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TABLE 21

Experimentl saccadeletectionstatisticsover sequencsim3

Expected
saccade Subject # subject irancpiigg o
location hit rate
(inter-frame ((_Jlegree
location) visual
angle)

21 22 23 26 27 28 29
002-003 1 0 1 0 0 o0 0 29 1.37
003-004 1 1 0 0 0 o0 0 29 151
009-010 o 1 0 1 o0 o0 1 43 0.99
015-016 O o0 1 o0 1 o0 0 29 2.96
021-022 1 1 0 0 0 O 1 43 1.73
022-023 1 1 0 0 0 o0 0 29 2.10
037-038 1 1 1 1 1 o0 1 86 3.81
042-043 o 1 0 0 o0 o0 0 14 1.97
074-075 1 0 1 o0 1 1 1 71 8.14
080-081 1 0 0 1 o0 O 0 29 3.56
085-086 O o O 1 1 o0 0 29 0.97
091-092 O o0 O 1 o0 1 0 29 3.60
097-098 o 1 0 0O o0 o0 0 14 4.09
104-105 O o0 O o 1 o 0 14 12.33
111-112 o 1 1 1 o0 1 0 57 421
117-118 o 1 1 1 0 O 1 57 2.82
123-124 o 1 o0 o0 1 1 1 57 2.68
Total expected Total found

17

20 22 21 25 27 21 25
Percent correct over total expected
41 59 35 41 35 24 35
Percent correct over total found
32 59 29 28 22 19 24
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APPENDIX D

EXPERIMENT 2 SUPPLEMENTARY MATERIAL

D.1 Experiment Approval and Consent

Experiment2 (initially entitled“DetectingVolumesof Interestin Video”) hasbeenreviewed andapproved
by the InstitutionalReview Board(IRB)-HumanSubjectin ResearchTexasA&M University. The official
approval form is showvn in a digitized reproductionin Figure 101. All subjectssignedandreceved an In-
formedConsentForm, asapprozedby the IRB. A blankexampleform is shawvn in a digitized reproduction

in Figure102.

D.2 Verification of Eye Tracker Slippage

Analysisof varianceof eye tracker slippageis givenin Table22.

TABLE 22
Pre-vs. post-stimulussiewing averagecalibrationerrorone-way ANOVA.
ANOVA TABLE
Source SS df MS F
Columns 0.1488 1 0.1488 0.2845
Error 4185 8 0.5231
Total 4334 9

p = 0.6082
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TEXAS A&M UNIVERSITY
Ciffice of the Vice President for Research and Associate Provost for Graduate Stuclies
College Stotion, Texas 77843-1112
(407) 845-8585  FAx (409 245-1855

February 6, 1997
MEMORANDUM
TO: Andrew T. Duchowski
Department of Computer Science
SUBJECT: Frotocol Entitled, "Detecting Volumes of Interest in Video”

The above referenced protocol has been:

X Approved February 6, 1997
_ Conditionally approved (see remarks below)
— Tabled for future considerations

— Disapproved (see remarks below)

— Mot Considered

by the Institutional Review Board - Human Subjects in Research.

The sudy is approved for one year. As stipulated in the IRB Guidelines all protocols are subject
to annual review and any changes must be approved by the Board.

- >_7w-a

Institutional Review Board -
Human Subjects in Research

Fig. 101. Experiment2 approval.



INFORMED CONSENT FORM suss. 1o |E[1[2]31

(to be filled in by experimenter)

Please read the following information pertaining to the experiment. If you choose to participate, please sign
and date this document.

1.

Purpose of Study

The objective of the current research is the detection of interesting objects in video. That is, pin-point
locations of my gaze is sought when I view a short video sequence. All experiments are conducted in
the Virtual Environments Laboratory of the Computer Science Department (H. R. Bright Building,
room 322).

. Number of Subjects

Approximately 30 subjects are requested to participate in this study.

. Experimental Procedure

I will be asked to view visual stimulus (3 short video clips, 8 second duration) while my eye movements
are being monitored. Eye movements are recorded with the use of a video eye tracker which works by
shining a low-intensity infra-red light at the eye so that the camera may be able to track the location
of the pupil. The infra-red light poses no danger.

I will not need to wear anything, ingest anything, nor provide any fluid samples. However, during
calibration and stimulus viewing, I must try to keep my head perfectly still. This is necessary
so that the eye tracker does not lose its focus on my eye. To prevent fatigue, 7-minute breaks will be
given between video sequences. The entire experiment should take about half an hour.

. Compensation and Benefits of Participation

I will receive neither compsenation nor benefits from this study except for 1 course credit as designated
by the Psychology Department. If I choose to withdraw from the study I will not receive the credit.
I may still earn the course credit by participating in other psychology experiments, or by writing a
short paper, or whatever is required by the Psychology Department (please consult the Department for
further explanation).

. Questionnaire

1 will be asked to fill out a short questionnaire during the study. 1 may refuse to answer any question
that makes me uncomfortable without withdrawing from the study.

. Experiment Anonymity

If I agree to participate in this study, all recorded data will be kept anonymous. My eye movement data
will be encoded by subject number. My name will not appear in any reports or papers resulting from
this research. A separate videotape release form is provided in case the experiment is to be recorded
on videotape. If I choose to withdraw from the study, no record of my participation will be kept. I
may withdraw at any time during the experiment.

This research study has been reviewed and approved by the Institutional Review Board—Human Subjects in
Research, Texas A&M University. For research-related problems or questions regarding subjects’ rights, the
Institutional Review Board may be contacted through Dr. Richard E. Miller, IRB Coordinator, Office of
Vice President for Research and Associate Provost for Graduate Studies at (409) 845-1811.

T have read and understand the explanation provided to me. T have had all my questions answered to my
satisfaction, and I voluntarily agree to participate in this study. I have been given a copy of this consent

form.
Subject Date
Principal Investigator/or Authorized Representative Date

If you have any further questions concerning this research study, please contact Andrew Duchowski (H. R.

Bright office 414A) at 845-9980, 775-0986, or by email at andrewd@cs.tamu.edu.

Page 1 of 1

Fig. 102. Experiment2 InformedConsentorm.
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APPENDIX E

EXPERIMENT 3 SUPPLEMENTARY MATERIAL

E.1 Experiment Approval and Consent

Experiment3 (initially entitled “Gaze ContingentVideo Processing”hasbeenreviewed and approved by

the Institutional Review Board (IRB)-HumanSubjectsin ResearchTexas A&M University. The official

approval form is shown in a digitized reproductionin Figure 103. All subjectssignedandreceved an In-

formedConsentForm, asapprozedby the IRB. A blank exampleform is shawvn in a digitized reproduction
in Figure104.

E.2 Verification of Eye Tracker Slippage

Analysisof varianceof eye tracker slippageis givenin Table23.

TABLE 23
Pre-vs. post-stimulussiewing averagecalibrationerrorone-way ANOVA.
ANOVA TABLE
Source SS df MS F
Columns 7.392 1 7.392 1.063

Error 639.9 92 6.955
Total 647.3 93
p = 0.3053

E.3 Verification of GazePosition

Overall mediangazepositionerror for differentviewing conditionsis givenin Table24. Two-way ANOVA

TABLE 24
Experiment3 gazeerror.
Video sequence Median of medians Median of igr variance
(deg. visual angle)

flight (ideal) 2.09 1.94
flight (preat) 1.36 1.32
brain2 (ideal) 0.55 0.35

cnn(agg) 2.98 1.63
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TEXAS A&M UNIVERSITY

Office of the Vice President for Research and Associate Prowvost far Graduate Studies
College Station, Texas 77543-1112
(4057} 245-8585  FAX (A0V) 845-1855

February 10, 1997

MEMORANDUM
TO: Andrew T. Duchowski
Department of Computer Science
SUBJECT: Protocol Entitled, "Gaze Contigent Video Processing”

The above referenced protocol has been:

X Approved February 10, 1997

__ Conditionally approved (see remarks below)
__ Tabled for future considerations

__ Disapproved (see remarks below?)

__ Not Congidered

by the Institutional Review Board - Human Subjects in Research.

The study is approved for one year. As stipulated in the IRB Guidelines all protocols are subject
to annual review and any changes must be approved by the Board.

=
“Maurl Bailé§y, Chair

Institutional Review Board -
Human Subjects in Research

Fig. 103. Experiment3 approval.



INFORMED CONSENT FORM suss. 1o |E[1[2]31

(to be filled in by experimenter)

Please read the following information pertaining to the experiment. If you choose to participate, please sign
and date this document.

1.

Purpose of Study

The objective of the current research is just-perceptible processing video. That is, a method of video
processing is sought where the results of the method is imperceptible. All experiments are conducted
in the Virtual Environments Laboratory of the Computer Science Department (H. R. Bright Building,
room 322).

. Number of Subjects

Approximately 30 subjects are requested to participate in this study.

. Experimental Procedure

I will be asked to view visual stimulus (3 short video clips, 8 second duration) while my eye movements
are being monitored. Eye movements are recorded with the use of a video eye tracker which works by
shining a low-intensity infra-red light at the eye so that the camera may be able to track the location
of the pupil. The infra-red light poses no danger. Before displaying the video sequence T will be told
to look for a particular object in the video and follow it with my eyes. Three such sequences will be
shown. After viewing all sequences 1 will be asked to judge each sequence with respect to its quality.

I will not need to wear anything, ingest anything, nor provide any fluid samples. However, during
calibration and stimulus viewing, I must try to keep my head perfectly still. This is necessary
so that the eye tracker does not lose its focus on my eye. To prevent fatigue, 7-minute breaks will be
given between video sequences. The entire experiment should take about half an hour.

. Compensation and Benefits of Participation

I will receive neither compsenation nor benefits from this study except for 1 course credit as designated
by the Psychology Department. If T choose to withdraw from the study I will not receive the credit.
1 may still earn the course credit by participating in other psychology experiments, or by writing a
short paper, or whatever is required by the Psychology Department (please consult the Department for
further explanation).

. Questionnaire

I will be asked to fill out a short questionnaire during the study. I may refuse to answer any question
that makes me uncomfortable without withdrawing from the study.

. Experiment Anonymity

If T agree to participate in this study, all recorded data will be kept anonymous. My eye movement data
will be encoded by subject number. My name will not appear in any reports or papers resulting from
this research. A separate videotape release form is provided in case the experiment is to be recorded
on videotape. If I choose to withdraw from the study, no record of my participation will be kept. I
may withdraw at any time during the experiment.

This research study has been reviewed and approved by the Institutional Review Board—-Human Subjects in
Research, Texas A&M University. For research-related problems or questions regarding subjects’ rights, the
Institutional Review Board may be contacted through Dr. Richard E. Miller, IRB Coordinator, Office of
Vice President for Research and Associate Provost for Graduate Studies at (409) 845-1811.

I have read and understand the explanation provided to me. I have had all my questions answered to my
satisfaction, and I voluntarily agree to participate in this study. T have been given a copy of this consent

form.
Subject Date
Principal Investigator/or Authorized Representative Date

If you have any further questions concerning this research study, please contact Andrew Duchowski (H. R.
Bright office 414A) at 845-9980, 775-0986, or by email at andrewd@cs.lamu.edu.

Page 1 of 1

Fig. 104. Experiment3 InformedConsentorm.

287



288

of mediandatabetweerviewing conditionsis givenin Table25. One-way ANOVA of pairwisecomparisons

TABLE 25

Two-way ANOVA of gazeerrorbetweerviewing conditions.

Source

ANOVA TABLE
SS df MS F

Columns
Rows
Interaction
Error

Total

1655 2 0.8273 0.3334
9714 3 3238 13.05
1034 6 1.724 0.695
1489 60 2.481

258.0 71

p =0.7178 0.0000 0.6546

of medianmeansbetweenresolutionmappingsare givenin Tables26, 27, and28. One-way ANOVA of

One-way ANOVA of gazeerror (LIN mappingvs. HVS mapping).

TABLE 26

ANOVA TABLE
Source SS df MS F
Columns 14.15 1 14.15 1.434
Error 533 54 9.87
Total 547.1 55
p =0.2364
TABLE 27

One-way ANOVA of gazeerror (LIN mappingvs. ORG mapping).

Source

ANOVA TABLE
SS df  MS F

Columns
Error
Total

1484 1 1484 1.609
498.2 54 9.226
513 55

p =0.2101

pairwisecomparison®f medianmeanshetweenviewing conditionsaregivenin Tables29, 30, 31, 32, 33,

and34.



TABLE 28
One-way ANOVA of gazeerror (HVS mappingvs. ORG mapping).
ANOVA TABLE
Source SS df MS F
Columns 0.0083 1 0.0083 0.0005
Error 921.7 54 17.07
Total 921.7 55
p = 0.9825
TABLE 29
One-way ANOVA of gazeerror (flight (ideal)vs. flight (preat)).
ANOVA TABLE

Source SS df MS F
Columns 99.92 1 99.92 0.0000
Error 682.0 40 17.05

Total 7819 41

p =0.0201

TABLE 30
One-way ANOVA of gazeerror (flight (ideal)vs. brain2 (ideal)).
ANOVA TABLE
Source SS df MS F
Columns 8433 1 84.33 7.995
Error 358.6 34 10.55
Total 443.0 35
p = 0.0078

TABLE 31
One-way ANOVA of gazeerror (flight (ideal)vs. cnn(agg)).
ANOVA TABLE
Source SS df MS F
Columns 13.32 1 13.32 0.735
Error 724.8 40 18.12
Total 738.1 41
p = 0.3964

TABLE 32
One-vway ANOVA of gazeerror (flight (preat)vs. brain2 (ideal)).
ANOVA TABLE
Source SS df  MS F
Columns 1656 1 16.56 7.604
Error 74.07 34 2179
Total 90.64 35
p = 0.0093
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TABLE 33
One-way ANOVA of gazeerror (flight (preat)vs. cnn(agg)).
ANOVA TABLE
Source SS df  MS F
Columns 186.2 1 186.2 38.87
Error 1916 40 4.79
Total 3778 41
p = 2.2103e-07

TABLE 34
One-vay ANOVA of gazeerror (brain2 (ideal)vs. cnn(agg)).
ANOVA TABLE
Source SS df MS F
Columns 2816 1 2816 81.92

Error 1169 34 3.438
Total 3985 35
p = 1.4064e-10

E.4 Impairment Perception Analysis

Videosequencénpairmentratings(5-pointscale,l = imperceptible5 = very anng/ing) overall conditions

aregivenin Table35.

E.4.1 Impairment Perception Analysis BetweenConditions

Overalltwo-way analysisof variance(videosequencé& resolutionmapping)is givenin Table36. Rows rep-

resentviewing conditions(ideal, preat,agg)andcolumnsrepresentesolutionmappinggLIN, HVS, ORG).

Pairwisetwo-way ANOVA betweenviewing conditionsis compiledin Tables37, 37, 38, 39,and40.

E.4.2 Impairment Perception Analysis Within Conditions

One-vay analysisof varianceof perceptiorimpairmentwithin viewing conditions(differentresolutionmap-

pings)is givenin Tables41,42,43,and44. ColumnsrepresentesolutionmappinggLIN, HVS, ORG).

E.4.2.1 Impairment Perception Analysis Within the AggregateVOI Viewing Condition

Pairwiseone-way ANOVA betweerresolutionmappingswithin the aggregyateVOI conditionis compiledin
Tables45,46,and47.



TABLE 35
Experiment3 videosequencsubjectve ratings.
Video sequence Exp.#-Subj.# Sequence order Scores
L H N
flight (ideal)
03-05 L,H,N 1 2 2
03-06 L,H,N 2 2 2
03-07 H,N,L 1 2 2
03-08 L,H,N 2 2 2
flight (preat)
04-05 L,H,N 1 2 1
04-07 N,L,H 2 2 1
04-09 L,N,H 2 1 1
04-11 L,N,H 1 2 3
brain2 (ideal)
03-11 L,N,H 2 1 2
03-15 L,N,H 3 3 2
03-18 H,N,L 2 2 2
03-19 H,L,N 2 1 2
cnn(agg)
03-22 N,L,H 3 2 2
03-23 L,N,H 4 3 2
03-24 H,N,L 5 3 3
03-25 N,L,H 4 3 2
TABLE 36
Overall two-way ANOVA.
ANOVA TABLE
Source SS df MS F
Columns 1625 2 0.8125 2.34
Rows 1342 3 4472 12.88
Interaction 5.708 6  0.9514 2.74
Error 125 36 0.3472
Total 33.25 47
p = 0.1180 0.0000 0.0269
TABLE 37
Flight (ideal)vs. flight (preat)two-way ANOVA.
ANOVA TABLE
Source SS df MS F
Columns 0.25 2 125 0.4091
Rows 0.6667 1 .6667  2.182
Interaction 0.08333 2  .04167 0.1364
Error 55 18 .3056
Total 6.5 23

p =0.6703 0.1569 0.8734
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TABLE 38

Flight (ideal)vs. brain2 (ideal) two-way ANOVA.

ANOVA TABLE
Source SS df MS F
Columns 0.08333 2 0.04167 0.1765
Rows 0.04167 1  0.04167 0.1765
Interaction 0.5833 2 0.2917 1.235
Error 4.25 18 0.2361
Total 4,958 23

p =0.8397 0.6794 0.3143

TABLE 39

Flight (ideal)vs. cnn(agg)two-way ANOVA.

ANOVA TABLE
Source SS df MS F
Columns 2333 2 1.167 4.941
Rows 7.042 1 7.042 29.82
Interaction 4.333 2 2.167 9.176
Error 4.25 18 0.2361
Total 17.96 23

p = 0.0195 0.0000 0.0018

TABLE 40

Brain2 (ideal)vs. cnn(agg)two-way ANOVA.

ANOVA TABLE
Source SS df MS F
Columns 475 2 2.375 6.107
Rows 6.0 1 6.0 15.43
Interaction 2.25 2 1.125 2.893
Error 7.0 18 0.3889
Total 20.0 23

p = 0.0095 0.0010 0.0814

TABLE 41

Flight (ideal)one-way ANOVA.

Source

ANOVA TABLE
SS df MS F

Columns
Error
Total

0.1667 2 0.08333 1.0
0.75 9 0.08333
0.9167 11

p = 0.4053

TABLE 42

Flight (preat)one-way ANOVA.

Source

ANOVA TABLE
SS df  MS F

Columns
Error
Total

0.1667 2  0.08333 0.1579
4.75 9 0.5278
49167 11

p = 0.8563
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TABLE 43
Brain2 (ideal)one-way ANOVA.
ANOVA TABLE
Source SS df MS F
Columns 05 2 0.25 0.6429
Error 35 9 0.3889
Total 40 11
p = 0.5483
TABLE 44
Cnn(agg)one-way ANOVA.
ANOVA TABLE

Source SS df MS F
Columns 6.5 2 3.25 8.357

Error 35 9 0.3889
Total 10.0 11
p = 0.0089
TABLE 45
Cnn(agg)LIN vs. HVS mappingone-way ANOVA.
ANOVA TABLE
Source SS df MS F
Columns 3125 1 3.125 6.818
Error 2.75 6 0.4583
Total 5875 7
p = 0.0401
TABLE 46
Cnn(agg)LIN vs. ORG mappingone-way ANOVA.
ANOVA TABLE
Source SS df MS F
Columns 6.125 1 6.125 13.36
Error 2.75 6 0.4583
Total 8875 7
p = 0.0106
TABLE 47
Cnn(agg)HVS vs. ORG mappingone-way ANOVA.
ANOVA TABLE

Source SS df MS F
Columns 05 1 05 2.0
Error 15 6 0.25

Total 20 7

p =0.2070
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APPENDIX F

LETTER OF PERMISSION

Proofof permissiorfor useof the cnnsequenceavasobtainedfrom the Legal Departmenbf TurnerBroad-
castingSystem|nc. The official copyright permissiorietter (3 pages)s shavn in adigitizedreproductiorin

Figures105-107.



(4o8) 347-3573

JUH-B9-1997 17:13 TES LEGAL DEPRRTMEMT 484 B27T 1995 P.91
TURNER BROADCASTING SYSTEM, INC.
LEGAL DEPARTMENT
TELECOPY COYER SHEET
CONPIDENTIALITY
“Trix transmission ts intended for the vas of tw
Irﬂ.dd'ut! -r‘:h?ﬂ';r uM:N:L h‘l'lwld'::nlnd,':n: ray ONE CNN CENTER
Conlan Information that In pAvlsged, confidental and BOX 105366
axampt from disclocuns Under sppleatislaw, If the resder ATLANTA, GEORGLA 30348-5356
of this tranemiceion fs pot 1he hmn:d H:'t;l:nz‘:t m TELEFHONE: 404-827-3470
rrpieye L1t - X

':unllrﬂt:h: rn‘ti': I;n'b'l‘n?id u;blln‘: \tb:r ::u haraby FAX: 464-822-1998
natified That eny cirzemination, dictributon e eopying ‘of
AN eommunication Te stictly prebibltad. H you have
Tecalvad 1Mi6 Lanimicgion In error, plesce mebly o
imradianly By talephonn, and return U erpind
tranemiceion o o #1 the abova addtecs vin the U5, Portal
Sardice.
o3 Andig. DutchawsKr FROM: DAM QFJ‘JH'{

Moy - Fa7- oy

DATE: iaJ ‘If'ﬂ

RE/HESSAGE:

JF TRANSHISSION 15 NOT CLEAR OR ALL FAGES

CALL SENDER AT THE FOLLOWING TELEPHONE RUHBER: _

“ARE NOT RECEIVED, PLEASE

-

document.

FUMSER OF PAGES {including cover sheet)
Ihis will be the only form of delivary of the transaltted

=

———

IR ) E:Egﬂd“ﬁ“ of the transmisted document () will be
1) -4 §

—__ Ordinary Mafll
— Certified Hafl

Overnight
Turner Pouch

Fig. 105. Copyright permissiorfor cnnsequencépagel).
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JUN=-B9-1997 17:12 TES LEGAL DEPARTMENT 424 B27 1.‘3‘35_} P.B2

‘Texas A&M Universiby
Department of Computer Scicnce
College Station, TX T7843-3112
FPhene: (409) 8458580

Fax; (400) B47-8578

Juns 6, 1987

CNN

Legal Department

Attn: Dan Riner
Atlants, GA 303033110
Phone: (404) B27-2600
Fux: (404) £27-1995

Dear Mr, Rimer,

Tam complebing & doctoral disseristion ot Texas ALM University entitled “Gare-Coniingent Visual Com-
munication™. Our libzary sends the dissertation to University Microfilme Ine. (UMI), for preparation of a
mierefilm copy of the decument. I would like your permission to reprint in my dissertation excerpis fom
8 CNN broadcast foaturing anchor Miles O'Brien which sived on July 31, 1886 at approximately 8:02am
ET. | used the video in a study of eys movements and video processing. Thé excerpt to be reproduced is
a digitized pequence containing 126 imsges scanned of 18 frames per second (8 scconds of video). The fiest
and last images of the scquence are showa below.

(s) Frame l. nl‘mm (b) Frame 128 of sequence.

The requested permission extends to any fatore revislons and editions of my dissertation, including
mhdummhu -llhn;uuu:udhthumwﬁm publicaticn &wwhm&ﬁ
Tt U S o e O e e s A B Wy e s ok iy

g, Your i
to the above described material. e e

If thess arrangements meet with your spproval, please sign €his lettar where indicated bedow and retnrn it

Fig. 106. Copyright permissiorfor cnnsequencépage?).
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JUM-B2-1997  17:28 TES LEGAL [EPARTMEMT 484 527 1555 P.@3

to me by faxing i to (409) 847-8575. Thnkmmmmmrwmhxuﬂvhgtbmh&m

]

An T.

PERMISSION GRANTED FOR THE USE REQUESTED ABOVE:

CNN
Legal Department
Atlants, GA 30303-3110

wo S G e,
Title: uﬁ/{‘f],ﬂxﬂ M.‘Lw_g s M

Date: 6'9—97 :

Fig. 107. Copyright permissiorfor cnnsequencépages).
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